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CHUYEN PE TOAN 12
CHUYEN DPE 1. KHAO SAT HAM SO VA BAI TOAN LIEN QUAN
(Phan nay ¢6 101 bdi tdp cho cdc néi dung theo dang todn lién quan t6i ham sé da dwoc khdo sat)

CHU PE 1: TiINH PON PIEU CUA HAM SO

Caul. Chohamsd y= %(m—l)xe’ +mX? + (3m-2)x (1)

1) Khao sat su bién thién va v& db thi (C) caa ham s6 (1) khi m=2.
2) Tim tat ca cac gia tri cua tham s6 m dé ham so6 (1) dong bién trén tap xac dinh ctia no.

e Tdp xdc dinh: D = R. y'=(m-1)x% +2nmx+3m-2.
(1) dong biéntrénR < y'>0, VX < m>2

Cau2. Chohamsb y=x3+3x>—mx—4 (1)
1) Khao sat su bién thién va v& d6 thi ciia ham s6 (1) khi m=0.
2) Tim tat ca cac gia tri cua tham s6 m d€ ham so (1) dong bién trén khoang (—c;0).

e m<-3

Cau3. Chohamsd y=2x3—3(2m+1)x?+6m(m+1)x+1 c6 do thi (Cm).
1) Khao sat su bién thién va v& dd thi cia ham s6 khi m = 0.
2) Tim m dé ham so dong bién trén khoang (2;-+0)

o y'=6x% —6(2m+1)x+6m(m+1) c6 A=(2m+1)? —4(m* +m)=1>0
y'= O@{

Do d6: ham sé dong bién trén (2;+0) < M+1<2 < m<1

X=m

. Ham s6 dong bién trén cdc khodng (—o0;m), (M+1;+
= mq1 [1am s6 dong bién trén cdc oang (—oo;m), (M+1; +o0)

Cau4. Chohamsdy=x*+(1-2m)x*+(2-m)x+m+2.
1) Khao sat su bién thién va v& d6 thi (C) cia ham s6 khi m = 1.
2) Tim m dé ham dong bién trén (0;+).

e Ham dong bién trén (0;+w) <vy'= 3x% + 2(1-2m)x+(2—m) >0 voi VX e (0;+00)

2
o F() =X F2XH2 5 v6i Ve (0140)
4x+1
2
' - -1+
Taco: f (X):M:O©6X2+X—3ZOC>X:1—\/%
(4x+1)? 12

Lap bang bién thién ctia ham f(X) trén (0;+0), tir d6 ta di dén két luan:

f[%JZmQ%EZm

8

Cau5. Chohamsd y=x*—-2mx?>-3m+1 (1), (m la tham sd).
1) Khéo sat sy bién thién va v& do thi ctia ham s6 (1) khi m = 1.
2) Tim m d¢ ham so (1) dong bien trén khoang (1; 2).

e Tach y'=4x>—4mx =4x(x> —m)
+ m<0, y'>0,vYx = m<0 thoi man.

+ m>0, y':O co 3 nghiém phan biét: —\/E, 0, JE
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Ham s6 (1) dong bién trén (1; 2) khi chi khi Jm <1 < 0<m<1. Viy me(—o0;1].

mx +4
(1)
X+m
1) Khao sat sy bién thién va v€ do thi cua ham s6 (1) khi m=-1.
2) Tim tat ca cac gia tri cia tham so m dé ham so (1) nghich bién trén khoang (—o0;1).

Cau6. Chohamsd y=

2
e Tdp xdc dinh: D = R\ {~m}. y':m—42.
(x+m)
Ham s6 nghich bién trén tirmg khodng xdc dinh < y'<0<—-2<m<2 1)
Dé ham sé (1) nghich bién trén khoang (—o0;1) thi ta phdi ¢c6 —m>1<m< -1 (2)

Két hop (1) va (2) ta dwoc: —2<m< -1,

CHU PE 2: CUC TRI CUA HAM SO

Cau7. Chohamsd y=x°+3x%+mx+m—2 (m la tham s8) c6 dd thi Ia (Cm).
1) Khao sat sy bién thién va v& do thi ham s6 khi m = 3.
2) Xac dinh m d¢ (Cm) c6 cac di€m cuc dai va cyc tiéu nam vé hai phia doi véi truc hoanh.

e PT hodanh d¢ giao diém cia (C) va truc hoanh:

x=-1

a(x) = X2 +2x+m-2=0 2
(Cm) c6 2 diém cuc tri nam vé 2 phia doi véi truc Ox < PT (1) co 3 nghiém phan biét

X3 +3x2 + Mx+m—2=0 (1 @[

& (2) ¢6 2 nghiém phan biét khic -1 < |4 =3-M>0 1\ 3
9-)=m-3%0

Cau8. Choham sb y=—x3+(2m+1)x% —(m? —3m+2)x—4 (m la tham s8) c6 dd thi 1a (Cr).
1) Khéo st sy bién thién va v& do thi ham so khim=1.
2) Xac dinh m dé (Cm) co6 cac di€ém cuc dai va cuc tieéu nam vé hai phia cta truc tung.

o y'=-3x%+2(2m+1)x— (Mm? —3m+2).
(Cm) ¢6 cdc diém CP va CT ndam vé hai phia cia truc tung < PT Yy =0 c6 2 nghiém trdi diu <

3(n12—3m+2)<0 e lam< 2.

Cau9. Chohamsd y= % X2 —mx? +(2m—1)x—3 (m 1a tham sb) c6 d5 thi 1a (Cm).

1) Khao sat sy bién thién va v& do thi ham s6 khi m = 2.
2) Xac dinh m dé (Cm) co6 cac di€ém cuc dai, cuc ti€u nam ve cung mot phia doi voi truc tung.

eTXP:D=R; y'=x*—2mx+2m-1.
D6 thi (Cm) €6 2 diém CB, CT nam cing phia déi véi truc tung < y'=0 ¢6 2 nghiém phdn biét cing

, ) m=1

X A =m"-2m+1>0
dau < & 1
2m-1>0 m>§

Cau 10. Cho ham sd y=x®—-3x* —mx+2 (m la tham s) c6 d0 thi 1a (Cn).
1) Khéo sét sy bién thién va v& dd thi ham sé khi m = 1.

2) Xac dinh m dé (Cnm) c6 cac diém cuc dai va cuc tiéu cach déu dudng thang y = x—1.

eTaco: y'=3x>—6x—m.
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Ham 56 ¢6 CP, CT < y'=3x*—6x—m=0 cé 2 nghiém phdn biét X5 X,
<SA'=94+3m>0<m>-3 (¥)
Goi hai diém cuc tri la A(X: Y1) B(%:Y,)

Thyc hién phép chia y cho y’ta duoc: y = (%X—%j y'—(z?m+ 2)X+(2—gj

= vy, = y(&)=—(2?m+2jxi+(2—gj; Y. = Y(X2)=—(2?m+2jx2+[2—g)

— Phwong trinh dwong thang di qua 2 diém cyee tri la A:y = —(Z?m + 2] X+ (2 - gj

Cdc diém cuyc tri cach déu dwong thang y=X—1 < xdy ra I trong 2 trieong hop:
THI: Puong thang di qua 2 diém cuc tri song song hodc tring véi dwong thing y=x—1

o —(2?m+ 2) —lom= —g (théa mén)
TH?2: Trung diém I ciia AB nam trén dwong thang y=x—1

= y| :X| -1 y1'|2'y2 = Xi_;XZ —1<:>—(z?m"'2)()(14‘)(2)"‘2(2—%):()(1‘*‘)(2)_2

@(2—m+3}2:6—2—m<:>m:0
3 3

PSP N . 3
Vay cac gia tri can tim cua m la: m= {0; _E}

Cau 11. Cho ham sb y=x3—3nmx? +4m> (M 1a tham s6) c¢6 dd thi 1a (C).
1) Khao sat sur bién thién va v& do thi ham s6 khi m = 1.
2) Xac dinh m dé (Cm) co6 cac diém cuc dai va cuc ti€u doi xing nhau qua duong thang y = x.

eTaco: y' =3x2 —6mX; y' =0 [i i (Z)m' Pé ham s6 ¢6 cue dai va cuc tiéu thi m =0,

D6 thi ham s6 ¢6 hai diém cuc tri la: A(0; 4m®), B(2m; 0) = AB = (2m—4m°)

Trung diém ciia doan AB la I(m; 2m®)

AB Ld @{2m—4m3:0 V2
2

A, B doi ximg nhau qua dwong thang d: y = x < & M=+
led 2m® =m

Cau 12. Cho ham sb y=—x°+3mx% —3m-—1.
1) Khao sat sy bién thién va v& do thi ctia ham sb khi m = 1.
2) Vi gia tri ndo ciia m thi d thi ham sé ¢6 diém cuc dai va diém cuc tiéu d6i xing voi nhau qua
duong thang d: x+8y—74=0.

ey'=-3x%+6mx; y'=0<x=0v x=2m.

Ham 56 ¢6 CB, CT < PT y'=0 c6 2 nghiém phdn biét < m=0.

Khi d6 2 diém cuc tri la: A0;,—3m—1), B2t 4m° —3m-1) = AB(2n 4m?°)
Trung diém I ciia AB ¢6 toa dé: | (n 2m’ -3m-1)

Duong thing d: x+8y—74=0 cé mét VICP u = (8,-1).

o led m+8(2m° -3m-1)-74=0
A va B doi xung voi nhau qua d < S & m=2
AB Ld AB.U =0

Cau 13. Cho ham sb y=x° —3x% + mx (1).
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1) Khéo sét sy bién thién va v& do thi ciia ham sb khi m = 0.
2) Vi gia tri nao cia m thi d6 thi ham so6 (1) c6 cac diém cuc dai va diém cuc tiéu doi xing voi nhau
qua duong thang d: x—2y—-5=0.

eTacod y=x>-3x%+mx = y'=3x*—6x+m
Ham s6 ¢6 cuc dai, cuc tiéucy':o c6 hai nghiém phan biét < A =9-3m>0<m<3
. 1 1), (2 1
Taco: y=|=X—=|y +|=m-2 |[X+=m
3 3 3 3

Tai cac diém cuec tri thi y': 0, do dé toa do cdc diém cuc tri théa man phwong trinh:
2 1
y=|=m-2|X+=m
3 3
1

. . 2
Nhuw v@y duong thang A di qua cdc diém cuc tri co phuong trinh y = (é m-— 2] X+ 3 m

. o A 2
nén A co hé so goc k1=§m—2.
1

d: x—2y—5=0 <:>y:%x—g =d co hé s6 goc Kk =3

Pé hai diém cuee tri doi xvmg qua d thi ta phai c6 d L A
= kk :—1<:>%(§m—2J:—1c> m=0

Véi m = 0 thi do thi ¢é hai diém cwec tri la (0; 0) va (2; —4), nén trung diém cua ching la  I(1; -2).
Ta thiy I € d, do d6 hai diém cuc tri doi xieng véi nhau qua d.
Vay: m =0

Cau 14. Cho ham s y=x3—3(M+1)x?+9x+m—2 (1) c6 dd thi 1a (Cm).

1) Khao sat su bién thién va vé d6 thi ctia ham so khi m = 1.
2) Vo1 gia tr1 nao cia m thi @6 thi ham so6 c6 diém cuc dai va diém cuc tiéu doi xirng vo1 nhau qua

. 1
duong thang d: y = > X.

o y':3x2—6(m+1)x+9
Ham 56 ¢6 CD, CT < A'= 9(m+1)2 -39>0 ©me (—oo;—l—\/é)u(—l+\/§;+oo)

Ta co y:(éx—ij'—Z(mz+2m—2)x+4m+1

Gia sir cac diém cuc dai va cuc tiéu la A(X: Y1), B(X5,Y,), I la trung diém ciia AB.
=y, = —2(MF +2m-2)x +4m+1; y, =—2(m’ +2m-2)x, + 4m+1

VA {x1+ X, =2(m+1)

XXy =3
Vay dwong thang di qua hai diém cuwce dai va cee tiéu la y = —2(m2 +2m-2)x+4m+1
A, B d6i xitng qua (d): y:%X & {;AECJ" d & m=1

Cau 15. Cho ham sé y = x> —3(M+1)x*> +9x—m, véi m 1a tham sé thuec.

