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Phwong phdp gidi todn bit ding thirc

NOI DUNG
Phan I: MOT SO PHUONG PHAP CHUNG MINH BAT PANG THUC
1) Dung céac phép bién doi thich hop
2) Tam thtrc bac 2
3) Phuong phap dao ham, cuc tri ham sé
4) Quy nap
5) Luong giac hoa
6) Phuong phap hinh hoc
7) Cac BDT théng dung
8) Mot s6 phuong phép khéc
I. Sir dung c&c phép bién doi.
Vidu1: CM vdiab,c1a 3 sb duong thi

1<a+b+c<2

a+b b+c c+a

Giai: Vi a,b,c 1a 3 s6 duong nén ta c6
a a b b C C
> > >
a+b a+b+c b+c a+b+c c+a a+b+c

o £ £ a b C
Cong ve theo ve ta dugc 1< + +
a+b b+c c+a

Mat khéc ta co

a a+c b a+b c b+c
< < <
a+b a+b+c b+c a+b+c c+a a+b+c

o £ £ a b C
Cong ve theo ve ta duogc + + <2
a+b b+c c+a

Vidu2: CM vxeR taludn co

2
ﬁ—x5+x2>x—§

Giai:
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2 2
X x° 3X NE
XXX =X+ ==X 22X S e T 2.

1,11
2 4 4 2 'J3 3 3

Do do x® -x*+x* > x—% (dpcm)

Vidu3: CMR
i+i ...... <1 neN
1.2 23 n(n+1
Giai: Taco
Loty

kk+1) Kk Kk+1

Cho k=1, 2, .....n rdi cong céc dang thie theo vé ta c6

1 1 1 1 1 1 1 1 1
—+—+...... =l-—4+——=+..... +—— =1- <1
12 23 n(n+1) 2 2 3 n n+l n+1
Vay ta co dpcm.

I1. Phwong phap Tam thirc bac 2.
Vidul: CMR
13-/59 _ 5x°+2 _13+/59
11 3x*+2x+4 11
Giai: TXD: xeR

2
Goi P=— X *2 1ty
3X°+2x+4

(3P -5)x* +2Px+4P-2=0 (*)

Pé (*) c6 nghiém x thi
A>0=P?—(4P-2)(3P-5)>0
< 11P? - 26P +10<0

13—+/59 13++/59

<P<
11 11

13—\@< 5x% + 2 <13+\/§
11 3x*+2x+4° 11

Dau dt bén trai xay ra

<~

Vay
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- 13(13—+/59)
121

DAu dt bén phai xay ra
L 133+ \/59)
121

I11. Phwong phap ham sé, dung dao ham.
Vidul: CMR wvx>0 thi sinx<x
Giai : Xét ham s

f (X) =x-sinx

f'(x)=1-cosx>0

— f(x) dong bién
Mat khac f(0)=0. Vay f(x)>0 véi moi x>0 hay vaéi moi x>0 thi sin x < x
Vi du 2: CMR néu O<b<a thi

a-b a a-b
—<In=<—
a b

Giai: Xét ham s6 f(x)=Inx lién tuc va c6 dao ham trén (0,+)
f'(x) = % Theo dinh li Lagrange tdn tai X, VGi b<x,<a sao cho

f (o) - f(a)

fl(Xo): b—a

1 Ina-Inb a-b a

Xo a-b Xo

Vi b<xy<a nén 1.1 % suy ra dpcm.
a 0

Vidu 3: Choa,b,c,d a4 sb duong bat ki. CM
i/abc+abd +acd +bed <\/ab+ac+ad +bc +bd +cd
4

6
Giai: Khong mat tinh TQ gia st a<b<c<d
Xét ham sb y = f(x) = (x—a)(x—b)(x —c)(x —d)
f(x) 1a mot ham s lién tuc va cd dao ham trén R
Vi f(a)=Ff(b)=f(c)=f(d)=0 va f(x) 1a mot ham bac 3 nén ton tai y,,y,,y, sao cho
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a<y <b<y,<c<y,<d saocho f'(y,)=f'(y,)=f'(y,)=0

Vay £'(x) =4(x =y )(X=¥,)(x— ;)
Trong khai trién ta co

—-4y,y,Yy, =—(abc+acd +abd +bcd)
4(y,Y, +Y,Ys + YsY,) =2(ab+ac +ad +bc +bd +cd)

Theo BDT Cauchy

VYot Ya¥s £ Y 5 sy gy )7
= 17273

3

\/abc+abd +acd +bed \/ab+ac+ad +bc +bd +cd
3 n < ;

IVV. Phwong phap quy nap.

Phuong phép nay dugc ap dung khi BPT phu thudc 1 tham sé ne N, voi
cac budc chirg minh nhu sau:

+ Budce 1. C/m BDT dang vai n=n,

+ Budc 2. Gia sit BDT dang véi n=k(k =n,) ta can chang minh BBT
dang vai n = k+1.

