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Chuyén d¢ 1: KHAQ SAT HAM SO VA CAC BAI TOAN LIEN QUAN DEN KHAQ SAT HAM SO
A-LY THUYET

1) Cdc budc khdo sdt ham so tong qudt:

+ B1: Tinh tap xac dinh.

+B2: Sy bién thién.

o Tinhy’.

Gidi phuong trinh y’=0

Tinh giéi han, tiém can (néu co6)

Lap bang bién thién

Két luan su dong bién, nghich bién,cuc tri (néu cd)

+B3: V& db thi: Xac dinh mot sd diém dic biét (giao voi Ox, Oy, ...)

I1)_Cadc bai todn lién quan dén khdo sdt ham sé

1) VIET PHUONG TRINH TIEP TUYEN CUA DPUONG CONG (Q): v = f(x).

Phuong trinh tiép tuyén ciia (C ) tai M(x0;Yo): Y — Yo = F(x0)(X — Xo)
a/ Dang 1: Lap phwong trinh tiép tuyén ciia (C ) tai M( X0 Yo)
Phwong phap : Ap dung cong thirc y — Yo = £(x0)( X — X0 )

J Néu chua cho yy thi tinh yo = f(Xo)

. Néu chua cho x thi Xg 12 nghiém cua phuong trinh f(x) = yo
b/ Dang 2: Lap phwong trinh tiép tuyen ¢6 hé s0 goc k cho trude
Phwong phap : Goi M(X ; Yo) 1a tiép diém. Tiép tuyén c6 hé s goc k
o f ’(XO) = k . Gidi phuong trinh tinh Xoe D=y, = f (Xo)

Phuong trinh tiép tuyén y —Yyo = k(X —Xo)

Luuy: Cho(d):y=ax+bnéu:

e (dy) song song véi (d) thi (d) c6 hé sé goc k = a

e (dy) vuong goc voi (d) thi (dy) c6 hé sb goc k = —é hay ak= —1

¢/ Dang 3 : Lap phwong trinh tiép tuyén di qua mét diém A( X5 Y;)

Phwong phap

Cach 1 : Goi M(xo ; Yo) 1 tiép dlem Tinh yo = f(Xo) va *(xo) theo Xo . Phuong trinh tiép tuyén cua (C) tai M la:
y—Yo =F(x0)(X—Xo) (1) V& tiép tuyén di qua A nén Y1 —Yo =1"(xo)( X 1 — Xo) giai phuong trinh tinh X, thay
vao (1).

Ciach 2 : Goi (d) 1a duong thang di qua A c6 hé sb goc k. Ta co

f'(x)=k (1)

(d):y—yi =k(x—x1) (1)latiép tuyén cua (C)Q{f(x)—k(x X )+ Y (2)

Thé k tir (1) vao (2) giai tinh x the vao (1) tinh k va thay Vao phuong trinh 1)

Vidu Lap phuong trinh tlep tuyen cua(C):y= f(X) x® — 3x + 2 biét rang tiép tuyén di qua A2 ; 4 )
Cach 1: G01 M(xo ; Yo) 1a tiép dlem Tacoyo = Xo© — 3%o +2 va

f(xo) = 30> — 3 Phuong trinh tiép tuyén cta (C) tai M 1a

y— (X0 — 3% +2) = Bx* = 3)(X— X)) <Y = (3x02 —3)><—2x03 +2 (1)

V& tiép tuyén di qua A(2)-4) nén —4 = (3x°—3).2-2x> +2 <X, 3%, =0 =X, =0 v X, =3
o Xo = 0 phuong trinh tiép tuyé:n lay= —-3x+2

o Xo =3 phuong trinh ti€p tuyén 1a y = 24x — 52

Cach 2 : Goi (d) la duong thang qua A va c6 h¢ s6 goc k

Phuong trinh (d) : y = k(x—2) — 4 . (d) 1a ti€p tuyén cuia (C)

c6 nghiém
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c6 nghiém

3x°-3=k (1)
=

x®-3x+2 =k(x-2) -4 (2)
Te()va)taco X*-3x+2=(3Bx*-3)(x-2)-4 <x*-3x*=0<=x=0v x=3
J X =0 =k=—3. Phuong trinh tiép tuyén lay = —3x +2
. x =3 =k = 24= phuong trinh tiép tuyén la y = 24x —52
2) SU TUONG GIAO CUA HAI PO THI

f 3
Bai todn tong quat: Hiy xét sy twong giao cua hai ham s {( Dy =1) (mdt trong hai d6 thi 1a duong
(Cy)y=g(x)
thing)
Phwong phap:

+ Thiét lap phuong trinh hoanh d¢ giao diém cua hai ham sé di cho: f(x) = g(x) (1)
+ Khéo sat s6 nghiém cta phuong trinh (1) . S6 nghiém ctia phwong trinh (1) chinh 1a sé giao diém cua hai d6
thi (C1) va (Co).
3) BIEN LUAN SO NGHIEM CUA PHUONG TRINH DUA VAO PO THI
a/ Dang 1 : Dya vao d6 thi hiy bién luan theo m s nghiém cuia phuong trinh :f(X) =m (*)
Phwong phap:
Buée 1: Xem (*) 14 phuong trinh hoanh d6 giao cua hai do thi:
Buéc 2: VE (C) va (A) 1én cung mdt hé truc toa do.
Buéc 3: Bién luan theo m s6 nghiém ctia (A) va (C).Tur d6 suy ra sb nghiém cua phuong trinh (*)

©):y="feo |

AN X

/P \

. — yem

b/ Dang 2: Dua vao d6 thi hiy bién luan theo r‘g SO r)lghlem cua phuong trinh: f(x) = g(m) (* *) (tt dang 1)
| II),Mot 56 bai todn irng dung dao ham
1.TINH PON DIEU CUA HAM SO.
Cho ham s f c6 dao ham trén khoang (a,b).
a)Ne’u £(x)>0 ;Vxe(a,b) = y=f(x) dong bién trén (a,b).
b) Néu f° (x)<0 ;vxe(a,b) =y=f(x) nghich bién trén (a,b).
Trong gia thiét néu ta thay (a;b) bang [a;b) [a;b] hay(a;b] thi phai b6 sung thém ham sd lién tuc trén [a;b) [a;b]
hay(a;b].
Dinh li vin ciin ding néu f'(xX) > 0;Vx e (a;b) ddu bang chi x6y ra tai mét sé hiru han diém trén khodng (a,b).
Bai tap:
Bai 1: Cho ham s y = x* —3mx? +3(2m—-1)x +1.
a) Xac dinh m dé ham sb dong bién trén tap xac dinh.
b) Xac dinh m dé ham sé nghich bién trén tap xac dinh.

Minh hoa:

. \ 1 mX , . N P PR \ £ 1A aX KA . ,
Bai 2: Cho ham s6 y = > . Chung minh rang V&1 moi gia tri m ham s6 luon dong bién trén khoang xéc
X+m
dinh cua no.
mx + 2

Bai 3: Tinh m dé ham sd sau: y= 1
X i




TRUNG TAM GIA SU TAI NANG VIET
https://giasudaykem.com.vn/tai-lieu-mon-toan-lop-12.html

a) Pong bién trén tap xac dinh.
b) Ngich bién trén tap xéac dinh.
2. CUC DAI VA CUC TIEU:
Pinh Iy1: Néu ham sé y=f(x) lién tuc (a,b) c6 dao ham tai xoe(a,b) va dat cuc tri tai diém dé thi £(xo) = 0.
Pinh 1y 2: Gia sir ham s6 y = f(x) lién tuc trén (a;b) chtra diém x, va c6 dao ham trén cac khoang (a;xo) va
(xo;b) khi do

a) Néu f(xg) > 0 V&i moi xe(a ; Xo); (x) < 0 V&i moi xe(Xo; b) thi ham sb dat cyc dai tai diém xo.

b) Néu £(xo) < 0 V&i moi xe(a ; Xo); £(x) > 0 Vi moi xe(Xo; b) thi ham sb dat cuc tiéu tai diém xo.
Pinh 1y 3. Gia sir ham s6 y = f(x) c6 dao ham cap mét trén (a;b) chira diém xo, £(xg) = 0 va f c6 dao ham cip
hai khac 0 tai Xg .
a) Néu £(xo) < 0 thi ham s f dat cuc dai tai diém xo.
b) Néu (x0) > 0 thi ham s f dat cuc tiéu tai diém xo.
Bai tap:
Bai 1: Cho ham sd y = —x* + 2mx? —2m+1 . Tinh m dé ham s6 ¢6 3 cuyc tri s6 cuc tri ctia ham s6.

Bai 2: Cho ham s6 y = 2x® —3(m+1)x? + 6mx—2m. Xac dinh m dé ham sd ¢o cuc tri.
. . . 1 P
Bai 3: Pinh m dé ham s6 y = gxs —mx® +(m? —m+1)x+1 dat cuc tiéu tai x=1.

3. GIA TRI LON NHAT —GIA TRI NHO NHAT
a) Dinh nghia : Cho ham s0 y=f(x) x4c dinh trén D )
SO M goi la GTLN cua ham s6 y=f(x) trén D néu:
VxeD:f(x)<M (k5 hidu M=masf) )
Ix,eD: f(x,)=M ren e
S6 m goi 1a GTNN caa ham s6 y=f(x) trén D néu:
vxeD:f(x)>m (k5 hidu m=minf) )
%, €D f(x)=m iéu m=minf(x
b) Cach tinh GTLN-GTNN trén (a,b)
+ Lép bdng bien thion cua ham so trén (a,b)
+ Duya vao bang bién thion suy ra GTNN -GTLN
c) Cach tinh GTLN-GTNN trén [a,b].
+ Tinh mat di€ém td&i han x1,Xo, ..., X, cta f(x) trén [a,b].
+ Tinh f(a), f(x1), f(X2), ..., f(Xn), (D).
+ Tinh s6 16n nhat M va s6 nhé nhit m trong mit sé trén M = rpatl%( f(x) ; m= r[nlbr]l f(x)
a, a,

d) Bai tap
Tinh GTLN va GTNN ciia ham sé y=f{(x) hen tuc trén doan [a; b]
Tinh gia trj 16n nhat, nho nhat ctia cdc ham so sau:

Bail: y=-—x>+3x—2 trén [—3,0]

= 3x+2 trén [0;2]

Bai 7: Y =+/2c0s2x+4sinX, X e{o;ﬂ

x+1 Bai 8: y =sin2x—X, X€|:—Z ﬁ}

2'2

Bai3: y=x-1+ trén (—1;+o0)