1) Khéo sét sy bién thién va v& do thi ciia ham sb da cho tng voi m=1.
2) Xac dinh m dé ham sé di cho dat cuc tri tai X, X, sao cho |X1 — X2|S 2.
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eTacd y'=3x> —6(M+1)x+9.
+ Ham so dat cuc dai, cuc tiéu tai X;, X, <>PT y'=0 co hai nghiém phan biét X;, X,
< PT x? —=2(m+1)x+3=0 cb hai nghiém phdn biét la %, X, .
o A=(Mm+1)2 =35>0 m>-1+3 o)
m<-1-3
+ Theo dinh Iy Viet ta co X, + X, =2(Mm+1); X;X, =3. Khi do:
X =X S2 (X + %, ) —4xX, <4 4(m+1)* -12<4

o (M+)? <4< -3<ms<1 @)
+ Tir (1) va (2) suy ra gid tri ctia M can tim la —3<m<—-1—+/3 va —1+/3<m<1.

Cau 16. Cho ham sb y= x>+ (1—2m)x% +(2—m)X+m+2, v6i m 1a tham s thyc.
1) Khao sat su bién thién va v& dd thi cia ham sb di cho ung véi m=1.

. : . o 1
2) Xac dinh m dé ham s6 da cho dat cuc tri tai X;, X, sao cho ‘xl - Xz‘ > 3

eTaco: y'=3x2+2(1-2m)x+(2—m)
Ham 56 c6 CB, CT < Yy'=0 c6 2 nghiém phén biét X, Xy (gid stk X; < Xy)

5
o A'=1-2m?2-32-m)=4m’ —-m-5>0<| M7 7 (%)
m<-1
Ham so dat cuc tri tai cac diém X, X, . Khi do ta co: 2 m 3
X ="

1 1
‘xl—x2‘>§<:>(x1—x2)2 :(x1+x2)2—4x1x2 >3

< 41-2m)? —4(2-m) > 1< 16m° —12m-5>0< m>

3+x/5
8

3+;@vm< 3-29

8

vim< -1

Két hop (*), ta suy ra m>

.1 1 ,
Cau 17. Cho ham sb y=§x3—(m—1)x2+3(m—2)x+§,véi m 1a tham s6 thuc.

1) Khao sat sy bién thién va v& dd thi ciia ham sb da cho ung voi m=2.
2) Xac dinh m dé ham so da cho dat cuec tri tai X, X, sao cho X, +2X, =1.

eTaco: y'=x?—2(m-1)x+3(m-2)
Ham s6 ¢6 cuc dai va cuc tiéu < y': 0c6 hai nghiém phdn biét X, X,

oA >0 mP—5m+ 7>0 (luén ding véi vm)
X + X, =2(m-1) X, =3-2m
X X, =3(M-2) X, (1-2%,) = 3(m-2)

—4++34
—

Khi do ta co: {

& 8M? +16m-9=0< m=

Cau 18. Cho ham sb y=4x3+mx? —3x.
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1) Khéo sét sy bién thién va v& do thi ciia ham sb khi m = 0.
2) Tim m d¢ ham s6 ¢6 hai diém cuc tri X;, X, thoa X =—4X,.

o y'=12x2+2mx—3. Tachd: A = m2+36>0, YmM = hdm s6 luén cé 2 cuc tri X Xy

X, =—4X,
o, m 9
Khido: {Xx,+X,=—— —=m=x—
6 2
1
X1X2 :—Z
Cau hoi twong tu:
a) y=x3+3x% +mx+1; X + 2%, =3 PS: m=-105.

Cau 19. Cho ham sé y=(m+2)x>+3x?+mx—5, m la tham sd.
1) Khao sat su bién thién va vé& do thi (C) cua ham s6 khi m = 0.
2) Tim cac gia tri cia m dé cac diém cyc dai, cuc ti€u cua do thi ham s6 da cho ¢6 hoanh d9 la cac so
duong.

e Cac diém cuc dai, cuc tiéu cua do thi ham so da cho co hoanh do la cac so dwong

< PT y'=3(m+ 2)X2 +6xX+m= 0 co 2 nghiém dwong phan biét

a=(m+2)=0
A:Q—r?]m(m+2)>0 A'=—m?-2m+3>0 [-3<m<1
=S<P= >0 <=<{m<0 <=<{m<0 & -3<m<-2.
3(rg+2) m+2<0 m<—2
S=—=_>0
m+2
Cau 20. Cho ham sb y=x°—3x% +2 (1)

1) Khao sét sy bién thién va v& do thi cuia ham s (1).
2) Tim diém M thudc duong thang d: y=3x—2sao tong khoang cach tir M t61 hai diém cuc tri nho
nhét.

e Cdc diém cuc tri la: A(0; 2), B(2; -2).
Xét biéu thirc g(X,y) =3x—y—2 ta co:
I(Xp,Ya) =3Xy —Yp —2=-4<0; g(Xg,Yg) =3Xg —Yg—2=6>0
= 2 diém cue dai va cuc tiéu nam vé hai phia cia dwong thang d: y=3x—2.
Do dé MA + MB nho nhat < 3 diém A, M, B thang hing < M la giao diém cia d va AB.
Phuwong trinh duong thang AB: y=—-2X+2

4

o (y=3x-2 7§ 4.2
Toa do diem M la nghiém cua hé: = =M ==
y=-2X+2 _2 55

ol

Cau 21. Cho ham sb y=x°+(1—2m)x% +(2—m)x+m+2 (m la tham sd) (1).
1) Khao sat sy bién thién va v& do thi ham s6 (1) khi m = 2.
2) Tim céc gia tri cia m dé dd thi ham sé (1) c6 diém cuc dai, diém cuc tiéu, ddng thoi hoanh do cua
diém cuc tiéu nhoé hon 1.

e y'=3x%+2(1-2m)x+2—m= g(x)
YCBT < phuwong trinh y'=0 c6 hai nghiém phan biét X, Xy thoa man: X <X, <1.
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A =4m? —m-5>0
<)) =-5m+7>0 @Z<m<§.

S 2m-1
2o
2 3

Cau22. Chohamsé y=x*-3mx*+3(m*-Dx-m*+m (1)
1) Khao sat sy bién thién va v& do thi caa ham sb (1) khi m = 1.
2) Tim m d€ ham s6 (1) c6 cuc tri dong thoi khoang cach tir diém cuc dai cua do thi ham so dén goc
toa dd O béng V2 1in khoang céch tu diém cuc tiéu ctia dd thi ham s6 dén géc toa do O.

eTacd y'=3x*—6mx+3(m*-1)

Ham 56 (1) ¢6 cuwce tri thi PT y'=0 ¢6 2 nghiém phdn biét

< X2 =2mx+m? —1=0 co 2 nhiém phdan biét < A=1>0,¥m

Khi do: diém cuc dai A(m—1,2—2m) va diém cuc tiéeu B(m+1—-2—2m)
m=-3+22

m=-3-2J2

Ta co OA:x/EOB@m2+6m+1:O<:{

Cau 23. Cho ham sb y=—x3+3mx? + 31— m?)x+ m° — 7 (1)
1) Khao sat sy bién thién va \C db thi caa ham s6 (1) khi m=1. ’
2) Viét phuong trinh duong thang qua hai diém cyec tri ciia do thi ham s6 (1).

o y'=-3x%+6mx+31-nP).
PT y'=0 ¢6 A=1>0, VM = D6 thi ham s6 (1) luén cé 2 diém cuee tri (X5 ¥ (%51 Y5).

Chiay cho y’ta duwoc: y:(%x—gjy'+2x—m2+m

Khi do: y1=2x1—m2+m; y2=2x2—m2+m

PT dwong thang qua hai diém cwc tri ciia do thi ham sé (1) la y = 2x— m? +m.

Cau 24. Chohamsd y=x>—3x*—mx+2 ¢o dd thi 13 (Cm).
1) Khao sat sy bién thién va vé do thi ctia ham sb khi m = 1.
2) Tim m dé (Cm) c¢6 cac diém cuc dai, cuc tiéu va duong thang di qua cac diém cuc tri song song véi
duong thang d: y=—4x+3.

eTachd: y'=3x"—6x—m.
Ham 56 ¢6 CD, CT < y'=3x*—6x—m=0 ¢6 2 nghiém phdn biét X5 X,
SA'=9+3m>0<m>-3 (¥)
Goi hai diém cuc tri la A(Xl; yl); B(Xz; y2)

Thuc hién phép chia y cho y’ta duoc: y = (%X—%j y'—(z?m+ 2)X+(2—gj

= N y(xl)=—(%m+2jx1+(2—gj; Y, = y(x2)=—(2?m+2sz+(2_gj

= Phwong trinh dwong thang di qua 2 diém cuc trila d:y = —(z?m + 2} X+ (2 - gj

Puong thang di qua cdc diém cuc tri song song voi d: y=—4x+3
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3

=
(2—mj¢3
3

< m=3 (thoa man).

Cau 25. Cho ham sé y=x>—3x* —mx+2 ¢6 do thi 1a (Cn).
1) Khao sat su bién thién va v& do thi cua ham s6 khi m= 1. »
2) Tim m dé (Cm) c6 cac diém cuc dai, cuc ti€u va duong thang di qua cac diém cuc tri tao vdi duong
thing d: x+4y—5=0 mot goc 45°.

eTachd: y'=3x*—6x—m.
Ham 56 ¢6 CP, CT < y'=3x*—6x—m=0 cé 2 nghiém phdn biét X5 X,
SA'=9+3m>0=m>-3 (%)
Goi hai diém cuc tri la A(Xl; yl); B(Xz; y2)
1

Thuc hién phép chia y cho y ta duoc: y = (%X—é} y'—[?m+ 2)X+(2—%j

= Y= Y(Xl):—(z?m+2jxi+(2—%j; Y, = y(xz):—(z?m+2sz+(2_gj

= Phuong trinh dwong thang di qua 2 diém cyc tri la Ay = _(Z?m + 2} X+ (2 — gj

Pat k :—[ZTm+2j. Duong thcfng d: x+4y—-5=0 co héségo’c bc%ng —%.
P I O IR TP [P A P
Ta co: tan45°=—14 N ‘1" L © 55® 10
1-—k k+==-1+=-k |k=—-= |m=-=
4 4 4 3 2

A . A P 1y . A \ \ 1
Ket hop diéu kién (*), suy ra gia tri m can tim la: m = 5

Cau26. Chohamsd y=x>+3x*>+m (1)
1) Khao sat sy bién thién va v& do thi cia ham s6 (1) khi m=—4.

2) Xéc dinh m dé dd thi caa ham sb (1) ¢6 hai diém cuc tri A, B sao cho AOB =120°.

X=-2=>y=m+4
X=0 =y=m
Vay ham 56 ¢6 hai diém cuc tri A(O ; m)vaB(-2; m+4)

eTaco: y'=3x%+6x; y'=0<:>[

OA=(0;m), OB =(-2m+4). Pé AOB=120%thi cosAOB = —%

m(m+4) :—E@\/mz(4+(m+4)2):—2m(m+4)<:>{_42<m<0
\/m2(4+(m+4)2) 2 3m° +24m+44=0
-4<m<0 _12+2\/§
< 12423 m=—"—"—"=.