+ Bude 3. Két luan BDT dung véi moi ne N .
Vidul:C/mvn>2,neN"taco:

135 n-1_ 1 *)
A o <
. . , 3 1
Giai: + Khin=2taco (*) & =~ <—==dung.
*) 8~ /7 g
+ Gia st BDBT dung véi n=k tuc la
135 2k —1 1
——.= <

A RN
Ta can chiing minh (*) ciing dung véi n=k+1 (k > 2). That vay

135 2k—1< 1 333 2k —1 2k+1< 1 2k+1

2 2k "2k+2 3k +1 2k+2

246 2k 3k +1

Ta can chiing minh




Gia Sw Day Kem Tai Nang Viét  https://giasudaykem.com.vn

Phwong phdp gidi todn bit ding thirc

1 2k+1 1 1
V3k+1 2k+2  \[B(k+1)+1 3k +4

< (2k +1)/3k +4 < +/3k +1.(2k + 2)
< (4k? +4k +1)(3k +4) < (3k +1)(4k* + 8k +4)
<19% +4<20k+4 <= k>1

Dén day ta thdy (*) dang véi n=k+1.
Vay theo gia thiét quy nap (*) dang véivn > 2
Vidu 2: Cho x>0 CMR véi n>1taco

Giai: +Véin=1taco e’ >1 Vye(0,x]
Vay J.exdy>jdyc>ex—1>xc>ex>l+x Vx>0
0 0

Vay BDT dung vai n=1.
+ Gia s BBT dung véi n=k (k >1) wvx>0 tuc la

2 3 k+1

e Sl X+—4+—+...... +
2 3 (k +1)!

That vay theo gia thiét quy nap ta co:

X2 3 Xk
e* >1+x+?+—+ ...... +— W¥x>0

3 k!
Nhu vay ta co

2 3 k

e >1ty+dt g+ d vye(0,X]

21 3 k!
Do d6 ta co:

2! k!
2 3 k+1

<:>ex—1>x+x—+—+ ......... +
2! 3l (k +1)!

X X y2 yk
Ieydy>j(1+ Y+ +.....+—)dy
0 0




Gia Sw Day Kem Tai Nang Viét  https://giasudaykem.com.vn

Phwong phdp gidi todn bit ding thirc

+Vay theo nguyén li quy nap ta c6 BDT dang véi vn>1
V. Sir dung phwong phép lwong giac hoa.

Pé sir dung phuong phap luong giac hoa, trude hét hoc sinh phai nim
vitng cac tinh chét, cong thirc va cac phép bién doi luong giac. Trén co so do,
trong mot sé bai toan néu dat cac gié tri an thich hop qua cac ham sé lugng giac
thi rat thuan tién.

Vidul: CMR vx,y taco:

2 2 24,2
_1 oy )A=xy)
4 1+x*)*A+y?

1
4
Giai: bat x=tga y=tgp (—%<a,ﬂ<%)

Ta co:
Al X =y)A-XTY) _ (t9la—tg°B)1-1g atg®f)
1+ x2)*(L+y? (1+tg°a)’*(1+1g°p)?
= (sin® ¢ cos® B —sin? fcos® a)(cos? acos® B —sin’® asin® f)
=sin(a + B)sin(a — po) cos(a + B) cos(a — )
:%sin(2a+2ﬂ)sin(2a—2ﬁ)

=|A < % = dpcm
*) Mot s6 bai tap:
1. CMR vx,y eR thi

_1_(+y)-xy) 1
2 (X*+D)(y*+1) 2

2. Cho 4 s6 thyc a, b, ¢, d thda man
{az +b*=1
c’+d*=1
CMR —-1<ac+bd <1
V1. Phwong phéap hinh hec.
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a) Str dung cac BDT vé vecto

1. u+v Vv

<|d+

Dau “=" xay ra < u,v cing chiéu

- > —

2. u.vs‘u

-

\'

—_

i

-

\Y

—

i

-

vV

Vidu1l: Choa,b, cla3 s thuc bit ki CM
J@=b)?+c? +,/(a+b)? +c? > 2J/a? +c?