X+2 Bai 9: y =sin* x—4sin”x+5
Baid: y=x+v2-%’ Bai 10: y =|x° -3x’|, xe[-2;4]
Bai5: y=x+4—x2 Bai 11: y=x2¢e* trén [-3;2]

Bai 12: y=xe"*, xe[-2;2]

Bai6: y= trén doan [—l; 2]

X2 +1
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X Bai 15: y=x+1+—-3x? +6x + 9 trén doan[-1,3].
4. TIEM CAN

1)Tiém can dimg: Puong thing x = xo (Xo 1a nghiém ctia miu sd) 1a tiém cén dimg cua dd thi ham sé y = f(x) néu
it nhat mot trong cac diéu kién sau dugc thoa moén: limy =+oo; limy =—o0; limy=+ow; limy=—w0
X—>Xg X—X§ X=Xy X=Xy
2)Tiém c4n ngang: Puong thing y=x¢ 13 tiém cin ngang cua dd thi ham s y = f(x) néu: limy= Yy, hodc
X—>+00

limy=y,

B — BAI TAP
1) Ham bdc ba:
Bail: (3 diém) Chohamsd y=x>-3x°+1
1. Khao sat su bién thién va v& dd thi ciia ham sé da cho.
2. Bién luan theo m s6 nghiém cua phuong tfnh x> -3x%+m=0.
Bai 2: (3,0 diém ) Cho ham s§ y =x>+ 3x? + mx + m — 2 (m 1 tham s6)
1. Tinh m dé ham sb ¢6 cuc dai va cuc tiéu
2. Khao sat va v& d6 thi ham sé khi m = 3.
Bai 3: (3,0 diém). Choham s y=—x> +3x* +1 c6 dd thi (C).
1. Khao sat va vé& db thi (C).
2. Dung db thi (C) dinh k dé phuong trinh sau ¢6 ding 3 nghiém phan biét x> —3x* +k =0.
Bai 4: (3 diém)
1. Khéo sat sy bién thién va v& dd thi (C) cia ham sb y = x° — 3x% + 4.
2. Tinh diéu kién cua tham sé m d& dd thi (Cmn): y = X3 = 3x* = m cit truc hoanh Ox tai ba diém phan biét.
Bai 5: (3 diém ): Cho ham sé y = x> —3x+1 (C).
1. Khéo sat su bién thién va v& d6 thi ( C ) ctia ham sb.
2. Viét phuong trinh tiép tuyén cua ( C ) tai tAm di xtng ctia do thi.

Bai 6: (3,0 diém) Cho ham s6 y=—x3+3x—2 c6 d6 thi (C).

1. Khao sat sy bién thién va v& do thi (C) ciia ham s.
2. Tinh dién tich hinh phang gidi han béi do thi (C) va truc hoanh.

3. Dua vao d6 thi (C), dinh m dé phuong trinh x3—3x+2+m=0 cb ba nghiém phan biét.
Bai 7: (3.0 diém) Cho ham sd y = 2x* +3x% —1, goi db thi ciia ham s6 1a (C).

1. Khao sat su bién thién va v& dd thi ctiia ham sb.

2. Bién luan theo m s6 nghiém thuc clia phuong trinh 2x% +3x*—1=m.
Bai 8: (3,0 diém ) Cho han s6 y = x> + 3x* + 1. ,

1. Khao sat su bién thién va v€ d6 thi (C) cua ham so .

2. Dua vao dd thi (C), bién luan sé nghiém ctia phwong trinh sau theo m: x3 +3x% + 1 = %

Bai 9 (3 diém): Chohamsé: y=Xx>—3x*+2

1. Khao sat sy bién thién va v& d6 thi ham sb da cho.

2. Dua vao db thi ham s trén, bién luan theo m s6 nghiém phuong tinh: x3—3x2=m+1
Bai 10: (3.0 diém ) Cho ham sé y=—x°+3x2 —1 ¢6 dd thi (C)

1. Khao sat sy bién thién va vé do thi (C).

2. Dung db thi (C), x4c dinh k dé phuong trinh x3—3x% +k=0cb diang 3 nghiém phan biét.
2)_ Ham _hiiu ty:

-4-
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Bai 1 : (3,0 diém) . Cho ham s§ y = >x—2 | ¢6 db thi Ia (C)

X+1
1. Khéo sot sy bién thion va v& do thi ham s6. ‘
2. Viét phuong trinh ti€p tuyén cua do thi (C) tai diém c6 tung do bang -2.
Bai 2: (3 diém) Cho ham sb y = 21" ., ¢6 db thi (C).

1. Khao sot sy bién thién va v& d6 thi (C) ctia ham sd.
2. Tinh tat cd mat gid tri cia tham s0 m dé duong thiang d: y = mx + 2 cat d6 thi (C) ciia ham s6 dé cho tai
hai di€m phan biét.

Bai 3: (3,0 diém)Cho ham sé y = 2X~1 (C).

X—2
1. Khéo st va v& do thi (C) ham sb. 7
2. Tinh phuong trinh tiép tuyén Véi (C) tai diém M thude (C) va ¢6 hoanh d6 x,=1
Bai 4: (3.0 diém) Cho ham sé y = 2"_2 (C)
- X+
1. Khdo sat sy bién thién va v& do thi (C ) cia ham s0
2. Viet phuong trinh ti€p tuyén cia do thi (C) tai giao diém cua (C) Vi truc tung.

Bai 5 .(3 diém). Cho ham s6 y = 2X +11 ¢6 d6 thi 1a (C)
X+

1. Khiao sot ham so va v& (C) ‘ v
2. Viét phuong trinh ti€p tuyén cua do thi (C) tai giao diém cua (C) Vi truc hoanh.

Bai 6: (3 diém) Cho ham s y = xtl (1) 6 d6 thila (C)

1. Khiossthamso () o 7
2. Viét phuong trinh ti€p tuyén cua (C) bit ti€p tuyeén di qua diem M(3;1).

2x +11 ¢6 b thi (C)

x—1

Bai 7: (3,0 diém ) Cho ham s6 y=

1. Khéo sat sy bién thién va v& do thi (C). 7
2. Viét phuong trinh ti€p tuyén Vi d6 thi (C) tai di€m M(2;5) .
Bai 8: (3,0 diém)
1. Khao sat su bién thién va v& dd thi cia ham s6 y = ’;Lg
2. Tim trén d thi diém M sao cho khoang cach tir M dén duong tiém can dimg bang khoang cach tir M dén
tiém can ngang.
3)_Ham trung phwong:
Bai 1: (3,0 diém) Cho ham s6 y =—x* +2x?
1. Khao sat v& db thi (C) ctia ham sb.
2. Dung d6 thi (C) bién luan s6 nghiém phuong trinh: x* —2x*+m=0
Bai 2: (3,0 diém) Cho ham s6 y = x* — 2x* +3, ¢6 d6 thi 1a (C).
1. Khdo sat va v& d6 thi (C ) ciia ham so.
2. Viét phuong trinh ti€p tuyén Véi ( C) tai giao cua ( C ) Véi truc Oy.
Bai 3: (3.0 diém) Cho ham sdy = x*- 2x%+ 1.
1. Khao sat su bién thién va v& d thi (C) ham sb trén.
2. Duya vao d6 thi (C), tinh m dé phuong trinh - x*+ 2x*+ m= 0 c6 4 nghiém phan biét.
Bai 4: (3,0 diém):
1. Khao sat va v& dd thi (C) ciia ham s§ y = X* —2x*+3

Suu tdm va bién soan: Vi Puc Huy -5-
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2. Viét phuong trinh tiép tuyén Véi do thi (C) tai diém cuc dai cua (C).
Bai 5: (3 diém ) Cho ham séy = -x* +2x> +3(C)

1. Khdo sat va v& do thi ham s (C)

2. Tim m dé Phuong trinh x* -2x? + m =0 c6 4 nghiém phan biét.

Bai 6: (3 diém ) Cho ham sé y= X' 5,2 +§ (1)

1. Khéo sat va v& do thi ham s6 (1).

2. Viét phuong trinh ti€p tuyén tai diém c6 hoanh d6 x =1
Bai 7: (3 diém) Cho hamsdy= x*+2(m+1)x*> +1 (1)

1. Khio sat va v& do thi ham s6 (1) khim = 1.

2. Tim m dé ham so c6 3 cuc tri.
Bai 8: (3,0 diém) Cho ham s6 y=x*—2x?—1 c6 db thi (C)

1. Khao sat su bién thién va vé& do thi (C).

2. Dung db thi (C), hay bién luan theo m s6 nghiém thuc cta phuong trinh x* —2x2-m=0 *)
Bai 9: (3 diém) Cho hatrm s00 y = x* = 2x% + 1 coy toa thil (©).

1. Khayo sayt sttt biedn thiedn vat veur toa thii (C) cuya hatrm sod.

2. Duting uoa thii (C), biegn luagn theo m so6 nghieom cuya pt : x*—2x*+1- m=0.

Suu tdm va bién soan: Vi Puc Huy -6-
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Chuyén dé 2: MU VA LOGARIT

1) Céc cong thirc:

STT CONG THUC MU STT CONG THUC LOGARIT
n —
1. a = a.a..a 1 log,1=0
n thua so
2 al=a va 2 log,a=1
3. a’=1 Vva=z0 3 logaaM=M
4 a_n - i 4 alogaN = N
. o
5 m 5 log,(N;.N,) =log, N; +log, N,
© | an =Xa™
m Ny
a_; = L — 1 6 loga(N_z) = loga Nl —lOga N2
6. - E - nﬁam
an 7 log, N® =a.log, N
n _ _m+n
fojatal= 8 log, N% = 2.log, N|
8 ﬁ = am_n
: an 9 log, N =log, b.log;, N
9. (am)n — (an)m — am.n 10 l()gb N _ loga N
log, b
n__nn 1
10. | (a.b)" =a"b 11 | log, b=
- log, a
a a
11. | (&)= _1
b bP 12 logak N m log, N
dn
12. log, N=M & aM =N
M@t sé dinh Iy quan trong:
STT CONG THUC PIEU KIEN
1 |a¥=a" < M=N O<a=1
2 |aY<adV < M>N a¥> a¥ < M<N O<a<l
3 |a"<a% < M<N av>a" < M>N a>1
4 logaM =log:N < M =N O<a#1vaM>0;N>0
5 logaM <logs N < M >N logaM >logs N < M <N O<a<lvaM>0;N>0
6 logaM <logsN < M <N logaM >loga N < M >N a>1lvaM>0;N>0

Suu tdm va bién soan: Vi Buc Huy

-7-
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5) Pao ham ciia ham so liiy thira, mii, 16garit.