Cau 27. Chohamsd y=x°—3mx?+3(m? —1)x—m° (Cm)
1) Khio st sy bién thién va v& do thj cua ham s6 (1) khi m=-2. i 7
2) Chig minh rang (Cm) ludén c6 diém cuc dai va diém cyc tiéu lan lugt chay trén moi duong thang
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co dinh.

' C ! X=m+1
oy =3x2—6mx+3(mz—1), y :O<:>[X:m_1
X=-1+t
y=2-3t
Xx=1+t

y=-2-3t

Piém cue dai M(m—1,2—3m) chay trén dwong thang cé dinh: {

Piém cuec tieu N(m+1,—2—m) chay trén dwong thing cé dinh: {

.1
Cau 28. Cho ham sb y=5x4—mx2+g (1)

1) Khao sat sy bién thién va v& do thi cia ham s6 (1) khi m=3.
2) Xac dinh m dé d6 thi ciia ham s6 (1) c6 cuc ti€éu ma khong co6 cuc dai.

Xx=0

o y'=2x3—2mx =2x(x*>—m). y'=0<:{x2_m

Do thi cia ham sé (1) co cuc tiéu ma khong co cuc dai < PT y': 0 co I nghiem < m<O0.

Cau29. Chohamsd y= f(x)=x*+2(m-2)x* +m? -5m+5 (C.).
1) Khao sét sy bién thién va vé do thi (C) ham s6 khi m = 1.
2) Tim céc gid tri cuia m dé d6 thi (Cm) ctia ham sb co cac diém cuc dai, cuc tiéu tao thanh 1 tam

giac vudng can.

x=0

x2=2-m

eTaco f '(x):4x3+4(m—2)x:0<:{
Ham 56 c6 CB, CT < PT f'(X)=0 c6 3 nghiém phdn biét < m<2  (*)
Khi d6 toa dé cde diém cue tri la: A(0;m?—5m+5), B(v2—m:1-m), c(—v2—m;1-m)

uul uwi
= AB=(v2-m;-m?+4m-4), AC=(—2—m;-m?+4m—4)
Do AABC luén cdan tai A, nén bai toan thoa man khi AABC vuong tai A
& ABAC=0=(m-2)=-1em=1 (thod (¥)

Cau30. Chohamsd y=x*+2(m-2)x*+m?> -5m+5  (C,)
1) Khéo sét sy bién thién va vé do thi ham sé khi m = 1.
2) Véi nhiing gia tri nao ctia m thi do thi (Cm) c6 diém cuc dai va diém cuc tiéu, dong thoi cac diém
cuc dai va diém cuc ti€u lap thanh mdt tam gidc déu.

x=0

x2=2-m

eTaco f '(x):4x3+4(m—2)x:0<:{
Ham 56 ¢6 CB, CT < PT '(X)=0 ¢6 3 nghiém phdn biét < m<2  (*)
Khi d6 toa dé cde diém cue tri la: A(0;m?—5m+5), B(v2—m:1-m), c(—v2—m:1-m)

uul uwi
= AB=(v2—m;—m? +4m-4), AC =(—2—m;-m?+4m-4)
1
Do AABC luén can tai A, nén bai toan thod mdn khi A= 60° < cosA= 2

= iB;Aﬁ:} em=2-33,
a8l [ac] 2
Cdu héi tirong tw doi véi ham so: y = x* —4(m—1)x2 +2m-1
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Cau3l. Chohamsd y=x*+2mx%+m?+m c6 dd thi (Cm) .
1) Khao sat sy bién thién va v& d6 thi ham s khi m = 2.
2) V6i nhiing gia tri nao cua m thi d6 thi (Cm) c6 ba diém cuc tri, dong thoi ba dieém cyc tri d6 1ap

thanh mot tam gidc c6 mot goc bang 120°.

eTacod y=4x+4mx; Y =0 4x(x>+m)=0< (m<0)

x=0

X =+J-m
Khi dé cac diém cue tri la: AO;m? +m), B(v=m;m), C(—/—m:m)
K‘B= (\/R;—mz) ; Kg = (—m; —mz). AABC cdn tai A nén goc 120° chinh la A

uul uuu

Y A !
’%\:1200 @@SAI—}QMZ—EQ m.4 m+m :_E
2 " |agllac] 2 m*—m 2
4 m=0  (loai)
m:m -l omioamfemem® e 3mtim=0o 1
m'-m 2 m_—%
Vay m=——

%

Cau32. Choham sd y=x*—2mx%+m—1 c6 dd thj (Cm) .
1) Khéo sét sy bién thién va v& do thi ham s6 khi m = 1.
2) Véi nhitng gi4 trj nao cia m thi d6 thi (Cm) c6 ba diém cuc tri, dong thoi ba diém cuc tri d6 lap
thanh mot tam gidc co ban kinh dudng tron ngoai tiép bang 1.

eTacod y':4x3—4mx:4x(x2—m)=0<:>[X2=0
X“=m

Ham s6 da cho ¢6 ba diém cuc tri <> PT y': O c¢o6 ba nghiém phdn biét va y' doi dau khi x di qua
cdc nghiém do < m> 0. Khi do ba diém cuc tri ciia do thi (Cm) la:

A(O;m-1), B(—\/E;—m2 +m—1),C(\/E;—m2 + m—l)
S/ psc :%\yB—yA\.\xc ~xg|=m?Jm; AB=AC=ym*+m,BC=2/m

4 m=1
RoABACEC (e m2Im_y s omgoe| 5
4%/ apc 4m?/m m=—
Cau hoi twong tu:
a) y=x*-2m+1 pS: m=1, m=

2

Cau33. Cho hamsd y=x*—2mx?+2m+m®* c6 dd thi (Cn) .
1) Khéo sét sy bién thién va v& do thi ham s6 khi m = 1.
2) Véi nhitng gid tri ndo ctia m thi d6 thi (Cm) c6 ba diém cuc tri, ddng thoi ba diém cuc tri do lap
thanh mot tam giac c¢6 di¢n tich b.':ing 4,

x=0
g(x)=x>-m=0
Ham s6 ¢6 3 cuc tri<>y'=0 ¢6 3 nghiém phdn bigt<>A;,=m>0<m>0 *)

eTacod y':4x3—4mx:0<:{

TRANG 10


https://giasudaykem.com.vn/

Gia sw Tai Nang Viét https://giasudaykem.com.vn

Véi diéu kién (*), phwong trinh y'= 0co 3 nghiem X, = —\/ﬁ; X, =0; X, = \ﬁ Ham s6 dat cuc tri tai
X%, X, Goi A0;2m+m*);B(vm;m*—=m? +2m);C(—v/m;m* —=m?>+2m) Ia 3 diém cuc tri cia
(Cnm) .

Taco: AB>= AC*=m"+m;BC’ =4m=> AABC cdn dinh A

Goi M la trung diém ciia BC= M(O; m* —m? +2m)= AM = |m2| =m?

Vi AABC cdn tai A nén AM ciing la dwong cao, do do:

5
S,c :%AM.BC:%.mZ.\/4m:4<:> m2 =4 m°=16 < m=316
Viy m="X16.

Cau hoi twong tu:
a) y=x*—2m’x?+1,5=32 BS: m=+2

CHU DE 3: SU TUONG GIAO

Cau34. Chohamsdy=x+3x%+mx+1 (mlatham sd) (1)
1) Khao sat va v& d6 thi ham sb khi m = 3.
2) Tim m dé duong thang d: y = 1 cit d6 thi ham s6 (1) tai ba diém phan biét A(0; 1), B, C sao cho
cé4c tiép tuyén ctia do thi ham s6 (1) tai B va C vudng goc véi nhau.

e PT hodnh d¢ giao diém ciia (1) va d: x° +3x% + mx+1=1<> (x> +3x+m) =0

d cdt (1) tai 3 diém phdn biét A(0; 1), B, C < m <%, m=0

Khi do: Xg, Xc la cac nghiém cua PT: X?+3x+m=0 = Xg+Xc ==3 Xg-Xc =M
Hé s6 géc cua tiép tuyén tai B la K, :3Xé +6Xg +Mmva tai C la Kk, :3Xé +6X- +m

Tiép tuyén ciia (C) tai B va C vudng goc voi nhau < kk=-1c 4m? —9m+1=0

9-./65 9+/65
v M=

8 8

Cau 35. Cho ham sb y=x°—3x+1 ¢6 dd thi (C) va duong thing (d): y=nx+m+3.
1) Khio sat sy bién thién va v& do thi (C) cua ham s0.
2) Tim m dé (d) cat (C) tai M(—1; 3), N, P sao cho tiép tuyén cua (C) tai N va P vudng goc véi nhau.

e Phuwrong trinh hoanh d¢ giao diém cua (C) va (d): x3 —(M+3)x—m-2=0
x=-1(y=3)

2 —
= ()0 ~x-m-2)=0 @{g(x)ﬂz_x_m_z:o

d cdt (1) tai 3 diém phdn biét M(-1; 3), N, P < m> —%, m =0
Khi d6: Xy, Xp la cdc nghiém ciia PT: x> —x-m-2=0 = Xy +Xp =1 Xy-Xp =—M-2
Hé 56 goc ciia tiép tuyén tai N la k = 3X§I —3vatgi Pla K, = 3X|§ -3

Tiép tuyén ciia (C) tai N va P vudng goc véi nhau <> kk=-1c 9n? +18m+1=0

mzﬂvm:#
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Cau 36. Chohamsd y=x>-3x>+4 (C)
1) Khéo sét sy bién thién va v& do thi (C) ctia ham sb.
2) Goi (d) 1a duong thing di qua diém A(2; 0) c6 hé sé goc k. Tim k dé (d) cat (C) tai ba diém phan
biét A, M, N sao cho hai tiép tuyén cia (C) tai M va N vudng goc véi nhau.

e PT dwong thang (d): y=k(x—2)

+ PT hoanh dg giao diém ciia (C) va (d): x> —3x% +4=K(x—2)

X=2=X,

g(x)=x?—x-2-k=0

+ (d) cat (C) tai 3 diém phdan biét A, M, N < PT g(X) =0 c6 2 nghiém phdn biét, khdc 2
{A >0 9

< (x=2)(x*=x-2-k)=0 @{

@07 g k70 )

X
+ Theo dinh li Viet ta co: { M
Xy X

+ Cdc tiép tuyén tai M va N vuéng géc véi nhau <> y'(xM ).y'(xN) =-1

3122
3

& (3% —6X,,)(3x2 —6%,) =—1 < K> +18k+1=0 < k = (thod (%))

Cau37. Chohamsd y=x>-3x (C)
1) Khéo st sy bién thién va v& do thi (C) cua ham so. o
2) Chimg minh rang khi m thay doi, duong thang (d): y=m(x+1)+2 ludn cat do6 thi (C) tai mot
diém M cb dinh va xac dinh cac gia tri cua m dé (d) cat (C)tai 3 diém phan bi¢t M, N, P sao cho tiép
tuyén cua (C) tai N va P vuong gdc véi nhau.