Giai: Pat u=(a—b;c) v=(a+b:c) thi u+v=(2a;2c)

Taco ‘ﬁ‘ +M > ‘G +v| suy ra dpcm.

Vidu?2: CM vx,yeR thi

U +4y? +6X+9 +/x% +4y? —2x—12y+10 >5
Giai: Pat u=(x+32y) v=(-x3-2y) thi u+v=(43)

\'

Lai &p dung ‘G‘+

2‘U+V

suy ra dpcm.

Vidu 3. CM va,b,cthi abc(a+b+c)<a*+b*+c*

Chu y: Phuong phép vecto dugc p dung trong céc truong hop ta ¢6 the bicu
dien cac thanh phan cua bdt thanh d6 dai cac vecto tuy nhién né chi ap dung
thuong thi khi khéng c6 su rang budc nao cua cac bién con néu cé su rang budc

thi ta thuong dung phuong phép toa do.

b) Phuong phap toa do:

Vidu4: Choabthéamina-2b+2=0.
CMR (a-3)’ +(b-5)? ++/(a-5)2 +(b-7)? 26
Giai: Chon A(3;5) B(5;7)

M(a; b) vi thBa man a — 2b + 2 = 0 nén nam trén dudng thang x- 2y + 2=0

(A). Lay A" d6i xtmng A qua (A)ta co A (5; 1)
Ta c6 MA+MB=MA +MB>AB

Hay /(a—3)?+(b—5)% +,/(a—5)> +(b—7)> =6

Dau “=" xay ra <:>a=5/\b—g A
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c) Céc phuong phéap khéc:
Vidub5: Cho0<x,y, z<1.CM
XL-y)+(yl-2)+zQ1-x) <1
Giai: Dung tam giac déu canh 1 nhu hinh vé
Tacé
Saamp +Sacen T Sapum < Sanec
RN %sin 60°[x(1-y) + yd-2)+ z(1- x)]< %.sin 60°.1.1

S XAl-y)+yl-2)+z(1-x)<1

Vidu6: Choa, b, cduong. CM
\/a2 —/2ab +b? +\/b2 —/3bc +c? 2\/a2 —\J2—+/3ac+c?

Giai: Dung hinh nhu hinh vé sao cho: A
OA=a; OB=b ; OC=c
ZAOB =45 ~BOC =30° P

Ap dung dinh 1i ham sé cosin
trong tam giac ta co:

AB = \/a2 —J2ab +b?
BC =+/b% —\/3bc + ¢ C
cos ZAOC = cos(45° +30°) = cos45° cos30° —sin 45°sin 30°

1 V3 11 1 43-11
S LN 11 11 1nTR
V272 22 2 2 2
Vay AC:\/atz—\/Z—\/§ac+c2 tuc la
\/az—\/iab+b2+\/b2—\/§bc+c22\/a2—\/2—\/§ac+c2

DA4u dang thirc xay ra

< Spaoe t Sasoc = Saaoc ©¥+% :%acsin 75° < b =@
+

*) Mot s6 bai tap
1. Cho a, b, ¢, d 12 4 sb thuc thda méan
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{a2+b2+1=2(a+b)
c’+d?+36=12(c+d)
CM: (W2-1)° <(a-c)*+(b—d)’ <(+/2+1)°
2. CMR vx taco
V2x? = 2x 41 +4/2x2 (V3 -D)x +1++/2x% + (B +D)x+1>3
3. Cho x, y thba

—-X+2y—-8<0
X+y+22>0
y—2x-4>0

C/m %szwzszo

4. Cho X, y, z duong thda mén xyz(x+y+z)=1
Tim MIN (X+y)(x+2)
VII. Sir dung cac BPT quen thugc.
1. Bat ding thirc Cauchy
a. Cho 2 sb khéng am x, y ta c6

X+y2,/xy.Déu“=”<:>x=y
1 1 A9
Dang khac =+=> Dau “="«<a=b
a b a+b

b. Tong quéat cho n s6 khoéng am a, . a,......,a, ta co

Vidul: Choa,b,cla3séduongtiyy
CMRvwvxeR taco

[a_b] +(EJ +[%] >a*+b* +c”
c a b

Giai : Ap dung BDT Cauchy cho cac cip sé duong ta co :
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a—bj +(—Cj > 2 (ab'bc) —2b"
C a ca

9} +(a—bj >2 (Ca'ab) — 23"
b C bc

Cong vé theo vé ta co ta co dpem.