Héml SO cép Hamlh(yp
(x*) =ax? (u7) =au

1 L) __u
(;j - (Ej R

1 u'

(ﬁ)=7 (b)-2%
(ex) (e") =e"u’
(ax) —a2"Ina (aU)':a“.Ina.u
(| ) (|n|u|) :uj
(IogaIXI) :ﬁ (|Oga|u|)l :ﬁ

6)_PHUONG TRINH — BAT PHUONGTRINH MU- LOGARIT
I. PHUONG TRINH MU
1. Dang: (Pua vé cung co so hodc logarit hoa)

0<azla'™=a%" < f(X)=g(X) nose a'¥ =b < f(x)=log, b (b>0)

1 3x-1 1 x2-2
1). (0,2 =1 2). (5) =3 3). 47 =16 4),&} — 943
2 X
5). 3-2v2)" = (3+242) 6.5 =25 7 3oy
1 X+7 1 1-2x
8) (Ej (Ej =2 9) 51 + 6.5~ 3.5 =52
10) 2. 31 - 6. 3*1 3" =9 11) 4%+ 42 gt =gx g2 gt
2. Dit in phu
Loail:
1) 4+21_8=0 2) 4 6.2t +8=0 3) 3% _ 437" +27=0

4) 16" ~17.4" +16=0 5) 49"+ 71 —8=0 ) (7+43) +(2+3) =
Loai 2:

1) 3"+ 3= 10 2) 51+ 5 %= 26 3) (2++3) +(2-3) =2
Loai 3:

1) 9°+65=2.4 2) 4*-2.5%=10" 3) 3% +45.65-9.2%?=0

4) 25* +10% = 2% 5) 6.4%-13.6% +6.9% =0

I1. PHUONG TRINH LOGARIT.
L Giii cdc phwong trinh. log, f(x)=b < f(x)=a"(0<a=1l)
1) logox(x + 1) = 1 2) logox + logo(x +1) =1 3) log(x® — 6x + 7) = log(x — 3)

4) 10g2(3 — X) + loga(1 — X) = 3 6) log(2*2—5)=2x  7) l0g,Vx—3+log, \3x~7 =2

2.Dit in phu :

Suu tdm va bién soan: Vi Buc Huy
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1) logs x—3.log, x+2=0  2)loggx+log,9=3 3 4log, x + log 3= 3
2y 2log," (x=1) + log,(x - 1)3 =5 5 log5(x—3)+log, Vx—3=5
6) log; x -9log, x =4 7) Iog%(x2 +2X) +4log, «/9(x2 +2X) =7
III. BAT PHUONG TRINH MU VA LOGARIT.
a) a>1 a'™>a' o f(x)>g(x)

log, f(x)>log,g(x) < f(x)>g(x)>0
b)0<a<l a'®>a'%" o fx)<g(x)
log, f(x)>log,g9(x) < 0< f(x)<g(x)

1. Gidi cdc bat phwong trinh.

2_5x+4
1 X
1) 3% >1 2)27%< % 3) (Ej >4 4)9X <3l 4 5) 3*—3™2+8>0
2. Gidi cdc bit phwong trinh.

7 log, (3 +2) < 2x g) 109, (X* -5x-6)>-3 ) log,

2 2

X* —3X+2 >0
Trich mot s6 dé thi tot nghiép:

TN — 2006 (PB) Giai PT: 222 -9.2*+2=0

TN — 2007 (PB) Giai PT: log, x+log, 4x =5

TN — 2008 (PB) Giai PT: 3**"-9.3*+6=0

TN THPT -2009 Giai PT: 25 -6.5"+5=0

GDTX —2009 Giai PT: log,(x+1) =1+log, x

TN_2010 Giai phuong trinh: 2log; x—14log, x+3=0.

GDTX 2010 Giai phuong trinh: 9*-3*-6=0

N o o w DdE
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Chuyén dé 3: NGUYEN HAM & TICH PHAN

A. NGUYEN HAM:

1). Nguyon ham ciia nhirng ham sb cin nhé : ( p,gell;p=# 0)

jdx=x+C
IxadXZ Xa+1 +C, (C(-‘,é—l) I( px+q)a dX:M (0[-‘#—1)
a+1 p(a+1)
.@:1n|x|+c, (x#0) dx :—1n|px+q|+C
Jox ‘px+q p
:exdx =e +C [er*idy == e 4 C
p
A a~ ) pX-+q
a'dx=—+C (0<a=1) aP*dx = +C (0<a=l)
’ Ina ’ p.Ina
Jsinxdx=—cosx+C .sin(px+q)dx:—lcos(px+q)+C
' p

Icosxdx =sinx+C

Icos px+q zlsin(px+q)+C
p

=tanx+C

J‘ COS2 X

j :ltan(px+q)+C
cos’ px+q P

dx
j ——=—cotx+C
sin” x

I :—lcot(px+q)+C
sin(px+q) p

B. TICH PHAN :

1). inh nghia: |[ f(x)dx = F(x)

2). Tinh chit:

a. TCL: If(x)dxz—ff(x)dx

b. TC2: jb.kf dx = kjf )dx (k #0)

Suu tdm va bién soan: Vi Buc Huy
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c. TC3: T[ ]dx If I ( )dx

d. TC4: jf )dx = jf dx+jf(x)dx

C. TINH TiCH PHAN BANG PHUONG PHAP DOI BIEN SO:

B
1). Cong thirc tong quat: J.f[u(x)].u'(x)dx = j‘f(t)dt Véi t = u(x).

Chii y : Thuong dit t la cin, mi, mdu.
e Néu ham c6 chira ddu ngoic kém theo luy thira thi dit t 13 phan bén trong dau ngodc nao c6 luy thira cao
nhit.
e Néu ham chira mau s6 thi dat t 1a mau sd.
e Néu ham s6 chta can thire thi dit t 13 phan bén trong dau cin thuc.

e  Néu tich phan chua & thi dat t=Inx.
X

e Néu tich phan chtra e* thi dit t =e*

e  Néu tich phan chua LU dat t=x.
Jx

A or A odX gy s 1

e  Neéu tich phin chira — thi dat t==.

X X

e Néu tich phan chtra cosxdx thi dit t =sinx.

e  Néu tich phan chta sinxdx thi dit t =cosx.

o  Néu tich phan chtra d):
cos”

thi dat t =tanx.

thi dat t =cotx.

e Néutich phan chtra .d>2<
si

n-x
D. TINH TiCH PHAN BANG PHUONG PHAP TUNG PHAN:
b b b b
1). CONG THUC TONG QUAT: J uv'dx = (uv)|z — jvu’dx HAY Iudv = (uv)E — Jvdu 1)

2). Cac buéc thuce hién:

e Budcl: Dit { u=u(x) N {du =u'(x)dx (Daoham)

dv=v'(x)dx

e Budc?2: Thé vao cong thirc (1).

v=v(x) (nguy€n ham)

b
b .
e Budc3: Tinh (uv)‘ va suy nghi tim céch tinh tiép Jvdu

a

Suu tdm va bién soan: Vi Puc Huy -11-
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3). CHU Y: Cach dit u va dv.

’ b b b b b b
TicH » » :
PHAN j P(x)e*dx j P(x)a*dx j P(x)sinxdx j P(x)cosxdx j P(x) In xdx j P(x)log, xdx
u P(x) P(x) P(x) P(x) Inx logax
dv e* dx a* dx sinx COSX P(x)dx P(x)dx

4). Mt s cong thirc lwong gidc thuong dung:

a. Cong thwre nhéan doi: sin2a =2sina.cosa; cos2a —cos’a—sin’a=2cos’a—1=1-2sin’«a

b. Cong thirc ha bac: cos? M, Sinza:m; tanzat:M
T 2 2 1+cos2a
¢. Cong thirc bién doi tich thanh tong:
1 ) ) 1
cosa.cos B = E[cos(a + )+ cos(a — ,B)] sina.sin f = E[cos(a — ) —cos(a + ﬂ)]

sina.cos ff = %[sin(a + f)+sin(a —,8)]
E. TINH DIEN TiCH HINH PHANG, THE TiCH KHOI TREN XOAY
1). DIEN TiCH CUA HINH PHANG GIGI HAN BOL: (C):y=f(x); x=a; x=>b duoc tinh theo

b
cong thire: S = [|f (x)dx]

2). DIEN TICH CUA HINH PHANG GIOI HAN BOL: (C,):y=f(x);(C,):y=g(x); x=a; x=b
(trong d6 hai dudng thang x = a; x = b c6 thé thiéu mot hodc ca hai).

b

a). CONG THUC: |S = _Hf(x)—g(x)|dx )

a

b). Cac buéc thue hién:

e Budcl: Giai PTHDGD cua (Cl)Vé (Cz) dé tim nghiém thudc (a; b) . Gia str duoc cac nghiém
X5 Xpeon X, VaA<x, <Xx,<---<x,<b.

e Budc 2: Ap dung cong thirc (2) dugc :

S=z\f(x) (x)|dx = ﬂf )| dx +- +ﬂf g(x)|dx

b

- Imx)—g(x)]dx bt | [ (x) - g ()

xl’l

c). Chuy

e Néu dé bai khong cho a va b thi nghiém nhd nhdt va nghiém 16n nhat ciia phuong trinh

f(x) = g(x) tuong ung la a va b.

Suu tdm va bién soan: Vi Puc Huy -12-
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e Néu bai toan nay dugc cho chung trong bai khdo sdt ham s6 thi ta c6 thé dung hinh v& dé khtr ddu

gia tri tuyét doi s& dé dang hon. C6 nghia 13, néu trén mot doan tich phan nao d6 ma trén hinh vé, (Cl)nﬁm trén
(C,)thi hieu f(x)—g(x)=0, Va (C,)nam dusi (C,)thi hiu f(x)—g(x)<0. Ta co thé tmg dung diéu
nay dé khur dau gia tri tuyét doi ma khong can dua dau gia tri tuyét doi ra ngoai nhu noi & trén.
3). Thé tich ciia hinh tron xoay khi quay hinh phing giéi han béi cic dwong sau diy quanh truc OX:
a) (C):y:f(x);Ox;x:a;x:b

(trong d6 hai dudng thing x = a; x = b c6 thé thiéu mot hoic ca hai).

b
b). CONG THUC: |V =7 j F2(x)dx|(3)

). Cac budc thuc hién:

e Budc 1: Néu hai dudng x=a, x=>b d bai cho thiéu mot hodc ca hai thi giai phuong
trinh f () =0 (PTHDGD cita (C) va truc Ox) dé tim.
e Budc 2: Ap dung cong thic (3).
C). Cac chuay:
e Néu dé bai d6 cho day di a va b thi khong can phai giai phuong trinh f (x) =0.

e Néu dé bai khong cho a va b thi giai phuong trinh f (x) =0 dé tim. Phuong trinh ndy c6 thé c6
nhiéu hon hai nghiém, trong trudng hop nay nghiém nké nhdt la a va nghiém 16n nhét 1a b. Cac
nghi¢ém con lai ta khong can phai chon vao trong qua trinh tinh tich phan.