X+1=0
x> —x—-2-m=0 (2
(1) luén cé 1 nghiém x=-1 (y=2) = (d) luén cat (C) tai diém M(-1; 2).

o PT hodnh d¢ giao diém (x+1)(x°>—x-2-m)=0 (1) & {

9
7 » m > ——
(d) cat (C) tai 3 diém phan biét < (2) co 2 nghiém phan biét, khdac -1 < 4 (%)
m =0
-3+2
Tiép tuyén tai N, P vuéng géc <y 'X)Y'(Xp)=-1 & M=——7— (thoa (*)

Cau 38. Cho ham sb y=x°—3mx? +3(m? —D)x—(m?—1) (m lathamsd) (1).
1) Khéo sét sy bién thién va v& do thi ciia ham sb (1) khi m=0.
2) Tim céc gia tri caia m dé€ do thi ham so6 (1) cat truc hoanh tai 3 di€ém phan bi¢t c6 hoanh d¢ duong.

e Dé DTHS (1) cat truc hodanh tai 3 diém phdn biét ¢6 hodnh d¢ dirong, ta phdi c6:
(1) co coc tro

Yen-Yor <0 *)
Xcr > 0, Xor >0
ay(0) <0

Trong do6: + y=x°—3mx? + 3’ —D)x—(mP —1) = y =3x* —6mx+3(m? —1)
+ 4, =m?>-m?>+1=0>0, Vm
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Y0 X=m-1= Xy
X=m+1=X

m-1>0

m+1>0

(m? —1)(m? = 3)(m? —2m-1) < 0

~(M?-1)<0

Suyra: (*) & S 3<m<1+\/§

.1 2 s
Cau 39. Cho ham s6 y=§x3—mx2—x+m+§ c6 do thi (C).

1) Khao sat su bién thién va v& dd thi cia ham s6 khi m = —1.
2) Tim m dé (C,) cit truc hoanh tai 3 diém phan biét c6 tong binh phuong cac hoanh do Ién hon 15.

eYCBT & }x3—mx2—x+ m+§: 0 (*) c6 3 nghiém phan biét thoa x12+x§+x§ >15.

Taco: (*) < (x-)(x*+(1-3mx-2-3m)=0 < x=1 5
g(x) =x“+(1-3m)x—2-3m=0
Do dé: YCBT < ¢(x) =0 ¢4 2 nghiém X, X, phan biét khac 1 va théa X2 + x5 >14.
olm>1

Céu héi twong tw déi véi ham s6: y =X —3mx® —3x+3m+2

Cau 40. Cho ham sé y = x® —3x? —9x+m, trong d6 m 13 tham sé thuec.
1) Khao sat sy bién thién va v& do thi (C) ciia ham sb da cho khi m=0.
2) Tim tat ca cac gia tri ctia tham s m dé do thi ham s6 d cho ct truc hoanh tai 3 diém phan biét c¢6
hoanh d6 1ap thanh cép sb cong.

e D6 thi ham s6 cdt truc hoanh tai 3 diém phan biét co hoanh doé lap thanh ccfp 56 cong

< Phuong trinh x° —3x*> —=9x+m=0 ¢6 3 nghiém phdn biét ldp thanh cdp s6 cong
<> Phuong trinh 2(3 -3x*—-9x=-m c6 3 nghiém phdn biét lap thanh cdp s6 cong

< Duong thang y =—m di qua diém uon cua do thi (C)

&-m=-11<m=11

Cau 41. Cho ham sb y=x°—3mx% +9x—7 c6 dd thi (Cm), trong d6 m 1a tham s thuec.
1) Khao sat sy bién thién va v& do thi (C) ciia ham sb da cho khi m=0.
2) Tim m dé (Cm) cat truc hoanh tai 3 diém phan biét c6 hoanh d¢ 1ap thanh cap so cong.

e Hoanh dé cdc giao diém la nghiém ciia phwong trinh: X3 —3mx% +9x—7=0 1)
Goi hoanh dp cdc giao diém lan luot la X;; Xy; Xy 2 COT X; + Xy + Xg = 3M

pé X X5y X5 ldp thanh cdp s6 cong thi X, =M la nghiém ciia phuwong trinh (1)

m=1

o —1—2\/E

= 2Mm+9mM-7=0 <

Thit lai ta co m:_—15

> la gia tri can tim.
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Cau 42. Cho ham sé y = x*—3mx? —mx c6 d6 thi (Cm), trong d6 m 14 tham s thuec.

1) Khéo st sy bién thién va v& do thi (C) cua ham s6 da cho khi m=1.
2) Tim m dé (Cm) cat duong thang d: y=x+2 tai 3 diém phan biét c6 hoanh d¢ 1ap thanh cap so
nhan.

o Xét phiong trinh hoanh do giao diém ciia (Cr) va d:
X° =3mx* —mx =x+2< g(x)=x*-3mx* - (m+1)x-2=0
Pk can: Gia sir (C) cdt d tai 3 diém phdn biét c6 hoanh dj X, %,; %, lan lwot ldp thanh cdp sé nhan.
Khi d6 ta cé: g(X)=(Xx—%)(X=%,)(X—X;)
X, + X, + X, =3m
Suy ra: < XX, + X,X; + X X, =-m-1
X X, Xy =2

5
Vi xx.=x2=>x3=2=x, =32 néntacod: -m-1=4+323mem=-—
X13 2 2 2 3§/§+1

Dkdu: Voi m=— , thay vao tinh nghiém thdy théa man.

5

3¥2 +1
5

33/§+1

Vay m=—

Cau 43. Cho ham sy = x> +2mx? + (M+3)Xx+4 ¢ dd thj 1a (Cm) (M 1a tham sd).

1) Khao sét su bién thién va v& d thi (C1) ctia ham s trén khi m = 1.
2) Cho duong thang (d): y=Xx+4 va diém K(1; 3). Tim cac gia tri cia m dé (d) cat (Cm) tai ba diém

phan biét A(0; 4), B, C sao cho tam giac KBC c6 dién tich bang 8«/5

e Phurong trinh hoanh d¢ giao diém ciia (Cm) va d Ia:
X2 +2mx? + (M+3)X+ 4= X+ 4 < X(X° +2mx+m+2) =0
o x=0 (y2= 4)
g(X)=x“+2mx+m+2=0 (1)
(d) cat (C) tai ba diém phdn biét A(0; 4), B, C <> (2) ¢6 2 nghiém phdn biét khdc 0.

g(0)=m+2=0 m# -2

Khi do: xB+xC=—2m; Xg-Xc =m+2.

Mat khac: d(K,d) = ‘_ ‘ \/_ Do do:

2

S =8\/§<:>EBC.d(K,d):8\/§<:> BC =16 <> BC? = 256

A

g (XB - XC)2 +(yB _yc)2 =256 < (XB —XC)2 —|—((XB +4)_(XC +4))2 _ 756
& 2(Xg —X%c)? =256 < (Xg + %o ) —4XgXc =128

! (théa (+).

& 4m? —4(m+2) =128 m? -m-34=0o m=—=

1++/137
>

Vay m=
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Cau 44. Cho ham sb y=x°—3x%+4 ¢6 dd thi 1a (C).
1) Khao sat su bién thién va v& dd thi (C) ctia ham sb.
2) Goi d, la dudng thing di qua diém A(-10) véi hé s6 géc k (ke ). Tim k dé duong thing d,
cit do thi (C) tai ba diém phan biét A, B, C va 2 giao diém B, C cung véi géc toa d0 O tao thanh mot
tam giac c6 dién tich bang 1.

eTaco: d :y=kx+k < kx—y+k=0
Phwong trinh hoanh dé giao diém cia (Cr) va d Ia:
x3-3x2 +4=kx+k = (x+ D[ (x=2)% —k] =0 x=—1 hodc (x-2)? =k
k>0
k#9
Khi dé cdc giao diém la A(=10),B(2—vk:3k—kvk),C(2+k:3k + kvk).
ko

BC = 2ky1+k?, d(0,BC)=d(O,d,) =
V1+k
2kN1+k? =1 kfk =1 k3 =1 k=1

d, cdt (C) tai 3 diém phan biét < {

SAOBC

I\)

\/1+ k2

Cau 45. Cho ham sb y=x°—3x?+2 ¢6 dd thi 1a (C).
1) Khao st sur bién thién va v& do thj (C) ctia ham so. 7 , 7
2) Goi E 1a tam do61 xung cua do thi (C). Viét phuong trinh duong thang qua E va cat (C) tai ba diém

E, A, B phan biét sao cho dién tich tam gidc OAB bing /2.

e Ta c6: E(1; 0). PT dwong thing A qua E c6 dang y =k(x—1).
PT hoanh dé giao diém cia (C) va A: (X—l)(X2 —-2x-2-Kk)=0

Acdt (C) tai 3 diém phan biét < PT X% —2x—2—k=0 c6 hai nghiém phan biét khac 1
< k>-3

Sions = d(OA)AB KIvk+3 = KIvk+3 J_@Bz‘_l 5

Vay c6 3 dwong thang thoa YCBT: y=—x+1, y= (—1i \/é)(x—l) .

Cau46. Choham s y=x>+nx+2 ¢6 dd thi (Cm)
1) Khéo st sy bién thién va v& d0 thi ctia ham s6 khi m = -3,
2) Tim m d¢ do thi (Cm) cat truc hoanh tai mot diém duy nhat.

e Phurong trinh hoanh dé giao diém ciia (Cm) voi truc hoanh:

2
x3+m><+2:0<:>m:—x2—; (x=0)

93
Xet him s6- £() =—x2 =2 = £'(x) =—2x+ 2 = 22X *2
X X2 X2
Ta c¢6 bdng bién thién:
X | =0 0 1 +00
f'g] + || + o0 -
f () +0 ‘ -3

ol e
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D6 thi (Cm) cdt truc hoanh tai mét diém duy nhat < m> 3.

Cau 47. Cho ham sb y=2x>—3(M+1)x% +6nx—2 ¢6 dd thi (Cm)
1) Khéo sat sy bién thién va v& do thj ctia ham s6 khim = 1.
2) Tim m d¢ do thi (Cm) cat truc hoanh tai mot diém duy nhat.

o1 3<m<1+x/§

Cau 48. Cho ham sb y=x°—6x2+9x—6 c6 db thi 1a (C).
1) Khao sat su bién thién va v& dd thi (C) ctia ham sd.

2) Binh m dé duong thang (d):y=nmx—2m—4 cat do thi (C) tai ba diém phan biét.

e PT hoanh dé giao diém ciia (C) va (d): x> —6x° +9x—6=mx—2m—4

X=2

—2)(x* —4x+1-m)=0
@(X )(X X+ m) <:)|:g(x):x2—4X+1—m:0

(d) cat (C) tai ba diém phdn biét < PT g(x) =0 ¢6 2 nghiém phdn biét khdc 2 < m> -3

Cau 49. Cho ham sb y=x°—3x% +1.
1) Khao sat su bién thién va v& d6 thi (C) ctia ham sd.

2) Tim m dé duong thang (A): y = (2m—1)x—4m—1 cit d6 thi (C) tai dang hai diém phan biét.

e Phuong trinh hoanh dé giao cua (C) va (A): X3 —3x? —(2m-1)x+4m+2=0

& (X=2)(X2 =x=2m-1)=0 < {X =2

(A) cat (C) tai ding 2 diém phan biét < (1) phdi ¢6 nghiém X1» Xy thoa mdn:{

(4=0 [ (8m+5=0
5
b 1 me—2
%2 22 3
=S 2a <2 = 1
A>0 8m+5>0 m=§
1f@=0 [|-2m+1=0
5 1
Viy: m=—>:m==.
ay s 5

f(x)=x?—x-2m-1=0 (1)

2;th1:x2
x1=2;«rsx2

Cau 50. Cho hamsé y =x3-3m?x+2m c6 db thi (Cn).
1) Khéo sat sy bién thién va v& do thj ctia ham s6 khim = 1.
2) Tim m d¢ do thi (Cm) cat truc hoanh tai ding hai diém phan biét.

e Dé (Cm) cdt truc hoanh tai diing hai diém phdn biét thi (Cm) phdi ¢6 2 diém cuc tri

= y'=0 ¢6 2 nghiém phdn biét < 3x* —3m* =0 ¢6 2 nghiém phadn biét <> m=0

Khido y'=0< x=4m.
(Cm) cdt Ox tai diing 2 diém phdn biét <>Ycp = 0 hodc ycr =0
Taco: + y(-m=0=2m’+2m=0<m=0 (logi)

+ y(m =0 -2m*+2m=0<=m=0vm==+1
Vay: m=+1

Cau51. Cho ham sé y=x*—mx®+m-1c6dd thila (C,)
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1) Khao sat su bién thién va v& db thi (C) cua ham s6 khi m=8.
2) Binh m dé d6 thi (C,) cét tryc truc hoanh tai bon diém phén bigt.