D4u “=" xay ra khi va chi khi x=0.

Vidu?2: Véia, b, cduong CM
3 3 3
a—+b—+c—2ab+bc+ca

b ¢ a

Giai : 4p dung BBT Cauchy cho céc cap s6 duong ta ¢ :

3 3
%+ab221/%.ab =2a?

3 3
b—+b022,/b—.bc =2b?
C C

3 3
C—+ca221/0—.ca =2c?
a a

Cong vé theo vé ta co :

3 3 3

a_+—+c—+ab+bc+ca22(a2+b2+02) @
b ¢ a
Mat khac ta cé

a’ +b? +c2 —ab—ac—hc =%[(a—b)2 +(b-c)?+(c—a)*]>0
=a’+b’+c®>ab+bc+ca
Thay vao (1) suy ra dpcm. Dau “=" xay ra khi va chi khi a=b=c.
c. Mot s6 dang toan co ban st dung BDT Cauchy tong quat dé c/m.
1) Cho n s6 thyc duong a,,a,,.....,a, thda man

i+i+ ........ +i:k (k >0 cho truéc)

a & a,

CMR

10
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1 1
+ + .

ma, +ma, +..+ma  ma +ma,+..+ma,
1 < k

ma +ma, +..+m a, m+m,+..+m

—+

Véi m,m,.......m_ & cac sé nguyén duong tly .

Giai: 4p dung BDT Cauchy cho m=m, +m, +....+m,_ s ta co:

m m
Ly 24+ (2)
a & a, ma™ay..a
Tu (1) va(2) taco
ml m2 mn 2
(ma, +m,a, +.....+ma )| 2 +—2+...+—2|>m
al a‘2 an
1 1(m m m
= S| 2+ 2+ 4+ (M)
ma, +m,a, +...+ma, m’la a, a,

~ Tuong ty cho cac phan thic con lai cudi cling cong cac bdt dang nhu (*)
lai vé theo vé ta co

1 1 1
ot <—(mk) = -

m,a, + m,a, +...+m.a, m,a, +ma, +...+m_,a,

k
LM,

*) Mot so bai tap
1. Cho 3 sb duong a, b, c. CMR
1 1 1_ 2 2 2
—+—+—2 + +
a b ¢ a+b b+c c+a

b ¢c_a+b+c
2.CMR 2,2.°%¢,
b+c+a 3/abc

Tong quét

k k k
a, a, a, a, +a, +...+a,
—_— + [ — —+..... + | — >
(&2] (azJ (azJ Vaa,...a,
b>0 _.
3.Cho /%" TimMINS =ab+ +
a+b<1 ab

2. Str dung BDPT Bunhiacopxki(BCS)
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V6i2bosé (a,,a,,....,a,) Va (b,,b,,....b. ) bat ki ta co

1™n

(ab, +ab, +....+ab ) <(@2+a?+..+a’)(b’ +b? +...+b?)

n

Péngthac xayra o 2 -22_ %
b, b, b

Vai quy udc a;=0 thi b=0
Chtrng minh:
+Néu aZ+a2+...+a>=0 suy ra BDT luén lubn dung
+Néu a2 +a2+...+a2>0. Xét tam thuc
f(X) = (a,x—b,)% +(a,x=0,)? +....+ (@,x—b,_)?
f(x)=(a’+a’ +...+a2)x* —2(ab, +a,b, +....+a,b, )x+ (b +b} +...+b?
f(X)>0VxeR=A <0

< (ab, +ah, +....+a,b,)’ < (@ +aZ +..+a2)B’ +bZ +..+b?)