Tinh di¢n tich hinh phang, thé tich khéi tron xoay

x J—
x+1
Bai 2: Tinh dién tich ciia hinh phang giéi han boi mat duong sau : (C):y =e€*; Ox; Oy; x =2

Bai 1: Tinh dién tich cita hinh phang gi¢i han boi dudng cong (C):y = : Ox va tryc Oy.

Bai 3: Tinh dién tich ctia hinh phang gi6i han boi duong cong (C ) y= x(x — 3)2 va truc Ox.

Bai 4: Tinh dién tich ciia hinh phang giéi han boi dudng cong (C):y =x" —x va truc Ox.

Bai 5: Tinh dién tich ctia hinh phang gi6i han boi duong cong (C ) :y=x°—3x+1 vaduong thing d : y =3.
Bai 7: Cho dudng cong (C ) :y=x° —3x° +4x. Viét phuong trinh tiép tuyén d cia (C ) tai gbc toa 4o O. Tir
dé tinh dién tich cia hinh phing gi¢i han bsi (C)va d .

Bai 8: Tinh dién tich ciia hinh phang giéi han boi mat duong: (C):y = Jx:d:y=2—x vatruc Ox.

N . 2x+1
Bai 9: Cho dudng cong (C) 1y = 1
X+

- Goi (H) 12 hinh phing giéi han boi mat duong: (C); Ox; Oy . Tinh

thé tich ctia hinh tron xoay duoc sinh ra khi quay (H) xung quanh truc Ox.
Bai 10: Cho dudng cong (C ) :y=x"—x”. Goi (H) 1 hinh phing gi6i han b()ri(C ) va truc Ox. Tinh thé tich ciia

hinh tron xoay dugc sinh ra khi quay (H) xung quanh truc Ox. i
Bai 11: Tinh thé tich khoi tron xoay tao thanh khi quay quanh truc Ox hinh phing giéi han boi mat duong:

Suu tdm va bién soan: Vi Puc Huy -13-
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y:X—_l,y:O,x:-lvéx=2.
X+2

Bai 12: Tinh thé tich khéi tron xoay tao thanh khi quay quanh truc Ox hinh phang gi6i han boi mat dudng:

_ [ COSX _, o vy _-yv_T
y_\!S|nx(e +smx) 1y=0;x=0;x=7.
F. BAL TAP: Tinh mit tich phan sau:

Bai 1: Phuwong phap doi bién so

1 -1
a) J.X 1-x%dx  b) .[3\/x+2dx
0 -2

J' Xax
D) 52y

B

COoS 2X
01+ 2sin 2x

h)

= L]

1
d) [x3(x* =1)°dx
c)jﬂ )g( ) e)

9) IXx/1+x dx g)[—8X

sin? xdx

j‘ x2dx
o3 1+ X3
n
2
)jcos xdx
0

(1+1Inx)*

K) [sin2x(1+sin*x)y'dx 1) j (sin4 x+1) COSXAX m) [cosx(+sinx)’dx  n) j ——dx

i
‘A.l‘etanx+2 % |
0) 0 OS2 X D) i e""*cosxdx
Bai 2: Tich phén tirng phfijz.
1 2
a) _[(2x+1).exdx b).|.(2x+3) e¥dx
0 -1

(x+1) cos xdx

Ot N

€) ]{(ZXZ —5x)cos 2xdx f)

1

q) _[exz*zxdx

0

(1—6x)sin xdx

O
~—
O v | N

9) [(x+1)Inxdx

piN Re—e

(e5™* + cos x) cos xdx

y

O t—N N

d) [ x* sin 3xdx

O v | Ny

e 3 2
i) [ (2x+3)In3xdx k) [e* sin3xdx ) Jex cos xdx m) I(X +€0sX) sinxdx

1 0 0 0

P d P d (e + x)sin xd ; in xd
n 0 e + x)sin xdx X.COS X.Sin xdx

)gcoszx § );[sinzx ) P) '([( ) q)'([
"

Bai 3: Phwong phdp dong nhit thikc.

2 4 2

x-1 1 2X
dx I dx dx —dx

a)!x2+x °) 3x+2 C)-|3.x2—4 )£x2+3x+2
Suu tam va bién soan: Vii Birc Huy -14-
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Bai 4: Tich phan ham luong gidc.

a) | sinbx.cos3xdx  b) |sin5x.sin3xdx c) | cosbx.cos3xdx

O N [ Y
ot— N
O N | Y

Trich cdc bai tich phén trong dé thi tot nghiép
Bai 1: TN_09: [ x(L+cosx)dx

0

sin 2x

dx
4 —cos®x

Bai 10: TNKPB_06:

ot—nly

1
Bai 2: BT 09: | (2x+ x.e*)dx t
- ! ( ) Bai 11: TNPB_06: j (2x+1)e*dx

1 0
Bai 3: TNPB_08: [ x*(L-x°)"dx z

1 Bai 12: TN_05: J‘(x—sin2 x) cos Xdx
Bai 4: TNKPB_08: [ (1+¢")xdx 0

0

Va

1
Bai 13: BT _05: j(e* +2)dx
0

4
Bai 5: BT _08: .[cos X.sin xdx z
" Bai 14: BT_05: [ xcos xdx
2Xdx -
Bai 6: TNPB_07: | 0
1 ’\l X2 +1

1
, Bai 15: TN_2010: | x*(x—1)"dx
In® x 0

X

dx

Bai 7: TNKPB_07: ! 1
Bai 16: BT_2010: j(5x—2)3dx
0

Bai 8: BT_07: |cos’x.sin xdx

[N Ot=——o|N

2
Bai 9: BT 06: I(Zsin X+ 3) cos xdx
0

Suu tdm va bién soan: Vi Buc Huy
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Chuyén dé 4: SO PHUC
1. S6 phire va biéu dién sb phirc:

S4 phtre 1a mot bidu thirc c6 dang @+ bi , trong do a,bell ;> =—1.

S6 phitc Z=a+bico ala phan thue, b 1a phan do.

S6 phie zZ = a + bi dugc biéu dién bsi diém M (a; b) hay boi u= (a; b) trong mit phang toa do Oxy.
a=cC

Hai s6 phirc bang nhau : a+bi=c+di<:>{b 4

Modun ciia s6 phirc Z = @+ bi chinh 14 d6 dai cia OM . Vay : ‘Z‘ = ‘OM ‘ =ya’+b?.
Sb phirc lién hop cua sb phitc Z=a+bila sé phirc Z=a—Dbi. Cha y ring : cac diém biéu dién Z va

7 d6i ximg nhau qua truc hodnh. Do d6 Z 1a sb thuc khi va chi khi Z=12, Z 1a sb 4o khi va chi khi
7=-1

2. Miit phép todn trén tap sb phic:
a. Phép cdng, trir, nhin hai sé phirc : (a+bi)+(c+di)=(a+c)+(b+d)i
(a+bi)—(c+di)=(a-c)+(b—d)i (a+bi)(c+di)=(ac—bd)+(ad +bc)i
Chiy: it =i,i2 =—1i® =—i,i* =1. Téng quét : i =1,i*™ =i,i*"*? = _1,j*"* = _j.
(1+i) =2i; (1-i)" =-2i.
a+bi (a+bi)(c—di) (a+bi)(c—di)

c+di  (c+di)(c—di) c?+d?

b. Phép chia hai s phirc :

N| | N_|

: : - e e S N 4
c. Mt tinh chat ctia so6 phiec lien hopvamodun : Z=2; z+2' =z+27": z27=27"; (_j:

3. Phwong trinh béc hai:

a. Cin bic hai ciia s6 phirc: S6 phirc Z 1a cin bac hai ctia s6 phirc néu : 7’ =w.
Nhu vay dé tinh S6 phitc Z = X + i (X, yel ) 1a can béc hai ctia s6 phirc W=a +bi ta giai hé phuong
xX°-y*=a
2xy =b
Chi y : S6 0 c6 dung mot cin bac hai 13 0.

trinh hai an x, y thuc sau : {

S6 thyc @ > 0 ¢ ding hai can bac hai 1a : ix/a

S6 thye @ <0 6 hai cin bic hai la +i,/|a] = £iv-a . Pic biét, s6 —1 c6 hai céin bic hai la i

b. Phwong trinh bic hai : Cho phuong trinh bac hai az° +bz+c¢=0 (a,b,cel],a=0).
; PRV b
e Neéu A =0, phuong trinh c6 mot nghiém kép Z = —2— .
a
-b+A
2a

e Néu A >0, phuong trinh ¢ hai nghiém phén biét : Z,,=

Suu tAm va bién soan:Vii Dic Huy -16-
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:  EANI
e Neéu A <0, phuong trinh ¢6 hai nghiém : 7, , = 2— .
' a
C. Dinh 1y Viet : Néu phuong trinh bac hai az’+bz+c=0 (a,b,cell,a#0) co hai nghiém 2,2,
N b . c
thi: Z, + Z, 2—5 va 2,7, Zg.

d. Dinh ly ddo ciia dinh 1y Viet :Néu hai sé Z,,Z, ¢6 tong z,+2,=S va 22,=P thi z,,Z, 1a

nghiém ciia phuong trinh : 2 — Sz + P =0.