.{m>1

m=2

Cau52. Chohamsé y=x"—2(m+1)x*+2m+1c6 do thila (C,).
1) Khao sat sy bién thién va v& do thi cta ham sb da cho khi m=0.
2) Binh m dé o thi (C,,) cét truc hoanh tai 4 diém phén biét c6 hoanh do 14p thanh cip s6 cong.

o Xét phwong trinh hoanh dj giao diém: X* — 2(m +l) X*+2m+1=0 (@D
Dat t=x2,t>0 thi (1) tré thanh: f(t) =t*-2(m+1)t+2m+1=0.
Pé (C) cat Ox tai 4 diém phan biét thi f(t) =0 phdi ¢6 2 nghiém dwong phén biét

A'=m*>0
m —_——
sls=2(m+1)>0a] " 2 (%
P=2m+1>0 m#0

Voi (%), goi t, <t, la 2 nghiém ciia f(t)=0, khi @6 hoanh dj giao diém ciia (Cm) véi Ox lan heot la:

% =t == = iix =

X1y X5, X3, X4 ldp thanh CAp SO CONG <> Xy =X =Xy — X, =X, — Xy <>, =0t

5m =4m+4 m=4
4

<:>m+1+|m|:9(m+1—|m|)<:>5|m|:4(m+1)<:{ =N
-Sm=4m+4 m:—§

4
Vay m=4<4,——
o m- 4o}
13

Céu héi twong tir ddi véi ham sé y=—x*+2(m+2)x*> —2m-3 BS: m=3m=-==.

Cau 53. Cho ham sb y=x*—(3m+2)x?+3m ¢6 dd thi 1a (Cm), m 1 tham s0.
1) Khao st sy bién thién va v& do thi ciia ham s6 khi m = 0. ‘
2) Tim m dé duong thang y = -1 cat do thi (Cm) tai 4 di€ém phan biét déu c6 hoanh d¢ nho hon 2.
e Phirong trinh hoanh dg giao diém ciia (Cw) va duong thang y=—1:
X =%1
x? =3m+1 *)
Puong thang y =—1cat (Cw) tai 4 diém phéan biét ¢6 hoanh d¢ nhé hon 2 khi va chi khi phwong trinh
(*) co hai nghiém phan biét khdac #1 va nho hon 2

x*—(Bm+2)x2 +3m=-1 = x4—(3m+2)x2+3m+1=0<:{

{0<3m+1<4 —}<m<1
= 3

=
3m+1+1
m=0

Cau54. Chohamsd y=x*-2(m+1)x*+2m+1 c6 d6 thi 1a (Cm), m 1a tham sb.

1) Khéo sat sy bién thién va v& do thj ctia ham s6 khim =0.
2) Tim m d¢é do thi (Cm) cat truc hoanh tai 3 di€m phan biét déu c6 hoanh d6 nho hon 3.

o Xét phwong trinh hoanh do giao diém: X" — 2(m +1) X +2m+1=0 1)
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Dat t=x*,t20 thi (1) tré thanh: f(t) =t*-2(m+1)t+2m+1=0.
(Cm) cdt Ox tai 3 diém phdn biét ¢6 hoanh dg nhé hon 3

0=t <t, <3
< f(t) c¢d 2 nghiém phan biét t,, t, sao cho:
0<t <3<t
A0 A'=m*>0
'=m
g f(3)=4-4m<0 1
o f(O):2m+1:OS ) D0 c>m:—zvm21
s—2(m+1)<3 |~ 2(M*D)>
P=2m+1>0

Vay: m:—%vmzl.

Cau 55. Cho ham sé y=x*—2m?x? +m*+2m (1), véi m 1a tham sb.
1) Khao sat su bién thién va v& d6 thi cia ham s6 (1) khi m=1..
2) Chtirng minh do6 thi ham s6 (1) luon cat truc OX tai it nhat hai di€ém phan biét, voi moi m<0.

e Phurong trinh hoanh dé giao diém ciia do thi (1) va truc Ox:
x!—2m?x*+m*+2m=0 (1)
Dat t=x>(t>0), (1) tré thanh : ¥ —2m°t+m*+2m=0  (2)
Tacd: A'=—2m>0 va S=2m? >0 véi moi m>0. Nén (2) cé nghiém dwong
= (1) ¢6 it nhat 2 nghiém phdn biét = do thi ham s6 (1) luén cdt truc Ox tai it nhdt hai diém phdn
biét.

Cau56. Cho ham sé y=2X+1
X+2

c¢6 dd thi 1a (C).

1) Khao sat su bién thién va v& dd thi (C) cta ham sb.

2) Ching minh rang duong thang d: y=—X+m ludn cat do thi (C) tai hai diém phan bi¢t A, B. Tim
m dé doan AB c6 d6 dai nho nhat.

e PT hodnh d¢ giao diém ciia (C) va d: 2x +21 =
X+

-X+m

X#—2
< 2
{f(x):x +(4-m)x+1-2m=0 (3
Do (1) c6 A=nP+1>0va f(-2)=(-2)% +(4—m).(-2) +1-2m=—-3=0, ¥m
nén dwong thang d luén luén cdt do thi (C ) tai hai diém phdn biét A, B.
Taco: y, =M—X,; Vg =M—Xg nén AB? = (xg —X,)? +(Yg — Y,)° = 2(m* +12)

Suy ra AB ngdn nhd',t < AB? nho nhit < m=0. Khi dé: AB=+24.
Cau hoi twong ty doi voi ham so:

X—2 x-1 1

a) y=——- DS:m=2 b) y=—= BS: m==

UR " VY=o 2
Cau 57. Cho ham sd y=X—_3.
X+1

1) Khao sat su bién thién va v& db thi (C) cta ham sb.
2) Viét phuong trinh duong thang d qua diém |(—11) va cat do thi (C) tai hai diém M, N sao cho |
1a trung diém ciia doan MN.

e Phuong trinh dwong thang d 1y =Kk (x+1)+1
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d cat (C) tai 2 diém phdn biét M, N < X=3 _kxk+1 c6 2 nghiém phén biét khdc —1.

X+1
& F(X) =k +2kx+k +4=0 c6 2 nghiém phdn biét khic -1
k-0
< A=-4k>0 < k<0
f(-1)=4=0

Mt khéc: Xy +Xy =—2=2X, < I la trung diém MN véi Wk <0.
Két lugn: Phwong trinh dwong thang can tim la y =kx+k+1 véi k <0.

Cau58. Cho hamsé y = 2X*+4

— ©).
1) Khéo st sy bién thién va v& do thi (C) ctia ham so. - q
2) Goi (d) la duong thang qua A(1; 1) va coé hé so goc k. Tim k dé (d) cat (C) tai hai diém M, N sao
cho MN =3410.

e Phirong trinh dwong thang (d):y =k(x—1)+1.
Bai todn tro thanh: Tim k dé hé phicong trinh sau c6 hai nghiém (x;Y,), (X%,;Y,) phdn biét sao cho

(XZ_X1)2+(y2_y1)2:90 (a)

2X+4
=k(x-1)+1 kx* —(2k =3)x+k +3=0
—x+1 (x=D+ (. Tacd: (I)@{ a y Jxrkt
y=k(x-1)+1 y=k(x-1)+1
(1) c6 hai nghiém phan biét <> PT kx> —(2k =3)x+k +3=0 (b) c6 hai nghiém phan biét. =
k¢0,k<§.
8
Ta bién déi (a) tr thanh: (L+k?)(x, —% )’ =90 (1+ kz)[(x2+x1)2—4x2x1]=90 ()
Theo dinh li Viet cho (b) ta co: X +X, =¥, XX, =$, thé vao (c) ta 6 phwong trinh:

8k® +27k* +8k —3=0< (k+3)(8k* +3k -1) =0
—3++/41 _ —3-11

16 16

Két lugn: Vay co 3 gia tri cua k thoa man nhu trén.

ok==-3 k=

Cau59. Chohamsd y= 2x -2 (©).
X+1

1) Khao sat su bién thién va v& do thi (C) cta ham sb.
2) Tim m dé dudng thing (d): y=2x+m cit (C) tai hai diém phan biét A, B sao cho AB=+/5.

e PT hodanh dg giao diém: 2x—12 =2X+M < 2% +MX+m+2=0 (x=—1) 1)
X+

d cat (C) tai 2 diém phdn biét A, B < (1) ¢ 2 nghiém phén biét X, X, khac -1
< n? —8m-16>0 @)

Khi dé ta c6: . Goi A(x1;2x1+ m) , B(x2;2x2+ m).
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AB?=5 & (X, —X,)2 +4(X —X,)? =5 < (X +X,)* —4x,X, =1 <> m’ —8m-20=0
o mi‘; (thod (2))
Vay: m=10; m=-2.

x-1
(1.
X+m
1) Khao sat sy bién thién va v€ do thi cua ham so6 (1) khi m=1.
2) Tim cac gia tri cua tham s6 m sao cho duong thang (d): y= x+2 cat do thi ham so (1) tai hai diém

A va B sao cho AB:Z\/E.

Cau 60. Chohamsé y=

e PT hodnh @5 giao diém: ~—% =x1+2 177"
X+m X+ (M+)x+2m+1=0 *)
d cat do thi ham sé (1) tai hai diém A, B phan biét <> (*) ¢é hai nghiém phén biét khac —m
@{po o Jm?—6m-3>0_ Im<3-2J3 v m>3+2y3 ()
X#-m m= -1 m=-1

gy . v A . . X1+X2:_(m+1)
Khi do goi X, X, la cac nghiém cua (*), ta co {Xl-xz % omat
Céc giao diém ciia d va do thi ham s6 (1) la A(X; X +2), B(X,; X5 +2).
Suy ra AB? = 2(x, — x2)2 = 2[(x1 + x2)2 - 4x1x2} = 2(m? —6m—23)

m=-1

Theo gia thiét ta dwoc 2(m2 -6m-3)=8< m? —6m-7=0< |:m_ 7

Két hop voi diéu kién (**) ta dwoc m=7 la gia tri can tim.

2x-1
C).
P @ ,
1) Khao sat sy bién thién va vé do thi (C) ctia ham so.
2) Tim m & duong thang d: y=X+m cit (C) tai hai diém phén biét A, B sao cho AOAB vuédng tai
O.

Cau 61. Chohamsd y=

e Phurong trinh hoanh do giao diém cia (C) va d: X2 + (M-3)x+1-m=0, x=1 (¥
(*)cd A=n?—2m+5>0, Vme R va (*) khong cé nghiém x = 1.
Xp+Xg=3-Mm

Xp-Xg = 1-m

= (*) ludn c6 2 nghiém phan biét la X,, Xg . Theo dinh li Viét: {
Khi do: A(XA; xA+m), B(XB; xB+m)
AOAB vudng tai O thi OAOB = 0<> X,Xg + (X, +M)(Xg +m)=0

& 2X,Xg +M(X, + X5 )+ M?> =0 <> m=-2
Vay: m = 2.