Vidu 1: Cho 2 sé thuc x, y thBa man x++3y=2.
CMR 2x? +3y? Zg

Giai: Theo BDT BCStaco

[\/— \/_x+1\/_yj g[z j(zx +3y? )<:>2X2+3y222
x=2
Déu “=” xay ra @?:@: 34
G =3
Vi du 2: a) Cho nsé thuc (a,,a,,....,a,) va n sé duong (b,,b,.......b,)
CMR £+a_22+ ..... +a_§>(a1+a2 ..... +a,)
b, b, b, b +b,+..+b,
b) CMR
a’ b? 1

>1 Vab>0

+ +
b®+2a a’+2b 1+2ab
Giai: a) Ap dung BBT BCS cho 2 bo sé duong

(al . Jva(ﬂﬁ, ..... )
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Taco
2 2 2

(@ +a, +..ta )< B2y & (b, +b, +....+D,)
b, b, b

n

a’ a’ (a,+a,+..+a,)°
&S ——+— ....+—
b, b, b~ (b, +b, +..+b)
b) Ap dung két qua & a) ta co
a’ b? 1 (a+b+1)?

. =1=dpcm
b? +2a a’+2b 1+2ab b*+2a+a®+2b+2ab+1
Vidu 3: Cho ab+bc+ca=1 a,b, ¢ 1a 3 sé duong

CMR E+9+Ez(a+b+c)2
b ¢c a

Giai: Ap dung BBT BCS ta ¢ a, b, ¢ duong nén

(a+b+c)2:[@\/§+ﬂwlg+ﬁ\/§] s(ab+bc+ca)(g+9+£]
b C a b c a

:>§+9+£2(a+b+c)2
b c¢c a

oo Jab be \/_ 1

R

VIIl. Cac phwong phap khéac
1. Sir dung khai trién nhi thirc Newton

DPé ¢/m A>B ta ¢ thé 1am nhu sau
a) Néu dua A vé dang

A=(a+b)"=> Ca"'b'

i=0

Ta tim céch ¢/m B khdng lon hon tong T ctia mot 6 phan tir cia chudi
thi B<T < A (c&ch ngat chuoi duong)

b) Néu dua duoc B vé dang

B=(x+y)" —ZC' X"yt (%)

Ta tim céch danh gia mdi s6 hang cua chudi (*) khéng 16n hon cac biéu
thac Tyma D T, <A licdé B<) T, <A
j=0 =

13
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Vidu1: Néu |x <1 vannguyén, n>1 thi
A+x)"+@1—x)" <2"
Giai: Ta co

2" =(L+x+1-X)" =1+ X)"+@1-x)" +Zn:Cri1(1+ X)" (L—x)'

i=1

Vi Y <1nén @1+x)"'(1-x)'>0Viel2..n-1. Vay 2">@1+x)"+(@-x)"

Vidu2: CMR vm nguyén duong, m>2 ta co:

m2 _1 2m+1 1 2
( - j .[1+m—_1j <l (1

2m+1 2 2m+1
(1)<:>(1+ 21 j >(l+ij <:>(1+ 21 j >1+ 2 + ! >
m- -1 m-1 m-—1 m-1 (m-1)
2 2m+1
1 1 1 2 1
<1+C,  ——+C2 | —— | +...+C2M >1+ +
2m+1 mz —l 2m+1(m2 _lj 2m+1 ( mz _]J m _1 (m _1)2
Mat khéac ta co:

4m? —1>3m* -3
2m+1 m(2m+1) m(2m+1)(2m-1) 1 2
+ + > +
m’ -1 (m®-1)° 3(m? -1)° (m-1)% m-1

=dpcm
Vidu3: Néunlasétenhiénlénhonl. CM %<1+\E
Giai: Vi n>1=%n>1. Dat ¥n =1+x(x >0). Llc d6 ta co

n=(1+x)”:1+nx+@x2+....+x“:>n>l+ x2:>x2<2:>x<\/z
n n

:>x+1<1+\/§:>R/ﬁ<1+\/Z
n n

2. Stir dung phwong phap phan chia.

n(n-1)

a) Néu ham sé bién thién phuc tap trong tap xac dinh ta chia tap xac dinh D
thanh céc tap con Dy, D,,....sao cho viéc tim cuc tri cia ham so trén cac tap con
dé dang hon.