BAITAP ‘ ,
Bai 1: Tinh phan thyc, phan 40 va mudum cua s6 phuc z :
) ) 1-i1+/3
a) =(1—|J§)(1+|) b) z = (2+i)° - (3-i)° ) 2= \/_ d) 7 =4-3i—(1+3i)?
+1
Bai 2. Thyc hién mat Phép tinh: 1.a) D@3y 321 ) o 251 143
3-2i 1+2i —i 2+Ii

2.3) (12 -(W+iV2)*  b) 2-i)’-(2+i)°  ©) (2-3i)*—(2+3i)
Bai 3. Giai cac phuong trinh trén tap so phuc:

1.a) 3x>—2x+5=0 b) z*+272=0 c) 25—-z*=0 d) 2x2 —2x+1=0

2.3) —/2x2 +B6x=3J2 =0 b) °~1=0 c) x*+8=0 d)-z*+2z2+15=0
Bai 4. Giai cac phuong trinh trén tip so phuc:

a) (1+i)z +(2+1)(1-3i) =2-3i b) (2+71))z=@Q4-i)+(@-2i)z c) 3z(2-i)+1=2iz(L-i)+3i
Bai 5: Tinh hai s0 phtrc biét tong va tich ctua chyng :
a) Tong bang 4 va tich bang 7; b) Tong bang -2 va tich bang 6 ; ¢) Tong bang J2 vartich bang 3;
Bai 6: Tinh mat so thuc x, y thoa :
a) 2x+1-(1-2y)i=2—x+(3y+Di b)2x—y+1—(x—2y)i=0
C)4x—3+(y—2)i =y+1+(2x-3)i d) x(1—3i)* +(x+2y)(L+2i)° =16+12i
Bai 7: Trén mat phang toa dg, hay tinh tdp hop diém bi€u dién so phirc z thod mén moi dieu kién sau:

a) [z+2i|<6 b) \Zi —E\ =[z+3 ) |z-2i|=[z+1 d) |z-i|=1 h)|z+@-3i) =\E+3—2i\
Bai 8: Tinh s6 phuic z, biét: a) [2|+22=1-4i b) 2|z|-32=1-12i ¢) z-3z2=1+3i f) 2z+2=3+4i
Bai 9: Tinh mt cén bc hai cia: —27; —45;-15; 13 ; 2—5.

Trich mot bai so phirc_trong dé thi tot nghiép
1. Giai phuong trinh 2x? —5x+4=0 trén tap s6 phuc. TN THPT — 2006
Giai phwong trinh x? —4x+7=0 trén tap sé phic. TN THPT — 2007 (Idn 1)
Giai phuong trinh x? —6x +25=0 trén tap sé phic. TN THPT — 2007 (lan 2)
Tinh gié tri cta biéu thirc: P=(1++3i)? + (1—+/30)% . TN THPT — 2008 (Iin 1)
Giai phuong trinh x2 —2x+2=0 trén tap s phirc. TN THPT — 2008 (ldn 2)
Giai phuong trinh 82% —4z+1=0 trén tap s6 phic. TN THPT — 2009 (CB)
Giai phuong trinh 222 —iz+1=0 trén tap sd phic. TN THPT — 2009 (NC)
Giai phuong trinh 222 +6z+5=0 trén tap s6 phirc. TN THPT — 2010 (GDTX)
Cho hai sé phue: z, =1+2i, z, =2-3i . Xéc dinh phan thuc va phan 4o ctia sb phirc z, —2z,.TN — 2010 (CB)
10. Cho hai s6 phtic: z, =2+5i, z, =3—4i . X6c dinh phan thyc va phan ao cta s6 phiic z,.z,.TN — 2010 (NC)

© oo N o g bk e
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Chuyén dé 5: KHOI DA DIEN — MAT CAU — MAT TRU - MAT NON.
I) Cong thirc tinh thé tich.

a) Khéi chép: V = %Bh

b) Lang try: V=Bh

¢) Khéi nun: V= %Bh = %ﬁrzh
S,q =7l

d) Khoi try:  v=Bh=zr*h
S,q =27r

k ._....-—
.

Hinh chép Hinb ling try

e) Khéi ciu: V= %7[[‘3 , S=4nr?

¢) Khoi 13p phuong: V =a’
f) Khoi hop chir nhat: V = abc.

I1) Mét s6 kién thirc cAn nhé.
1. Cdac hé thuc lwong trong tam gidc.

Cho tam giac ABC c6 BC=a, AC=Db, AB =c.

a) Dinh Iy cosin:

a’? = b% + ¢® — 2bc.cosA; b?=a% + ¢? — 2ac.cosB; c¢? = a + b?— 2ab.cosC

= Hé qua:

2,2 .2 2 2 n2 2 K2 A2
+ COSA = b-i-C——a cosB = u cosC = u
2bc 2ac 2ab

, 2(b*+c*)-a’ ,  2(a®+c?)-b? , 2(a*+b%)—c?
a = 4 mb = 4 mc = 4

+m

b) Dinh Iy sin:
a b ¢
sinA sinB sinC
3. Mot so cong thire tinh dién tich tam gidc:

1 1 1
S= —ah,= —bh, = —ch
* g HaT e T e

= 2R (Vi R 14 ban kinh dwdng tron ngoai tiép tam giac ABC )

e S= lab.sinC = lbc.sinA: 1ac.sinB
2 2 2

c 522 s=pr 5= p(p-a)(p-BX(P—0) Véip=(a+b+o)
4. Hé thirc lwong trong tam gidc vuéng: Cho AABC vuong & A ta c6 : A
a) Dinh Iy Pitago : a° =b*+c?
b) b*=ab’; ¢®=ac’ c b
c) ah=bc

1 1 1
&) h?=b'c’ a

5. Dién tich ciia mét sé hinh khdc.
a) Dién tich hinh vuéng : S = canh x canh
b) Dién tich hinh chir nhat: S = dai x rdng

Suu tAm va bién soan:Vii Dic Huy -18-
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¢) Dién tich hinh thoi : S = %(ch@o dai x chdo ngin)

1 ‘
d) Dién tich hinh thang: S = > (day 16n + ddy nho) x chiéu cao
e) Dién tich hinh binh hanh : S = day x chiéu cao
2
f) Dién tich hinh tron : S = 77.R

1. Mét s6 hinh khong gian thwong sip:
a) Hinh chép:

Hinh 3

Hinh 4
Hinh 2

@ Hinh 1: Dyng cho maét loai hinh chép tam giac (tr dién): C6 mdt canh bén vudng goc véi day hoac c6 ba canh
vuong goc voi nhau cung di qua mot dinh.

@ Hinh 2: Dyng cho mat loai hinh chop tam giac déu hoic tir dién déu.

® Hinh 3: Dyng cho hinh chop S.ABCD c¢6 SA L(ABCD) c6 day ABCD Ia hinh binh hanh, hinh thoi, hinh
vuong, hinh chit nhat. (Tdm mdt cau ngoai tiép la trung diém ciia SC)
@ Hinh 4: : Dyng cho hinh chép S.ABCD c6 SO L (ABCD) c6 day ABCD la hinh binh hanh, hinh thoi, hinh

vuong, hinh chir nhat. (Tdm ciia mdt cau ngogi tiép nam trén dwong thang SO)
b) Hinh lang tru — Hinh hop :

“\_L__.«-"" F, A QP L
Br R, ‘_l ¥

D [
Lang try Lang tru ding Hinh hop chit nhat Hinh lap phuong
Tam gidc tam gioc

¢) Hinh cau — Hinh try — Hinh nén:

e -
I
i

2. Cung thirc tinh dién tich — thé tich:
Khéi chop: V = % B.h Khoi lang try: V =B.h

Khéi 1ap phuong: V =a’
Khoi hop chir nhat: V =ab.c
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Khéi try: V =zr?h, S, =2zl

Khéi nan: V :%ﬂ'rzh, qu =7rl

Khéi cau: V :gﬂra, S =47r?

VI DU MINH HOA:

Vi du 1: Tinh thé tich cta khdi chop S.ABC c6 canh bén SA vudng goc Véi day (ABC), SA=a; tam
giac ABC vuong tai B, BC=a, AC =2a

Gii:
Ta co thé tich V :%B.h:%SMBC.SA, ma SA=a.Trong tam giac ABC | vuong
tai B, ta c6: AB =+/AC? —BC? =+/4a’—a’ =a\/3
Nom S,o. =~ ABBC = ~a3a =L a3 dvdy) ‘

2 2 2 RS
. 11 3J’ ’
Vay: V =§.Ea2\/§.a (dvtt) = ’

Vi du 2: Cho hinh chép tam giac déu S.ABC c6 canh day bang a, canh bén bang 2a. Goi I 14 trung
diém cua canh BC. Tinh thé tich khoi chop S.ABI theo a.

Gidi:
Goi H 1a trong tdm cua tam gidc ABC. Khi d6: SH L (ABC) non V = % B.h= % S e -SH

<

Ma S, ,qc =%AB.BCsin B=laasin60’ =

2
2

Lai c6: AH=—AI 2\/AB2 BIZ =% [a2-2 af

Trong ta giac S tal

m AH
SH =+/SA? — AH? :‘/4a2—a—2:a*/§
1 1 a%\f3 a\/_B a®J11

4

Vay V = 3SAABC SH_E 2 3

(dvdt)

vuong

(dvtt)

Vi du 3: Cho hinh chép S.ABC c6 day ABC la mot tam giac déu canh bér}g a, mat bén (SAB) vubng
gbéc Vo1 mat day (ABC) va mat SAB la tam gidc vuong can tai S. Tinh thé tich ctia khoi chép S.ABC
theo a.

Gidi:
Ta co: (SAB) m(ABC) = AB. Tir S dung dudng thang vudng goc Vi AB cit
AB tai I, non SI L(ABC) ma ASAB vudng can tai S nén I 1a trung diém clia

AB = SI :%AB :%. Khi d6 thé tich V :%B.h:%.smca .

a’\3
4

Ma S asc =%AB.AC.sinA=
2 3
1 ay3 a_a \/_(d )
"3 4 2

BAI TAP THE TICH KHOI CHOP q
Bai 1: a) (TN THPT 09) Cho hinh chép S.ABC c6 SA vudng goc Voi mat phang day, mat bén SBC 1a tam giac

déu canh a , biét ASB =120°. Tinh thé tich khdi chép S.ABC theo a

(dvdt). Vay
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b) (TN THPT 08L2) Cho hinh chdp S.ABC c6 SA vudng gbc Véi mit phiang day, day ABC 1a tam giac
vudng tai B, biét AB=a, BC =a«/3 va SA=3a. Tinh thé tich khéi chép S.ABC theo a.