X+ 2

X—2

1) Khéo st sy bién thién va v& do thi (C) cia ham sb. 7 o

2) Chung minh rang v&1 moi gia tri m thi trén (C) ludén co6 cap di€ém A, B nam vé hai nhanh cua (C)

Cau 62. Cho ham sb: y=
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Xpa—Yp+m=0

Véthéa{ 0"
Xg —Yg + M=

eTaco: (XA~ YaTm=0_ YA=Xa* M ABe(d):y=x+m
Xg =Yg +M=0 Yg =Xg+M

= A, B la giao diém cia (C) va (d). Phiong trinh hodnh dg giao diém ciia (C) va (d):

x+m=i§©f(x)=x2+(m—3)x—(2m+2)=o(x¢2) *).

(*)cd A=nP? +2m+17> 0, Ym = (d) luén cdt (C) tai hai diém phén biét A, B.
Va 1.f(2)=-4<0= X, <2<Xg hodc Xg <2< X, (dpcm).

CHU DPE 4: TIEP TUYEN

Cau63. Chohamsd y=x>+@1-2m)x* +(2-m)x+m+2 (1) (mla tham sd).
1) Khao sat su bién thién va v& dd thi (C) ctia ham s6 (1) voi m = 2.

2) Tim tham s6 m dé do thi cuia ham s6 (1) 6 tiép tuyén tao v6i duong thang d: x+ y+7 =0 goc

” 1
o, biét cosa = —.

J26

e Goi k la hé s6 goc cuia tiép tuyén = tiép tuyén cé6 VTPT hl =(k;-1)
Puong thang d cé6 VIPT r'12 =(11).

3

rr
n _ ~
Taco cosa = ‘nl 2‘ ! k-1 =12k? —26k+12=0< %
3

i< =
R NN N ‘-

YCBT thod man < it nhdt mét trong hai phwong trinh sau c6 nghiém:

¢ 3 2 3 B _§
y:E . 3X°+2(1-2m)x +2 m_2 @l:A/lZO @{8m2—2m—120
, 2 /
y'=3 3X2+2(1—2m)x+2_m:§ AN2>0 [4m*-m-320
m<_l'm>1
< g 2 Qmﬁ—%hoéc mZ%
ms-z;m21

Cau 64. Cho ham s y=x>—3x%+1 ¢6 dd thi (C).
1) Khao sat sy bién thién va v& do thi (C) cia ham s6.
2) Tim hai diém A, B thudc do thi (C) sao cho tiép tuyén cua (C) tai A va B song song v6i nhau va

d6 dai doan AB = 4+/2.

o Gia sir A(a,a°—3a% +1), B(b;b®—30% +1) thuéc (C), véi a=b.
Vi tié'p tuyén cua (C) tai A va B song song voi nhau nén:

y'(@)=y'(b) < 3a%-6a=3b’>-6b<a’-b’>—2(@a-b)=0< (a—b)(a+b-2)=0
< at+tbh-2=0sb=2-a.Viazbnén az2-a< a=1l
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Taco: AB=1/(b—a)?+(b°—30% +1-a’ +3a2 1) =/(b—a) + (b° — a® — 3(b? — a?))?

_ \/(b—a)2 +[(b—2a)® +3ab(b—a)—3(b—a)(b+a) |

- \/(b—a)2 +(b—a[ (b-a)? +3ab—32]

=\/(b—a)2 +(b-a)[ (b+a)2—ab—6] = \J(b—a)? + (b—a)2(~2— ab)?
AB? = (b—a)?| 1+ (-2—ab)? | = (2-28)?| 1+ (a? — 22— 2)? ]

— 4a-1)° [1+ [(a-17 —3]2} — 4a-1)2[(a-1*-6(a-1)? +10 |
= 4(a—1)°® - 24(a—1)* + 40(a—1)?
Ma AB =42 nén 4(a—1)°-24(a—1)* +40(a—1)? = 32
< (a-1)°%-6(a-1)% +10(a-1)°>-8=0 (*)
Pat t=(a-12, t>0. Khi dé (*) ré thanh:

a=3=>b=-1

t2—6t% +10t-8=0< (t-4)(t° -2t +2) = 0> t=4 =(a-1) 4©[a=_13b:3

Vay 2 diém thoda man YCBT la: A31), B(-1-3).

Cau 65. Chohamsd y=3x—x> (C).
1) Kho sét sy bién thién va v& do thi (C) ctia ham s.
2) Tim trén dudng thang (d): y=—X cac diém ma tr do ké dugc dung 2 tiép tuyén phan biét voi do
thi (C).

e Cdc diém can tim la: A(2; -2) va B(-2; 2).

Cau66. Chohamsd y=—x>+3x>-2 (C).
1) Khio sét sy bién thién va v& do thi (C) ctia ham so. o ‘
2) Tim trén duong thang (d): y =2 cac diém ma tir do ké duoc 3 ti€p tuyén phan biét voi do thi (C).

e Goi M(m;2) (d).
PT duong thang A di qua diém M va c6 hé sé géc k ¢ dang : y=k(X—m)+2
+3x2-2=k(x-m)+2 (1 *)

A ld tiép tuyén cia (C) < hé PT sau c¢é nghiém )
-3x“+6x=k (2

Thay (2) va (1) ta duge: 2% —3(M+1)x2 + 6mx—4=0 (x—2)| 2x2 - (3m-1)x+2]|=0
X=2
f(x)=2x*-(Bm-1)x+2=0 (3)

Tir M ké duegre 3 tiép tuyén dén do thi (C) <> hé (*) c6 3 nghiém x phdn biét

A>0 m<—1ho/Em>§

& (3) ¢ hai nghiém phdn biét khac 2 < =
f(2)=0

m#2

5
. m< -1 ho/E m> — . . . s
Vay tir cac diém Mim; 2) e (d):y=2véi | 7 3 c6 thé ké dueoe 3 1iép tuyén dén (C).

m=2
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Cau 67. Chohamsd y= f(x):%mx3+(m—l)x2+(4—3m)x+1 ¢6 dd thi 1a (Cm).

1) Khéo sét sy bién thién va v& do thi ciia ham sb khi m = 1.
2) Tim cac gia tri m sao cho trén do thi (Cm) ton tai mot diém duy nhat ¢6 hoanh d6 &m ma tiép tuyén
tai d6 vuong goc voi duong thang (d): x+2y—3=0.

e 1 4 4 4 I 2
e (d) co hé so goc > = tiép tuyén co hé so goc K=2. Goi x la hoanh do tiep diém thi:

f'(X) =2 < Mm% +2(m=1)X+ (4—3m) =2 < mx® + 2(M-1)x+2—-3m=0 (1)
YCBT & (1) co dung mot nghiém am.
+ Neu m=0 thi (1) & -2x=-2< x=1 (logi)
2-3m

+ Néu m= Othi dé thay phuong trinh (1) ¢6 2 nghiém la x=1hay x=

m<0

Do dé dé (1) ¢6 mét nghiém am thi 273M g 2
m m>§

Vay m< 0 hay m>§ .

. 2 2
cau68. Chohamsé y=(Ix/+1)".(Ix-1)
1) Khao sat sy bién thién va vé dd thi (C) ctia ham sb.
2) Cho diém A(a;0). Tim a dé tur A ké duoc 3 tiep tuyén phan biét vdi do thi (C).

eTaco y=x*-2x%+1.
Phirong trinh dwong thang d di qua A@;0) va c6 hé 56 géc k : y=k(x—a)
x*—2x% +1= k(x—a)

d la tiép tuyén cia (C) < hé phwong trinh sau cé nghiém: (1)
4x3 —4x =k

Ta co: (|)@{k=0 (A hodc {‘“‘(X b=k (B)

x?-1=0 f(x)=3x*—4ax+1=0 (1)
+ Tir hé (4), chi cho ta mét tiép tuyén duy nhdt la d :y=0.
+ Vay dé tir A ké duwoc 3 tiép tuyén phdn biét véi (C) thi diéu kién can va di la hé (B) phdi ¢6 2
nghiém phdn biét (x;K) voi X = 1, tuc la phwong trinh (1) phdi c6 2 nghiém phan biét khac 1 <

{A':4a2—3>0 V3 V3

& -lra<——hofE 12a>—
f(z1) =0 2 2

Cau 69. Cho ham sb y= f(x)=x*—2x2.
1) Khéo sét sy bién thién va v& do thi (C) ctia ham sb.
2) Trén (C) lay hai diém phan biét A va B c6 hoanh d¢ 1an luot 1a a va b. Tim diéu kién d6i véi a va
b dé hai tiép tuyén cua (C) tai A va B song song v6i nhau.

eTaco: f'(x)=4x°—4x
Hé 56 géc tiép tuyén ciia (C) tai Ava Bla K, = f'(a)=4a°—4a kg = f'(b) = 4b°> —4b
Tiep tuyen tai A, B lan luot co phuong trinh la:
y=f'(@(x-a)+f(a)=y=f'(@x+f(a)—af '(a)
y=f'(b)(x—b)+ f(b) = y=f'(b)x+ f(b)—bf '(b)

TRANG 23



https://giasudaykem.com.vn/

Gia sw Tai Nang Viét https://giasudaykem.com.vn

Hai tiép tuyén cia (C) tai A va B song song hodc tring nhau khi va chi khi:

ky=kg < 4a°—4a=4b°-4b = (a-b)(@® +ab+b*-1)=0 1)
Vi AVa B phén biét nén a#b, do ds (1) < & +ab+b*~1=0 (2)
Mat khac hai tiep tuyén cua (C) tai A va B trung nhau khi va chi khi:
2 2 4 2 2_q_
ol +ab+,b -1=0  (azb o a +4ab+t; 1_(2 ,
f(a)—af (a)= f(b)-bf (b) -3a"+2a°“=-3b"+2b

Giai hé nay ta dwoc nghiém la (a;b)=(-11) hodac (a;b)=(L—1), hai nghiém nay twong wrng voi
ciing mét cap diém trén do thi la (-1,-1) va (1;,-1)
Vay diéu kién can va dii dé hai tiép tuyén ciia (C) tai A va B song song véi nhau la:
a’+ab+b?-1=0
aztl azb

Cau70. Cho ham sé y=-2X (C).
X+2

1) Khao sat sy bién thién va v& dd thi (C) ctia ham sd.
2) Vit phuong trinh tiép tuyén ctua do thi (C), biét rang khoang cach tir tam doi xting cta d6 thi (C)
den tiép tuyen 1a 16n nhat.

e Tiép tuyén (d) ciia do thi (C) tai diém M cé hoanh @6 a# -2 thuéc (C) c¢6 phwong trinh:

4 (x—a)+£<:>4x—(a+2)2y+2a2 =0
(a+2)? a+2

Tém doi ximg ciia (C) la | (~2;2). Ta co:

y:

8la+2) . ga+2 _ 8la+2 _ 5
\/16+(a+2)4 \/2.4.(a+2)2 2\2la+2)

a=0
a=-4
Tir d6 suy ra cé hai tiép tuyén y=x Va y=X+8.

d(1,d) =

d(1,d) I6m nhat khi (a+2)? = 4@{

X+2 ().

2X+3

1) Khéo sét sy bién thién va v& do thi ciia ham s6 (1).

2) Viét phuong trinh tiép tuyén cta dd thi ham sé (1), biét tiép tuyén d6 cit truc hoanh, truc tung lan
luot tai hai diém phan bi¢t A, B va tam gidc OAB can tai géc toa do O.

Cau71. Chohamsd y=

” A <A ! _1
o Goi (XyY) la toa do cua tiep diém =y (Xy) = —< 0
(2x5+3)
AOAB cain tai O nén tiép tuyén A song song véi dong thang y = —x (vi tiép tuyén cé hé sé géc am).