14
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b) Néu tinh chat cua ham thay doi ca trén c4c tap con thi ta phan tich ham
thanh tong cua cac ham don gian hon dé tim cuc tri cia cac ham thanh phan.
Vidu 1: Tim Max cua F(x,y) = x**?y(4—x—y) VGi X,y 1a c&c s thuc thda man
x>0
y>0
X+y<6
Giai:
+ Khi x+y>4tacd F<0.Dau“="xayra < x+y=4
+ Khi x+y<4tacd x>0,y>0,4-x-y=>0
Ap dung BDT Cauchy cho 2004 s khong am ta duoc

F=o00222_* __* " y.(4-x-Y)
2002 2002 2002
X 2004
2002. 4—x-
— E < 20022 2002 ey = M
= 2004 501°**
2002
o *= 501, 20022
:@m:y:4—x—y<:> ) Vay F <= o
Y =501

Vidy2: TimMin F(x)=|x—20011+|x—2002 xeR
Giai: Xét cac truong hop:
+ x>2002. Luc do

F(x)=2x-4003= F(x)>1
'='< x=2002

+ x €(2001,2002) = F(x) =1
+ x<2001= F(x) =4003—2x>1
'='< x = 2001
Vay Min F(x) =1 < x €[2001,2002]
Vidu3: Tim MinA=x(y+2z)+z(x+Yy) trong dé X, y, z 1a cac sé thuc thda man

x> +y>+2°=1.

15
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Giai: bat A =xy+yz+zx, A =2x=> A=A +A,

Ta co: (x+y+z)220:>x2+y2+22+2A120<:>A12—%

Pang thac xay ra

@{x+y+z:0 1)

X +y*+z7°=1

Ta cting co

1., a1 1 1 1
=1Z|IX|[£=(z2°+Xx)==(1- <—=>-—<A<—
IR NN IR RE B PYGRE
Pang thac xay ra
y=0
S Ix=-1 (2)
x> +y*+z22=1
wo L
2
1 1 L D) V2
= A2 ——= [+ ——=|=-1] '='o <qy=0
2 2 (2)
o1
J2

3. Sir dung moi quan hé giira cac bat dang thirc:
Vi dy tir dang thac xy + yz +zx=-1taco bdt (x+y+2)2>0=x>+y>+22 > 2.
Tir d6 ta c6 thé chimg minh dé dang cac BT

Vidu: Dbat x:a—+b;
- a-b

(aerj2 Jr(b+cj2 +(EJ2 ~2 ()
a-b b-c c—a

a’+b®> Db*+c® c*+a’
= _ 2 + _ 2 + _ 2
(@-b)* (b-c)* (c—-a)

_b+c, ,_C+a

Y=b—¢' c—a

Taco

va aszr bc2+ ca22 1
(a—h) (b—c) (c—a) 4

Cong (2) va (3) roi bién doi ta co:
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a®-p* bpi-¢* c3—a3>9

+ + >
(a—=b)®> (b-c)® (c-a)’® 4

Véi mot sé méi quan hé nhu trén ta ¢ nhiéu bdt. Vi vay trong ¢/m can
sur dung khéo Iéo quan hé do.

Phan I1: BAT PANG THUC LUQNG GIAC TRONG TAM GIAC
I. Sw lién quan giira cac bat diang thic trong tam giac:

Trong qua trinh chtmg minh cac BDT trong tam giac, bang cac phép bién
d6i twong duong ta co thé tim duoc mdi quan hé mat thiét tir nhitng bat dang
thirc c6 vé hoan toan khac nhau.

Vidul: XétBBT (p—a)(p-b)(p- c)<a_b° (1)

trong d6 a,b,c la do dai 3 canh 1 tam giac ; p la nua chu vi.
CM: Theo BDT Cauchy ta co

(p-—a+p-b)?* ¢
(p-a)(p—b) <P P =%
~ ~ (p-b+p-c)* _a’
(p-b)(p-c)< 2 =7
v o (p-c+p-a)’ b
(p-c)(p-2a)< 2 =

Nhan tuong wng theo vé cac sé khéng am ta duoc
2
(p-a)(p-b)(p-0)F <[ 52 suy ra dpem.

Bay gio ta bién doi (1) nhu sau :

@ < p(p-a)(p-b)(p—c) < p. 2

sﬁabc<:> pr.ESBabc
8 4R 8

o 8°
< R22r (2)
(2) 1a BDT méi va hoan toan khéac so vai (1)

CM (2) nhu sau: Ta cé
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Phwong phdp gidi todn bit ding thirc

S = %absinC =2R?sin Asin BsinC = pr

a+b+c

= 2R?sin Asin BsinC = r

r 2sin Asin BsinC 2sin Asin BsinC .A. B.C
o —=— - - = A B :4sm—smEsmE
R sinA+sinB+sinC 4003500350035

<:>%:cosA+cosB+cosC—1sg—1:%:> R > 2r(dpcm)