¢) (TN THPT 07L1) Cho hinh chép S.ABC c6 SA vudng goc V&i mit phing day, day ABC 1a mot tam
vuong tai B, biet SA= AB =BC =a. Tinh thé tich khoi chop S.ABC theo a.

d) (TN THPT 07L2) Cho hinh chép S.ABCD c6 SA vudng goc Vi mat phang day, day ABCD la hinh
vuong canh a va SA= AC. Tinh thé tich khoi chop S.ABCD theo a.
Bai 2: Cho hinh chop S.ABC c6 day ABC la tam giac vuong tai B, canh bén SAvuong goc Vi mat day. Bict
SA= AB =BC =a. Tinh thé tich cua khoi chop S.ABC theo a.
Bai 3: Cho hinh chop S.ABCD c¢6 mat bén SBC la tam giac déu canh a. Canh bén SAvudng goc Vi mat
phang day. Biét gobc BAC =120°. Hay tinh thé tich khdi chop S.ABC theoa.
Bai 4: Cho hinh chop S.ABCD c6 day la hinh vudng canh a, SA vudng goc Vaoi mat day, goc gitta mat
phang (SBD)va mit phang d4y bang 60°.Tinh thé tich khdi chép S.ABCD theo a.

Bai 5: Cho hinh chop S.ABCD c¢6 day ABCDIa hinh vuéng, canh bén SA= av2 va vuong géc Véi mat day,
goc gilra SB va mit ddy bang 45°. tinh thé tich ctia khdi chop S.ABCD theo a ,

Bai 6: Cho hinh chop tir giac déu co tat ca co tat ca cac canh déu bang a. tinh thé tich khoi chop S.ABCD theo
a.

Bai 7: Cho hinh chop S.ABCD c6 day la hinh thoi tim 0, SAC La tam giac déu canh a SB=SD = a/5 . Tinh
thé tich khdi chop S.ABC

Bai 8: Cho hinh chop S.ABC c6 canh day la tam giac can tai A. Hai mdt bén (SAB) va (SAC) cung vudng goc

Véi mit ddy. Goi I 1a trung diém canh BC. Biét BC =a,SA=a+/3 va goc giita hai mit phing (SBC) va
(ABC) bang 30° .Tinh thé tich khoi chop S.ABC theo a

Bai 9: Cho khéi chop S.ABC c6 day l1a tam gidc déu canh a, tam giac SAC cén tai S c6 SAC =60°,
(SAC) L (ABC). Tinh thé tich ctia khdi chop S.ABC theo a.

Bai 10: Cho hinh chop tir gidc déu S.ABCD c6 canh day bang a, canh bén hop Vi day mot goc 60°. Goi ©)1a
duodng tron ngoai ti€ép day ABCD. Tinh the tich khoi nén c6 dinh S va day (C).

Vi du 4: Cho hinh ling tru dung tam gidc ABC.A'B'C' ¢6 AC =a,BC =2a, ACB=60° va tam giac
ABB' can tai B. Tinh thé tich khdi lang try dé cho theo a.

Gidi:
Taco thé tich V =B.h=S,,,..BB'

1 . ZJ'

Ma S,z =§AC.BCsmC =

(dvdt)

V& AABB' vudng cén tai B non AB =BB'.
Trong AABC c6 AB? = AC?+BC?-2AC.BC.cosC =3a> = AB=a+/3

2
VayV =S,,...BB'= \/_ \/_——(d tt)

Vi du 5: Cho hinh lang try tam giac ABC.A B'C' c6 hinh chiéu vudng goc ciia dinh A' 1én day (ABC)
trung V&i trung diém i cia AB, day ABC la tam gidc déu canh a, goc gilra canh bén AA' Vi ddy bang
30°. Tinh thé tich khéi ling try da cho theo a.
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Gidi:

2
Ta o thé tich V=Bh=S,..A'l . Md S, = ; AC.BC.sinC =2 f X ¢
(dvdt). ) "
Goc gitta AA' V6i day 1a goc gitta AA' V&i Al (VS AH 12 hinh chiéu
cia AA' Ién day (ABC)). Nén A'Al =30°. Ayl e c
Trong tam giac AA'I vuong tai, ta co: | (1 2

3 a

tanA_%:A'lztansof{%.AB_—*/_ Vay V =S,,.c.A :%(dvtt) °

BAI TAP THE TICH KHOI LANG TRU

Bai 1: Cho hinh lang tru tir giac déu’ABCD.A’B’C’D’ co c?nh day péng a, chiéu cao 2a. Biét rang O’ 14 tAm cla
A'B'C'D’ va (C) la duong tron ndi tiep dady ABCD. Tinh th¢ tich khoi néon c¢6 dinh O’ va day (C).

Bai 2: Cho hinh lang try tam giéc’déu ABC.A'B'C’ céqcanh déy bang a va chiéu cao 2a. Biét rang O’ 13 tim cia
A'B’C’ va (C) 1a duong tron ndi tiép day ABC. Tinh thé tich khoi non c6 dinh O’ va day (C).

Bai 3: Cho lang try tam gidc déu ABC.A'B'C' ¢6 canh day bang a, A'B tao Voi day mot goc 60°. Tinh thé
tich lang tru theo a.

Bai 4: Cho lang tru tam giac déu ABC.A'B'C'. Biét rang mit phang (A'BC) tao Véi day mot géc 30° va tam
gidc A'BC c6 dién tich bang 8. Tinh thé tich khoi lang tru ABC.A'B'C". ,

Bai 5: Cho lang tru ABC.A'B'C"' ¢6 day la mdt tam gidc déu canh a, hinh chiéu vuéng goc cia A' 1on mat
phang (ABC) trung Véi trung di€ém M ctia BC. Géc hop boi AA' va mit day bang 30° . Tinh thé tich khdi lang
tru ABC.A'B'C' theo a.

Bai 6: Cho lang tru dimg ABC.A'B'C' c6 day ABC la tam gidc vuong can tai C, cho A'C =a, gbéc hgp bdi
(A' BC) va mit phang day bang « . Tinh o dé lang try ABC.A'B'C" ¢6 thé tich 16n nhét.

Vi du 6: Cho hinh niin dinh S, dudng tron ddy tdm O, ban kinh r =a va géc & dinh cta hinh nin bang
60°. Tinh dién tich xung quanh va thé tich ctia hinh nin

Gidi:
Taco S,, =zrl =z.aSA. Trong tam gidc ASO vuong tai O ta co:

sinS =§:> SA=2a.Non S, =7zrl=27a>. Ma SO=+/SA* ~ AO? =+/4a’ —a® =a\3
3
*/— (dvtt)

BAI TAP THE TICH — DIEN TICH CUA KHOINON

Bai 1: Trong khong gian cho tam giac OIM vuéng tai I, goc IOM bing 30° va
= a. Khi quay tam giac OIM quanh canh goc vuong Ol thi duong gap khtc
thanh mgt hinh ntn tron xoay.

a) Tinh dién tich xung quanh cua hinh nun tron xoay tao thanh.

b) Tinh thé tich ctia khbi ntin tron xoay tao thanh.

Bai 2: Thiét dién qua tryc ctia mot hinh ntin 1a mot tam giac vudng cin c6 canh géc vudng bang a.

a) Tinh dién tich xung quanh va dién tich toan phan ciia hinh niin.

b) Tinh thé tich cua khdi noén twong tmg.

c) Mot thiét dién qua dinh va tao Vi ddy mot goc 60°. Tinh dién tich cua thiét dién nay.

Bai 3: Cho hinh nun dinh S, dudng cao SO, A va B 1 hai diém thudc duong tron dy sao cho khoang céach tir
diém O dén AB bing a va SAO= 30%, SAB=60°. Tinh d¢ dai duong sinh cta hinh nun theo a.

Bai 4: Thiét dién qua tryc cua mot khéi nan 12 mot tam gidc vudng can co canh huyén bﬁng a. Tinh thé tich khéi
nun va dién tich xung quanh cua hinh niin d6 cho.

Vay thé tich V —%ﬂ'r h—3 artso=2
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Bai 5: Cho hinh ldp phuong ABCD. A’B’C’D’ canh a. Tinh dién tich xung quanh cua hinh nin ¢6 dinh la tam O
cua hinh vudng ABCD va day 1a hinh tron noi ti€p hinh vuong A’B’C’D’.

Bai 6: Cit mot hinh nin b?mg mot mat phéng di qua truc cﬁavn('), ta duogc t’hié't dién 1a mdt tam giac déu canh 2a.
Tinh dién tich xung quanh, dién tich toan phan cua hinh va thé tich cta khoi nun.

Vi du 7: Cho hinh tru ¢6 ban kinh day bang a va khoang cach giita hai day bang a+/3 . Tinh dién tich
xung quanh va thé tich cua hinh try d6 cho theo a.

Gidi:
Goi hinh tru c6 tam ctia hai day 1a O, O' (nhu hinh bén).
Theo gia thiét ta c6 00'=av/3. o
Khi d6 dién tich xung quanh:
S.q =271l =27rAB = 271,00 = 277a*\/3 (dvdt)

Thé tich khdi try 13: V = zr?h = 7a?.00"' = 7za®y3 (dvtt)
BAI TAP THE TICH — DIEN TICH KHOI TRU
Bai 1: Cho hinh try c6 mit day 14 hai hinh tron tdm O va O’, ban kinh day bang 2 cm. Trén dudng tron dy tim
O lay hai diém A, B sao cho AB = 2 cm. Biét rang thé tich ta dién OO’AB bang 8 cm®. Tinh chiéu cao hinh tru
va thé tich khéi try.
Bai 2: Cho hinh try c¢6 mit day 13 hai hinh tron tdm O va O’, ban kinh d4y bang 2 cm. Trén dudng tron ddy tim
O lay diém A sao cho AO’ hop Vi mit phang day mot goc 60°. Tinh chiu cao hinh tru va thé tich khéi try.
Bai 3: Cho hinh tru c6 mat day 14 hai hinh tron tim O va O’, ban kinh dy bang chiéu cao va bang a. Trén duong
tron day tam O ldy diém A, trén duong tron day tim O’ lay diém B sao cho AB = 2a. Tinh thé tich cua khéi tir
dién OO’AB.
Bai 4: Mot khéi tru co chiéu cao bang 20 cm va c6 ban kinh day bang 10 cm. Nguoi ta ké hai ban kinh OA va
O’B’ lan luot trén hai d4y sao cho ching hgp Vi nhau mot goc 30°. Cit khéi try boi mot mat phang chira duong
thang AB’ va song song V&i truc OO’ ctia khdi tru d6. Hay tinh dién tich cua thiét dién.
Bai 5: Mot hinh try c6 ban kinh day R = 53 cm, khoang cach giita hai day h = 56 cm. Mot thiét dién song song
Véi tryc 12 hinh vudng. Tinh khoang Cach tir truc dén mat phang thiét dién.
Bai 6: Trong khong gian cho hinh vuong ABCD canh a. Goi I va H 1an luot 13 trung diém ctia cac canh AB va
CD. Khi quay hinh vuéng d6 xung quanh truc IH ta dugc mot hinh try tron xoay.
a) Tinh di¢n tich xung quanh ctia hinh try tron xoay dugc tao nén.
b) Tinh thé tich ctia khdi tru tron xoay duogc tao nén béi hinh tru tron xoay do.
Bai 7: Cho mot hinh tru c6 ban kinh r va chiéu cao h=r+/3.
a) Tinh dién tich xung quanh va dién tich toan phan ctia hinh try.
b) Tinh thé tich khéi tru tao non béi hinh tru d6 cho.
Bai 8: Mot hinh tru ¢6 ban kinh day R va duong cao bang R\/§; A va B 12 hai diém trén hai dudng tron day sao
cho goc hgp boi AB va truc cua hinh try 1a 30°,
a) Tinh dién tich xung quanh va dién tich toan phan ctia hinh tru.
b) Tinh khoang Cach gitra AB va truc cua hinh tru.
Bai 9: Cho mot hinh tru c6 ban kinh day r =5cm va khoang cach gitta hai mit ddy bang 7cm.
a) Tinh dién tich xung quanh cua hinh try va thé tich cua khdi tru duoc gidi han boi hinh try do6.
b) Cit khdi tru béi mot mat phéng song song Vi truc cua hinh try va Cach truc 3cm. Hay tinh dién tich cua
thiét dién dugc tao nén.