, Xg=-"1=y,=1
Nghia la: 'y (Xo):—2:‘1 =

(2X0+3) XO=_2:> y0:O

+Voi Xg=-Ly,=1 =>4 y-1=—(x+1) = y=—x (logi)
+V6i Xy=-2,Yy=0 =41 y-0=—(X+2) < y=—X-2 (nhdn)

Vay phirong trinh tiép tuyén can tim la: y=—x—2.
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2x-1
r X - 1 . N r
1) Khao sat sy bién thién va vé do thi (C) cia ham so. ) .
2) Lap phuong trinh tiép tuyén cua d6 thi (C) sao cho ti€p tuyen nay cat cac truc OX, Oy lan luot tai
cac diém A va B thoda man OA =40B.

Cau72. Chohamsd y=

e Gid st tiép tuyén d ciia (C) tai M (X9, Yo) €(C) cat Ox tai A, Oy tai B sao cho OA=40B.

Do AOAB vuoéng tgi O nén tan A= o8 = 1 = Hé 56 goc cua d bang 1 hodc —E
OA 4 4 4
1 ' 1 1 1 -1 (yO __)
Héso‘go’ccdadldy(xo):——2<O:>——2:——<:> =
(Xo -1) (Xo -1 4 Xy =3 (yo = E)
) ) y:—é(x+1)+§ y:—éx+§
Khi d6 c6 2 tiép tuyén thod man la: 4 2 o 4 4
y——i(x—3)+§ y——lx+E
4 2 4 4

Cau73. Cho ham sé y=2X=3 ¢ db thi (C).

1) Khéo sét sy bién thién va vé do thi (C) ctia ham sb.
2) Tim trén (C) nhiing di€ém M sao cho tiép tuyén tai M cua (C) cat hai tiém can cua (C) tai A, B sao
cho AB ngan nhat.

J e(C).Tacé: y(m)=-

1
(2 (Xx—m)+2+ p—~—

e Ldy diém M (m; 2+
m-2

(m-2)°

Tiép tuyén (d) tai M cé phwong trinh:  y=—

Giao diém ciia (d) véi tiém cdn dirng la: A(Z; 2+ 2 2]
m_
Giao diém ciia (d) véi tiém cdn ngang la: B(2m—2;2)

=3
=1

Tacé: AB?=4|(m-2)>+ > |2 8. Ddu “="xay ra < [m
(m-2) m

Vay diém M can tim cé toa d@é la: M(3,3) hodc M(L;1)

2X—-3
r X - 2 . N r
1) Khao sat su bién thién va vé do thi © cua ham so.
2) Cho M 1a diém bét ki trén (C). Tiép tuyén cta (C) tai M cit cac duong tiém can cia (C) tai A va
B. Goi | 1a giao diém cua cac duong tiém can. Tim toa do diém M sao cho dudng tron ngoai tiép tam

giac 1AB c6 dién tich nho nhat.

Cau 74. Chohamsé y=

2X,—3 —
e Gid sir M(xo; 0 J Xo # 2, y'(><0)=—12
Xo—2 (%—2)
\ e A ‘e . -1 2X0_3
Phuong trinh tiep tuyén (A) voi (C) tai M: 'y = —Z(X_ Xp) + >
(%-2) X0
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2X\— 2
0 2]; B(2x0—2;2)

Toa do giao diém A, B ciia (A) voi hai tiém can la: A(Z;
X J—
0

+xB=2+2x0—2=X C yA+yB:2xO—3
2 2 oM 2 Xy —2
Mt khac 1(2; 2) va AIAB vudng tai I nén dwong tron ngoqi tiép tam gidc IAB c6 dién tich

, X ;
Ta thay —& =Yy Suyra M la trung diém cia AB.

2
2%y —3 B o2 1
~ _2] _nl(xo 2) +—(X0_2)2]227z

S=zIM?=7x (x0—2)2+(
0

. =1
Ddu “=" xay ra khi (Xy— 2)2 = ;2 < {XO

(X —2) Xo =3
Do dé diém M can tim la M(1; 1) hodc M(3; 3)

Cau 75. Cho ham sb y = 2“11 c6 dd thi (C).

1) Khao sat su bién thién va vé& d6 thi (C) ctia ham sd.
2) Goi I 1a giao di€m cua hai ti€ém can. Tim diém M thudc (C) sao cho ti€p tuyén cua (C) tai M cat 2
tiém can tai A va B véi chu vi tam giac IAB dat gia tri nhé nhat.

. 3
e Giao diém cua 2 tiem cdn la 1 (L 2). Goi M(Xo 2+ x :J € (C).
-

-3
+ PTTT tai M c6 dang: y=—2(x—x0)+2+

+ Toa d¢ cdc giao diém cua tiép tuyén véi 2 tiém cin: A [1;2 . 6 j , B(2%,-12)
X, —1

+Taco: Syag :%IAIB:%-ﬁ-Z‘XO—l‘ =2.3=6 (dvd1)
+ AIAB vuéng c6 dién tich khéng doi = chu vi AIAB dat gid tri nhé nhdt khi IA= IB
6 X, =1+ J3
m X =1- J3
Vay c6 hai diém M théa man diéu kién M, (1+4/3;2++3), M, (1-+/3;2-+3)
Khi d6 chu vi AAIB = 443+ 2.6 .
ChU y: Véi 2 56 diwong a, b thoa ab = S (khéng ddi) thi biéu thirc P = a+b+\a+0b% nho nhat khi
Va chi khi a = b.

Thdt vdy: P = a+b+ Va2 +b? > 2\/5+\/2ab =(2+x/§)x/£=(2+\/§)\/§.

Ddu "="xdy ra <a=b.

o =2%, -1 =

. 2
Cau 76. Cho ham so: y=XL1 ©).
X_

1) Khéo st sy bién thién va v& do thi (C) cua ham s0. ‘ o
2) Cho diem A(0;a). Tim a dé tir A ké dugc 2 tiép tuyén tdi do thi (C) sao cho 2 tiép diém tuong

ung nam ve 2 phia cua truc hoanh.

e Phurong trinh dwong thang d di qua N0;@) va c6 hé s6 géc k: y=kx+a
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x+2 =kx+a
d la tiép tuyén cua (C) < Hé PT x—1 3 c6 nghiém

(x-1?
< PT: 1-a)x% +2(a+2)x—(a+2)=0 (1) ¢6 nghiém x#1.
Dé qua A cé 2 tiép tuyén thi (1) phdi c6 2 nghiém phdn biét X5 Xy

azl azl
=2 = *)
A =3a+6>0 a>-2
o, , 2(a+2) a+2 . 3
Khidot XX, = ——— X X, =—— Va y, =1+ Ty, =1+
rdolacos G = T e T VR x —1 Y2 X, —1

Pé 2 tiép diém nam vé 2 phia doi véi truc hoanh thi y;.¥, <0

. 2 4
o121+ 2|0 & X2t (g %)+ <0 &3a+250 @ a>—2
X, — X, —1 XXy = (X +X,) +1 3

2
Két hop véi diéu kién (*) ta duge: {2773,
az1
~ N z X+3
Cau77. Chohamsd y= 1
X —

1) Khao sat sy bién thién va vé dd thi (C) ctia ham sb.
2) Cho diém M, (X,;Y,) thudc dd thi (C). Tiép tuyén ciia (C) tai Mo cit cac tiém cén cua (C) tai cdc
diém A va B. Chirng minh M, 14 trung diém ctia doan thang AB.

4
o My(X,:Y,) €(C) =y, =1+ 1
-

Phurong trinh tiép tuyén (d) tai Mo - YYo= —%(X— X5)
(% —1)

Giao diém ciia (d) véi cdc tiém cdn la: A(2x,-11), B(L2y,-1).
XatXg . Yat¥p

5 o’ =Yy = Mo la trung diém AB.

: X+2
Cau78. Chohamso: y= 1 ©
X —
1) Khao sat sy bién thién va v& 6 thi (C) ciia ham s.
2) Chuing minh rang moi ti€p tuyen cua do thi (C) déu 1ap vdi hai duong tiém can mot tam giac cod
dién tich khong doi.

o Gid sik M[a;iﬂ e (C).

2
PTTT (d) ciia (C) tai M- y=y'(a).(x—a)+ 22 o yo Sy, & +4a-2
at (a-1" (a-1)?

Cdc giao diém cia (d) vé6i cdc tiém cdn la: A(l; aLi] , B(2a-1,1).
a_
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|A=(o;a—1j = IA=——; IB=(2a-2,0) = I1B=2la-1

la-1
Dién tich AIAB: S , \g= %IA.IB =6 (dvdt) =DPPCM.
. .. Lo s £ 2x—4
Cau hoi twong tw doi voi ham so 'y = 1 DS S=12.
X+

X+ 2

Cau79. Chohamsdy=—=.
x+1

1) Khéo sat sy biéq thién va v& do thi (C) cua ham sd. ) o ‘
2) Goi I 1a giao diém cua 2 duong ti€ém can, A 1a mot ti€p tuyén bat ky cua do thi (C). d 1a khoang

cach tir I &én A. Tim gia tri 16n nhat cua d.

— , Xy +2
oy = L > Giao diém cua hai duong tiém cdan la (-1, 1). Gia su M (XO; 0 J €(C)
(x+1) Xp+1
Phurong trinh tiép tuyén A voi do thi ham sé tai M la:
-1 Xp+2 2
y:—z(x—xo)+ 1 <:>x+(x0+1) y—xo—(x0+1)(xo+2):0
(%+1) 0

Khodng cdach tir I dén A lad = Z‘XO +1‘ - = 2 <2
\/1+(x0+1) ;24_()(0_{_1)2
(%+1)

Véy GTLN ciia d bing N2 khi X, =0 hodc ¥y=-2.

2x-1
7 X_l . N 14
1) Khéo sat sy bién thién va v€ d6 thi (C) cua ham so.
2) Viét phuong trinh tiép tuyén ciia (C), biét khoang cach tir diém I(1; 2) dén tiép tuyén bang \/E .
o Tiép tuyén ciia (C) tai diém M(Xq; f(Xy)) € (C) c6 phuong trinh:
y=f'(X)(X=%5)+ f(X5) < X+(X, —1)2y—2x02 +2%,-1=0 (*)

> , , , \ 2_2 X =0
Khoang cach twe diem 1(1, 2) den tiep tuyén (*) bang \/5 = & = \/5 & [ 0 5
1/1+(xO ~1)* %o =

Cau 80. Chohamsd y=

Cdc tiép tuyén can tim : Xx+y—1=0 va x+y—-5=0

; x+1
Céau 81l. Chohamso y= 1 ©).
X —
1) Khao sat sy bién thién va v& do thi (C) ctia ham s. ,
2) Tim trén Oy tat ca cac diém tur d6 ké dugc duy nhat mot tiép tuyén tdi (C).

e Goi M(Gyy,) la diém can tim. PT dwong thang qua M ¢6 dang: Y = KX+ Y, (d)

X+1
—=kx+y, (yo—l)x2—2(y0+1)x+yo+1:0 D

A £ ’ -1 *
(d) la tiép tuyen cia (C) <37 5 x A X1 —2 = k )
(X_l)z (X_l)
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YCBT < hé (*) co Inghiem < (1) co I nghiém khac 1

Yo=1 Y, #1 x:E;y =1l=>k=-8
& 1 Vv ' 2 & 2’70

XZE A :(y0+1) _(yo_l)(y0+1):0 x:();yo:_lj k=-2
Vay c6 2 diém can tim la: M(0; 1) va M(0; -1).

2X+1

X+1°

1) Khao sat sy bién thién va v& do thi (C) ctia ham sb.

2) Viét phuong trinh tiép tuyén cua dd thi (C), biét rang tiép tuyén cach déu hai diém  A(2; 4), B(-
4; =2).

e Goi xo la hoanh d¢ tiép diém (Xq #—1).