(cos A+cosB+cosC sg la BBT co ban)

Tiép tuc bién d6i theo husng khac :

2
() < S? SBabc<:>(a—ij <Panc
8 4R 8

<:>aR—b2C£a+b+c 3)

< 4sin AsinBsinC <sin A+sinB+sinC  (4)

(4) 1a mot BDT mai lién quan gitra cac goc. CM (4) nhu sau :
(4) < sin AsinBsinC < cosgcos%cos%

< 8sin ésin Esing <1
2 2 2

<:>cosA+cosB+cosng
Suy ra dpcm.
Tiép tuc bién doi (1) :
a+b+c_ 1
()R () R > —
D <=0 b =7
1.1 1 1 _ hh+hh+hh 1
bc ca ab R? 452 R?
4S°?
& hhy +hh, +hch, > =5 ()
(5) 1a mot BBT mdi lién quan dén cac duong cao.
Ta bién d6i (1)
1 S 8 2p >8(a+b+c)

(VR > — >
(p—a)(p-b)(p-c) abc (p-a)(p-b)(p-c) abc

18
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Phwong phdp gidi todn bit ding thirc

@(p—a)+(p—b)+(p—C)28(i+i+ij
(p-a)(p-b)(p—c) ab bc ca

1 1 1 (1 1 1j
& + + >8| —+—+—
(p-b)(p-c) (p-c)(p-a) (p-a)(p-b) ab bc ca
L nLr. rr h,h, +hh, +h.h,
s g2 8228 452
< +nr+rr>2(hh +hh +hh) (6)

ca—

@(p—a)+(p—b)+(p—c)28(i+i+ij
(p—a)(p-b)(p-c)

ab bc ca

1 1 1 ( 1 1 1 j
= + + 28| —+—+—
(p-b)(p-c) (p—-c)p-a) (p—a)p-b) \ab bc ca
(6) 1a BDT lién quan dén ban kinh duong tron bang tiép va duong cao.
T c4c bién doi ta thay cac BDT sau la twong dwong :

(p-a)(p-b)(p—c) < 2 (1)
R>2r (2)
aR—bf <a+b+c (3)
4sin Asin BsinC <sin A+sinB+sinC (4)
hh +hh +hh, > 4R—S'22 (5)
rr,+rr. +rr, >2(hh +hh +hnh,) (6)
Tur (5) va (6) suy ra
rr +nr +rr, ZR—; (7)

T6m lai, gitra cac BT tam giéc tréng rat khac nhau nhung lai c6 mot méi
quan hé tuong duong hoac hé qua.

D¢ dé nho va CM céc BDT ta thuong di tir mot hé thac hodc mot BDT
quen thudc roi bien doi ve cac BDT mdi, tir d6 suy ra cach CM BDT d6 khi gap.

Vidu 2: Tacé 2 hé thuc trong tam giac
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Phwong phdp gidi todn bit ding thirc

tgA +tgB +tgC = tgAtgBtgC @
A B B. C C. A

tg—tg —+tg —tg —+tg —tg— =1 (2

9o 0+ g+ 1g (2)

Tur (1) ta c6 thé suy ra cac BDT
tgA +tgB +tgC >33 (3)
tgAtgBtgC > 3+/3 4)

(4) = tgAtgB +tgBtgC +tgCtgA > 3tg’Atg °Btg ’C >9  (5)
(5) = tg*A+1g°B +tg°C > tgAtgB +tgBtgC +tgCtgA >9 (6)
Vay tu (1) c6 duoc (3),(4),(5),(6).

Xuat phat tir (2) ta co:

A B .cCY AB B.C .C.A
tg o tg—+tg— | >3 tg—tg—+1tg —tg = +1tg —tg — | =3
(gz+gz+gz) (gzgz+gzgz+gzgzj
A B .C

tg—+10 —+tg —>~/3 (7
2o+ tg 7)

A B c_1(. A . B . cY

2
A, B, Cls A B B, C C., A
Jtg—-tg—-tg—| <|tg—-tg—+tg—tg—+tg—tg— (=1
{929292} [9292 9292 gzgzj

A B C_1
g-tg—tg—<— (9
~505085 505 (©)

Tur (3) va (9)= tgA +tgB +1tgC > 27ty gtg gtg % (10)

Tom lai tir mot s6 hé thic ta ¢d thé thay trong né an chira nhiéu BDT can
duoc khai thac.
I1. Nhirng phwong phap chirng minh chen loc cac BDT tam giac.