Vi du 8: Cho hinh chop S.ABC c6 day ABC la tam giac vudng can tai B, SA=2a, AC = av2 va SA
vuong goc V&i mit phéng day.

a) Chtng minh trung diém I ctia SC 1 tAm mit cau (S) di qua cac dinh cua hinh chop

b) Xac dinh tim va ban kinh ctia duong tron giao tuyén ctia mit cu (S) Véi mit phang (ABC).
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Gidi: .
a) Ta c6 cac tam gidc SAC va SBC lan luot vuong tai A va B nén

Al =Bl :%sc =1S=1C. Do d6 I cach déu cac dinh S, A, B, C.

Vay I 12 tim ciia mdt cau ngoai tiép hinh chép S.ABC. Béan kinh
1 1 a\/6
-

R=>-SC ==>+SA’+AC? =
2 2 ) ’
b) Buong tron giao tuyén la duong tron ngoai tiép tam giac ABC.
Do d6 ABC la tam giac vuong tai B nén tam la trung diém cua AC va

a\2

2

BAI TAP THE TICH MAT CAU

Bai 1: Cho hinh chop S.ABCDc6 day ABCD Ila hinh vudng canh a,canh bén SAvudng goc Voi mat day, canh
bén SB bang a3

a) Tinh thé tich khdi chop S.ABCD theo a.

b) Chiing minh rang trung diém canh SC 14 tim mat cau ngoai tiép hinh chép S.ABCD

Bai 2: Cho hinh chop S.ABCD c6 day 1a hinh chitr nhat, AB=a, AD =2a. Hai mat bén (SAB) va (SAD)cﬁng
vuong goc Vi mat day , SAD 1a tam giac vuong can.

a) Tinh thé tich khdi chop S.ABCD b) Tinh tim va ban kinh mit cau ngoai tiép hinh chép S.ABCD

Bai 3: Cho hinh chép déu S.ABC cé M la trung diém canh AB , AM=a . tinh thé tich khdi chop S.ABC theo a
biét SA=a\2

Bai 4: Cho hinh chép déu S.ABC c6 canh day bang a , canh bén bang 2a

a) Tinh thé tich khdi chop S.ABC. b) Xéc dinh tdm va ban kinh mit cau ngoai tiép hinh chop S.ABC

Bai 5: Cho hinh chop S.ABCD c¢6 day la hinh vuong canh a, canh bén SA vudéng goc Vi mat day, canh bén
SC tao V61 mat day mot goc 60°

a) Tinh thé tich khdi chop S.BCD theo a.

b) Chirng minh rang trung diém canh SC 1a tim mit cau ngoai tiép hinh chop S.ABCD . Tinh dién tich mit cau
do.

Bai 6: Cho hinh chop S.ABC c6 SA, AB,BC vudng goc Vi nhau timg d6i mot. Biét SA=a, AB=BC = a/3.
Tinh thé tich ctia khdi chop va tinh tAm ctia mit cau ngoai tiép hinh chop.

Chuyén d@é 6: PHUONG PHAP TOA PO TRONG KHONG GIAN.

A - CAC DANG BAI TAP CO BAN

| - PHUONG TRINH MAT PHANG.

Bai toan 1: Viét phuong trinh mit phang di qua mot diém va co véc to phap tuyén cho trudc.

ban

kinh r——AC—
2

Viét phuong trinh mit phang (a) di qua diém M(1; -2; 3) va cé véc to phap tuyén la n=(3;1,-2).
Bai toan 2: Viét phuong trinh mat phang di qua mot diém va song song Vi mot mit phang cho trudc.
Viét phuong trinh mit phang (a) di qua M(2; 1; 1) va song song V&i mit phang (P): x + 2y —Z + 1 =0.
Bai toan 3: Viét phuong trinh mit phang di qua mot diém va vudng goc Vi mot duong thang cho trudc.
a) Bi qua M (2;1;3) va vudng goc Voi AB V6i A = (1;-2;2), B = (0;- 4;4).
b) Mat phang trung truc cua doan AB Vi A = (2;-1;3) va B = (0;3;-1).
¢) Vuong goc Véid : g = y—_ll = ZTjLB va cach diém A(2;1;3) mot khoang bang 2.
Bai to4n 4: Viét phuong trinh mat phéng di qua 3 diém 3 diém khong thang hang cho trudc.
Viét phuong trinh mit phang di qua 3 diém A(1;2;3), B(-2;1;1), C(-1;-3;-4).
Bai todn 5: Viét phuong trinh mit phang chira duong thang d va mot d1em M khéng nam trén d.
-3 y+1 z+2
-2 1

Viét phuong trinh mat phang di qua M(-2;3;1) va chira duong thang d:
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Bai todn 6: Viét phuong trinh mit phang chira hai duong thing cat nhau.

Viét phuong trinh mét phing chya hai dudong Chira d: x-1 = yIB = 2;1 vad’: X;1 = y;S _Z Zl
Bai toan 7: Viét phuong trinh mit phang chya hai dudng song song Véi nhau.

X=1+t x=1+2t"
Cho hai duong thang: d:{y=2+t va d':Jy=-1+2t'

z=3-t z2=2-2t"

a) Ching minh d song song Vi d’.
b) Vit phuong trinh mat phang cheadvad’. i
Bai toan 8: Viét phuong trinh mat phang chira mdt diém va song song Vi hai duong thang cho trudce.
X=1+t
bi qua M(10;8;-3) va song song Vi 2 duong d: < y=-3+5t vad’:
z=-1+2t
Bai toan 9: Viét phuong trinh mit phang chira mot dudng thang va song song Vi mot duong thang.
a) Cho d: x-1_ y+3 z+1 . Xx-8_y+2 z+7

= vad’: =
5 2 1 -1

b) Cho A(- 2;- 3;- 2), B(- 8;- 5;- 7) ,C(3;- 4:- 1) va D(0;- 6;- 3) . Viét PT mp(P) chtra AB va song song Véi CD.

Bai todn 10: Viét phuong trinh mit phang chira mot dudng thang va vudng goc Véi mot mat phang.

X—-8 y+2 z+7
12 -11  -16

b) Viét phuong trinh mit phang (P) di qua 2 diém A(0;1;0) va B(1;2;-2) va vudng goc Vi

(Q): 2x-y+3z+13=0

Bai toan 11: Viét phuong trinh mit phiang chira mot diém, song song v6i mot dudng thang va vudng goc Voi

mot mat phéng cho trude.

x-15 y+1 z+13
4 3

. Viét PT mp(P) chira d va song song Véi d.

a) Chtra duong d : va vuong goc Véimat (P): 7x +y -6z -10=0.

X=1+3t
Viét phuong trinh mit phang di qua A(2;1;1) song song Véi duong thang d :{y=-2-t va vudng goc Vi mat
z=-1+2t

phang (P): 2x +y—z + 3 =0.
Bai toan 12: Viét phuong trinh mit phang di qua mot diém va vudng goc Voi hai mit phang cat nhau.
Viét phuong trinh mit phang (P) qua M(1;-1;2) va vudng géc Vé6i 2 mit phang
(Q): x=3z+1=0; (R):2x+y-z+1=0
Bai todn 13: Viét phuong trinh mat phang cach déu 2 mit phing khac:
Lap PT mat phang cach déu 2 mit: (P):x+2y+3z-14=0va(Q):x+2y+3z+4=0
Bai toan 14: Viét phuong trinh mat phang tiép xuc Voi mat cau tal 1 dlern
Viét phuong trinh mit phang tiép xtic Vi mat cdu : (x -2) 2+ y? + (z - 3) =9 tai diém A(3;2; 1
Bai toan 15: Viét phuong trinh mit phang vudng goc Véi mot duong thang va tiép xic V&i mat cau:
Viét phuong trinh mit phing vudng goc Véi dudng thing d: 2 x-1 _Y 12 = i2 va tiép xtc V6i mit cau (S) co
phuong trinh: (x—1)* +(y+3)*+z° =1
Il - PHUONG TRINH MiT CAU.
Bai 1: Xéc dinh toa d6 ctia tim va ban kinh ctia cac mit ciu c6 phuong trinh sau day:
Q) X>+y°+2°-8x+2y+1=0 b) X>+y*+2° +4x+8y—-22-4=0
C) X*+y*+2°-52-7=0 d) (x=1)°+(y+3)°+z°=1
Bai 2: Viét phuong trinh mit ciu trong mit trudng hop sau:
1) Tam I(2;1;-1), ban kinh R =4
2) Di qua diém A(2;1;-3) va tam I(3;-2;-1)
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3) Dbuong kinh AB Vi A(-1;2;3), B(3;2;-7)

4) Pi qua bdn diém (0; 0; 0), A(2; 2; 3), B(1; 2; -4), C(1; -3; -1)

5) i qua 2 diém A(1;3;0) ,B(1;1;0) va tdm I thudc Oy.

6) Di qua 3 diém A(1;0;0), B(2:3;0), C(1;3;2) va c6 tim thudc mit phiang Oxy.

7) Diqua 3 diém A(2;0;1), B(1;0;0), C(1;1;1) va c6 tAm nam trén mat phing (P) : x+y+z—-2=0.

8) Tam I(1;2;3) va tiép xtic V&i mat phing (P): 2x —y + 2z — 1 = 0.
111 - VL TRI TUONG POI CUA MAT PHANG VA MAT CAU.
Bai 1: Trong khong gian Oxyz cho mit cau (S) : (x — 3)° + (y + 2)* + (z — 1) = 100 va mit phang (P) c6 phuong
trinh: 2Xx -2y —-z+9=0

a) Chtng minh : (P) va (S) cit nhau .
b) Xéc dinh tAm va ban kinh dudng tron 14 giao tuyén cua caa (P) va (S).

Bai 2: Xét vi tri tuong d6i ctia mat phing (P) va mit cau (S) trong cac trudng hop sau:

a) (P):x+2y+2z+18=0va(S): (x—1) +(y—-2)*+(z—-2)* =36.

b) (P):x+2y+2z+13=0va(S): (x—1)* +(y—2)° +(z—2)° =36.
IV — VIET PHUONG TRINH PUONG THANG.
Bai 1: Viét phuong trinh dudng thang d trong cac trudng hop sau:

1) Pi qua diém M(1;0;1) va nhan 5(3; 2;3) lam véc to chi phuong.

2) Diqua 2 diém A(1;0;-1) va B(2;-1;3)

3) DPiqua A(2; -1; 3) va vudng goc mit phang (P): 3x +2y—z+1=0

X =t

4) Pi qua diém M(2;3;-5) va song song V&i duong thang d : {y =2+ 2t

z=1+2t
x=1+3t
5) Cho M(2;3;-1) va 2 dudng thang A, :X;2 - Z—+3; A, 1y =2-t . Viét phuong trinh dudng thang
1 R z=1+5t
d qua M vudng goc V61 A, &A, .
x=1+2t X=2+t'
6) Cho A,:{y=2+t va A,:{y=-3+2t". Ching minh A, vaA, chéo nhau . Viét phuong trinh dudng
z=-3+3t z=1+3t'

thang d 1a dudng vudng goc chung cua A, va A,

Bai 2: Trong khong gian Oxyz cho M(1;0;2) va duong thang A X I 2 =Y ; 3 -z _21
a) Tinh toa d6 diém H 12 hinh chiéu cua M trén A.
b) Tinh khoang cach tir M dén dudng thang A.
¢) Tinh toa d6 diém M’ ddi ximg Vi M qua A.
Bai 3: Tinh toa do diém H 1a hinh chiéu cua M(1;0;2) trén mit phang (P): x + 2y + 2z +18 = 0. Tir d6 hay suy ra
toa 46 diém M’ ddi xting Véi M qua mit phang ().
Bai 4: Xét vi tri twong d6i cua cac duong thang sau:

) . . X=1+2t Xx=1+2t X=2+t'
a) (dl):xl =y2— =ZI va (d,)y=t+2 b) (d) :sy=2+t va (dp):{y=-3+2t'
z=-1+3t z=-3+3t z=1+3t"
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Xx=1+t Xx=1+2t'
c)d :qy=2+tva d,:qy=-1+2t"
z=3-t z=2-2t
Bai 5: Xét vi tri tuong d6i cuia dudng thiang (d) va mit phang (P), tinh toa do giao diém (néu co).
Xx=-1+2t X =1+t
a) d:qy=t va (P):x+2y-2z+5=0. b) d:<y=2-t va(P):x+3y+z+1=0.
z=4+t z=1+2t
Xx=1+t
c)d:qy=1+2t va(P):x+y+z—-4=0.
z2=2-3t

B - BAI TAP TONG HQP
Bai 1: Trong khéng gian toa do Oxyz cho 3 diém A(-1; 1; 2), B(0; 1; 1), C(1; 0; 4).
1. Chung minh tam giac ABC Vuong Viét phuong trinh tham s cua duong thang AB.

2. GoiM la diém sao cho MB =—2MC . Viét phuong trinh mit phang di qua M va vudng goc Vai
duong thang BC. (Dé thi tot nghiép 2006)
Bai 2: Trong khong gian Oxyz, cho diém E(1; 2; 3) va méat phang (&) c6 phuong trinh X + 2y — 2z + 6 = 0.
1. Viét phuong trinh mat cau (S) ¢6 tam 1a gbc toa do O va tiép xtGic mit phang ().
2. Viét phuong trinh tham s6 ciia dudng thang (A) di qua diém E va vudng goéc mit phang () .
(TN 2007 Lén 1) 7 7
Bai 3: Trong khong gian toa do Oxyz, cho hai diém M(1; 0; 2), N(3; 1; 5) va duong thang (d) c6 phuong trinh
X=1+2t
y=-3+t
zZ=6-t
1. Viét phuong trinh mat phang (P) di qua diém M va vuodng goc Vi duong thang (d).
2. Viét phuong trinh tham s ciia dwong thang di qua hai diém M va N. (Dé thi tét nghiép 2007 Lan 2)
Bai 4: Trong khong gian toa d§ Oxyz, cho tam giac ABC V6i A(1; 4, -1), B(2;4;3) va C(2; 2; -1)

1. Viét phuong trinh mit phang di qua A va vudng goc Vi dudng thang BC. ]
2. Tinh toa do diém D sao cho tir giac ABCD 1a hinh binh hanh. (Be thi tot nghiép 2008)

Bai 5: Trong khong gian toa d6 Oxyz, cho mit cau (S) va mit phang (P) c6 phwong trinh:
(S): (x=1)* +(y—2)* +(z—-2)* =36 va (P): x + 2y +2z+18=0.
1. Xac dinh toa 6 tim T va ban kinh mit cau (S). Tinh khoang cach tir T dén mit phang (P).
2. Viét phuong trinh tham sb ctia duong thang d di qua T va vuéng goc Véi (P). Tinh toa d6 giao diém

cua d va (P). (Pé thi tot nghiép 2009)
Bai 6: Trong khong gian V61 hé toa d6 Oxyz, cho 3 diém A(1; 0; 0), B(0; 2; 0) va C(0; 0; 3).
1. Viét phuong trinh duong thang di qua A va vudng goc Voi duong thang BC.
2. Tinh toa d6 tim mat ciu ngoai tiép tir dién OABC. (Dé thi tot nghigp 2010)
Bai 7:Trong khong gian Vé6i hé toa 46 Oxyz, cho hai diém M(1;0;2), N(3;1;5) va duong thang (d) c6 phuong

X=1+2t
trinh <y =-3+t
Z=6-t

1. Viét phuong trinh mp(P) di qua diém M va vudng goc V6i duong thang (d).
2. Viét phuong trinh tham so cua duong thang di qua diém hai diem M va N.
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Bal 8: Trong khong gian Vé&i hé toa dd Oxyz cho M(2,-2,0) , N(-4;4;2) va mit phang (P) c6 phuong trinh
6Y+8Z+1=0

1.Viét phuong trinh tham s6 ctia dudng thang d di qua hai diém M va N.

2.Lap phuong trinh mit cau (S) tim M nhén mit phang (P) 1a mat phang tiép dién.
Bal 9: Trong khong gian Vi hé truc Oxyz, cho A(1;1; 2) B(0;-1;3), C(3;1;4)

1. Viét phuong trinh mit phang (a) di qua ba diém A,B,C

2. Viét phuong trinh mit cau (S) tim A va c¢6 duong kinh bang 4

x=1+2¢
Bal 10: Trong khong gian Oxyz, cho diém A(2;—1;0) va duong thang d: { y =—1—1¢
7=2+3t

1. Viét phuong trinh mgt phang (P)di qua A va vudng goc Véi d.

2. Tinh toa d6 diém A’ d6i xtng Vi diém A qua dudng thing d.
Bal 11: Trong khong gian Oxyz cho ba diém A(2;-1;1), B(0;2;-3)C(-1;2:0).
1. Chung minh A,B,C khong thang hang Vlet phuong trinh mit phang(ABC).
2. Viét phuong trinh tham s ciia dudng thang BC.
Bal 12: Trong khong gian Oxyz cho cac diém A(1;-3;-1), B(-2;1; 3)
1. Viét phuong trinh duong thang AB
2. Viét phuong trinh mit phang qua goc toa do va vudng goc AB
Bal 13: Trong khong gian Oxyz, cho A(2 ;-3; 1) va mit phing (Q) :x+3y-z+2=0.
1. Viét phuong trinh tham sé cia dwong thang (d) qua A va vudng goc Vai (Q).
2. Tinh toa &6 H hinh chiéu cua A trén (Q).Suy ra toa do A' d6i xtng cta A qua (Q).

Bal 14: Trong khong gian OXyz , cho 4 diém A(3, 2,0), B(O, 2,1), C( -1.1 2), D(3;,-2;-2).
1. Viét phuong trinh mit phang (ABC). Suy ra DABC 1a mét tir dién.
2. Viét phuong trinh mit cau (S) tam D va tiép xtic V&i mat phang (ABC) .
Bal 15: Trong khong gian Oxyz, cho diem M(1;2;3) 7
1. Viét phuong trinh méat phang (o ) di qua M va song song Vi mét phang x—2y+3z-4=0.
2. Viét phuong trinh mit cau (S) c6 tam 1(1;1;1) va tiép xtc Vi mit phang (« ).
x=1+2¢
Bal 16: Trong khong gian Oxyz, cho diém A(2;—1; 0) va duong thang d:{ y =—1—1¢
7=243t
1. Viét phuong trinh mét phang(P)di qua A va vudng goc Véi d.
2. Tinh toa d6 diém A’ ddi xtng Vi diém A qua dudng thang d

x+1_ y;?’ _2%2 i didm AG2:0)

1. Tinh toa d¢ hinh chiéu vudng goc H ctia A 1én (d)
2. Tinh toa d6 diém B dbi xtmg V&i A qua dudng thang d.

Bal 17:Trong khong gian Oxyz cho duong thang d:

X=-2+4t
Bal 18: Trong khong gian Oxyz cho: (o)) : 2X+y +Z—9=0va duong thing A:{y =1+t  (tlatham sb)
z= 3t

1. Tinh giao diém I ctia A Va (a).
2. Viét phuong trinh duong thang d qua I va vudng goc Véi (o).
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