Viéc Iya chon phuong phap dé chiing minh cac BPT co ban quen thudc
trong tam giac giup rat ngan thoi gian lam bai.

Vidul: CMBDBT:sinA+sinB+sinC s# (1)

Giai : (1) dugc CM theo nhiéu phuong phép, sau day 1a phuong phép ngan gon:
Taco
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Phwong phdp gidi todn bit ding thirc

sinA+sinB+sinC:2cosg coS A_B+sin9 Si \/§cosg 1+sinE
2 2 2) .3 2 2

\/_Hx/_congrHsm%j%T :%E+cos(%—%ﬂ2 s%(%+lj2 = 33

Vidu?2: CMBDT cos A+cosB +cosC Sg (2)
(2) duoc CM don gian nhu sau :

cos A+cosB +cosC =2cos A+ El'cos A-B +1—25in29:

—B —sin9)+1
2

2
SZSinE 1—sinE +1sl sin9+1—sinE +1==
2 2 2 2 2

) C( A
25|n5 COoS

Vidu3: CMBDT sin AsinBsinC < % (3)
(3) dugc cm dé dang tir (1), nhung ta ciing c6 thé cm (3) nhu sau

sin Asin BsinC = ;(cos(A B)+cosC)sinC < = (1qL Cosc)(s'”cj\/g

3
2
sll 1+cosC+ﬂ \/_=ﬁ 1+ 2cos C—E sﬁ
2 4 V3 8 3 8

Vidu4: CMBDT cos AcosBcosC s% (4)

Taco

cos Acos BcosC =%[cos A-B —costcosC s%(l—cosC)cosC

(1-cosC +cosC)? _1

1
< —
4 8

r\>||—\

Vidu5: CM sin24sin B 4sin& <3
2 2 272

Taco sin§+sing+sin%= 2sin A+B cos A-B +1-2sin® A+B

, A+B _A+B 1)° 3 3
=-2| sin ——| +—<—=
4 4 272

< 2sin A+B

+1-2sin
2
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Phwong phdp gidi todn bit ding thirc

C. KET LUAN

Trén day 1a mot sb kinh nghiém duc rat trong qua trinh giang day hon 30
nim qua, dic biét 1a trong qua trinh bdi dudng hoc sinh gidi. T nhitng van dé
trinh bay trén day co thé rat ra két luan rang: viéc nghién ciu giai cac bai toan
vé bt dang thirc ddi v6i hoc sinh phai 1a mot qua trinh thuong xuyén va dic biét
la phai dwoc nghién ciu chu dao ngay tir nhitng kién thac co ban ¢ 16p 10.
Trong d6 phwong phap chiang minh BDT theo sudt chuong trinh tir 16p 10 va
duoc hoan thién & 16p 12 1a tim cuc tri vd GTLN, GTNN cua ham sé. BDT
luong giac trong tam giac 1a mot sy van dung cua BDT va cac h¢ thuc luong
trong tam giac nhung lai an chura nhiing phep bién d6i rat tinh vi ma it nguai co
thé thay dugc.

Mac du co thé con nhiéu han ché nhung t6i hy vong rang dé tai nay S
dong gop rat tot cho cac ban ddng nghiép va hoc sinh ¢ thé tim hiéu sau sic
hon vé bat dang thirc nham nang cao hiéu qua trong giang day va hoc tap. TOi
rat mong nhan duogc ¥ kién dong gop cua doc gia.

D. TAI LIEU THAM KHAO
1. Bo sach gido khoa hop nhat nam 2000.
2. Bo sach gido khoa-Ban khoa hoc ty nhién-Bo sach thir nhat-NXBGD
2003.
3. Phuong phap tim GTLN va GTNN cua Phan Huy Khai

4. Tai liéu boi dudng gido vién THPT chuyén. Bt dang thiic va cac van dé
lién quan cua Tran Nam Dung, Nguyén Van Mau

5. Bat dang thire: suy luan va khdm phé - Pham Van Thuén Lé Vi
6. 500 Bat dang thirc ctia Cao Minh Quang.
7. Sang tao bat dang thirc - Pham Kim Hung

Swu tam tir Tai Li¢u Do Cé Dinh Thi Luwu Trwong PTTH Chuyén Quing Binh bién soan
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