Cau 82. Chohamsb y=

2X,+1
PTTT (d) 14 y=;(x—x0)+ %ot =S x—(x0+1)2y+2xg+2x0+1=0
(Xo+1)2 X +1

Taco: d(Ad)=d(B,d) < [2—4(x)+1)? + 262 +2x; +1 = |-4+20x, +1)? + 2% + 2%, +1]

<:>x0:1v XO:OV xO:—Z

Vay c6 ba phwong trinh tiép tuyén: y=%x+§; y=X+1 y=x+5

2x-1

1-x

1) Khéo sét sy bién thién va v& do thi (C) ctia ham sb.

2) Goi I 1a giao diém cua hai duong tiém can, A 1a diém trén (C) ¢6 hoanh do la a. Tiép tuyén tai A
ctia (C) cét hai duong tiém cén tai P va Q. Chting to rang A 1a trung diém cta PQ va tinh dién tich
tam giac 1PQ.

Cau 83. Chohamsd y=

-ux—a,A(ai?‘l

1 2a-1
——(x—a)+
(1-a) l-a

. .2 s o VA ) 2a
Giao diém cua tiém cdgn dirng va tiép tuyen d: P|1; 1_a
—a
Giao diém ciia tiém cdn ngang va tiép tuyén d: Q(2a—1,—-2)
Taco: Xp+ Xq=2a=2X,. Vdy 4 ld trung diém ciia PO.
2

2a
—+2[=——; 1IQ=|2(a-1
1—a+‘ ia Q7@

j. PT tiép tuyén dtai A: y =

IP =

Sipqg = %IP.IQ =2 (dvdt)

2X—-3
C).
2 (©
1) Khao sat sy bién thién va veé do thi (C) ctia ham so.
2) Viét phuong trinh tiép tuyén tai diem M thudc (C) biét tiep tuyen do cat tiém can dung va tiém can

Cau 84. Chohamsé y=

ngang lan luot tai A, B sao cho cosin goc ABI bang E, véi 1 giao 2 tiém can.

2%, —3
e 1(2; 2). Goi M(xo; %o JE(C), Xy # 2
Xg—2
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. A £ . 1 2X0 -3
Phurong trinh tiep tuyen A tai M: y=-——""5 (X—Xg) +
(Xo -2) Xo~ 2
. LR P re 1 . A A 2X0 -2
Giao diéem ciua Avoi cdc tiém can: A| 2; > | B(2X0 -2,2).
X —
0
1 IA

Do cosABI = nén tan ABI VT < IB2=161A% & (x0—2)4:16 &

x0:0
x0=4

S,‘A
ﬂ

w

[ ( ‘ 1
Ket lugn: Tai M (O; E] phuwong trinh tiép tuyén: Y= ~2 X +g

; ; 17
Tai M (4; 2) phuwong trinh tiep tuyén: Yy = 2 X+ 2

CHU PE 5: BIEN LUAN SO NGHIEM CUA PHUONG TRINH

Cau 85. Cho ham sd y= —x3+3x%+1.
1) Khao sat su bién thién va vé& d6 thi (C) ctia ham sd.

2) Tim m dé phuong trinh x>—3x%2 = m> -3’ ¢6 ba nghiém phan biét.

ePT x°-3x* = m’ =3 & —x®+3x° +1=—m’+3nF +1. Dt k=—m’+3n’ +1
So nghiém cua PT bang so giao diém cua do thi (C) voi duong thang d: y =K
Duea vao dé thi (C) ta ¢é PT c6 3 nghiém phén biét < 1<k <5 < me(-1,3)\{0,2

Cau 86. Cho ham sd y = x* —5x*+4 c6 db thi (C).
1) Khao sat su bién thién va v& d6 thi (C) ctia ham sé.
2) Tim m dé phuong trinh | x* —5x* +4|=log, m ¢6 6 nghiém.

9
e Dya vao do thi ta ¢6 PT ¢6 6 nghiém < log, m = % < m=124 :144(‘/]3.

Cau 87. Cho ham sé: y=x%—2x?+1.
1) Khao sat su bién thién va v& do thi (C) cta ham sé.

2) Bién luan theo m sb nghiém ciia phuong trinh: xt—2x% +1+ log,m=0 (m>0)

o x4—2x2+1+logzm=0 & x4—2x2+1=—logzm *)

+ 86 nghiém ciia (*) 1 s6 giao diém ciia 2 d6 thi y=x*-2x*+1va y=-log, m
+ Tir do thi suy ra:

O<m<E m:E l<m<1 m=1 m>1
2 2 2
2 nghiém 3 nghiém 4 nghiém 2 nghiém vo nghiém

Cau 88. Cho ham sb y= f(x)=8x*—9x? +1.
1) Khéo st sy bién thién va v& do thi (C) cia ham sb.
2) Dya vao do thi (C) hay bién luén theo m s nghiém ctia phuong trinh:

8cos* x—9cos® X+ m=0 véi xe[0; 7]

o Xét phwong trinh: 8cos® x—9cos” x+m= 0 vdi x €[0; 7] )
Bt t =cosx, phwong trinh (1) tré thanh: 8t* —9t*> +m=0 (2)
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Vi xe[0; 7] nén te[-11], gita x vd t ¢é sw twong g mot doi mét, do dé sé nghiém cia phwong
trinh (1) va (2) bang nhau.

Tacé: (2) =84 -9t +1=1-m (3)

Goi (Cy): y=8t4—9t2 +1 voi te[-11 va (d): y=1-m. Phuong trinh (3) la phwong trinh hoanh
dé giao diém ciia (C1) va (d).

Chui y rang (C1) giong nhu do thi (C) trong mién —1< X<1.

Duea vao do thi ta co két lugn sau:

m<0 m=0 O<m<1 1sm<§ _a m>g
32 32 32
vo nghiém 1 nghiém 2 nghiém 4 nghiém 2 nghiém vo nghiém
. -4
Cau 89, Cho ham sb y= > > ©.
X —

1) Khao sat su bién thién va vé& do thi (C) cta ham sb.

s : . 2
2) Tim céc gia tri cuia m dé phuong trinh sau ¢6 2 nghiém trén doan [0; ?ﬂ} :

sin® x+cos® x=m (sin4x+cos4 X)

e Xét phuong trinh: sin® x+cos® x=m (s n*x+ cos* X) *)

<:>1—§fsin2 2X = m(l—%sin2 ZX] & 4-3sn? 2x = 2m(2—sin® 2x) (1)

Pt t=sn?2x. Véi x e {o;%”} thi te[0;1]. Khi d6 (1) tré thanh:

2m= 3:__24 Véi te[O;l]

sin2x=—\/f

sin2x:\/f
Pé (*) ¢6 2 nghiém thuée doan [O;%ﬂ thi \/Ee l:g;l] te L%lj

Nhdn xét : véi méoi te[o;ljtacé:[ o sn2x =4t

Dua vao dé thi (C) ta ¢é: y(1) <2m< y(3j©l< 2m<g & ;< m<l

10
~ . z X+1
Céu 90. Chohamsd y= 1
X —
1) Khao sat su bién thién va v& dd thi (C) cua ham sb.
+
2) Bién luan theo m sd nghiém ciia phuong trinh I I
X
A A 5 |X| + 1 M A . + A 5 A . | |
e SO nghiém cua | | 1 =m bang so0 giao diém cua do thi (C'): y | | va y=m.
X —
Dua vao do thi ta suy ra dugc:
m<-Lm>1 m=-1 -1<m<1
2 nghiém 1 nghiém vo nghiém
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CHU PE 6: PIEM PAC BIET CUA PO THI

Cau 91. Cho hamsé y=-x*+3x+2 (C).
1) Khao st sur bién thién va v& do thj (C) ctia ham s.
2) Tim 2 diém trén do thi ham so sao cho chiing d6i xirng nhau qua tam M(-1; 3).

e Goi A(Xo;yo), B la diém doi xirng véi A qua diém M(-13) = B(—2—X0;6—y0)

yO:—xg+3x0+2

ABe(C) @{ 3
6-Yo=—(-2-%5)" +3(-2-X%;) +2

= 6:—xg+3x0+2—(—2—x0)3+3(—2—x0)+2<:> 6x§+12x0+6: 0

< Xy =-1=Y,=0
Véy 2 diém can tim la: (~1,0) va (-16)

Cau 92. Chohamsd y=-x*+3x+2 (C).
1) Khao sat su bién thién va vé& do thi (C) cua ham sé.
2) Tim trén (C) hai di€ém d6i xing nhau qua duong thang d: 2x—y+2=0.

e Goi M (X1; yl); N (Xz; yz) thuée (C) la hai diém doi xirng qua dwong thang d
I la trung diém ciia AB nén | [%,%j ,taco | ed

o don AR

X +X,=0

_(X1+X2)3+3X1X2(X1+X2)+3(X1+X2):2(X1+X2):{xf—x1x2+x22 4

Laic6: MN Ld = (x,—x).1+(y,—,).2=0

=7(x, —xl)—2(x2—xl)(xf+xlx2 +x22)=0:> X+ XX, + X5 :%

-Xét X, +X,=0=> X = +\/7x _+\/7

X2 — XX, + X5 =1 X+ X5 =
- Xét 7S = V0 nghiém

2 2 _ I
X1+X1X2+X2_2 X1X2:%
A A A s ‘ 7
Vay2dzemcanttmla:( > 2——[}( \/7 \/7J
X, 11

Cau 93. Cho ham sb y=-Z X +3x—§.

1) Khao sat sy bién thién va v& do thi (C) cia ham sb.
2) Tim trén d6 thi (C) hai di€ém phan bi¢t M, N doi xiing nhau qua truc tung.

X, ==%#0

e Hai diém M(X;;¥;), N(X,;¥,) € (C) déi ximg nhau qua Oy < {
Y1=Y>
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=%, #0
X # X, =3 . X% =-3
= X13 3 11 © hodc
+x1 +3%, — :—?2+x2+3x2—§ X, =-3 X, =3

Vay hai diém thudc do thi (C) va doi xirng qua Oy la: M (3 1;), N (—3; 1—:] .

Cau 94. Cho hamsd y= 2x-1 (C).
X+1

1) Khao sat su bién thién va v& do thi (C) cua ham s6.
2) Tim diém M thudc do thi (C) dé tlep tuyen cta (C) tai M v6i dudng thing di qua M va giao diém
hai duong tiém can co tich cc hé s goc bang 9.

Giao diém 2 tiém cdn la | (-1,2).

Goi M| Xy;2— 3 e(C)=ky YN __ 3 >
X +1 X=X (X +D)

+ Hé 56 gbc cua tiép tuyén tai M: Ky = y'(XO) = 3 >
(%+1)

+YCBT <k, ky =-9 < {io i 02. Vay c6 2 diém M théa man: M(0; —3) va M(-2; 5)
)=-

2X+1
(©).
X+1

1) Khao sat su bién thién va v& db thi (C) cia ham sb.
2) Tim trén (C) nhitng diém c6 tong khoang cach dén hai tiém can cua (C) nho nhat.

Cau 95. Cho hamsb y =

2%y +1 o 1
Xg+1 Xg+1
Goi A, B lan luot 1a hinh chiéu ciia M trén TCP va TCN thi:

1
Xg+1

'GQi M(Xoayo) € (C)1 (XO ¢_1) thi yO =

MA=|x, +1|, MB=|y,-2|=

Ap dung BDT Cé-si ta co: MA+MB=2yMAMB =2 (|x, +q‘

x0+1=

= MA + MB nho nhdt bing 2 khi |x, +1| = {XO 0

‘XO +1‘ Xo =-2
Vay ta cé hai diém can tim la (0; 1) va (-2; 3).

Cau hoi twong tu:
_2x-1

X+1

a) DS: X, =-1+£ 3

Cau 96. Cho hamsd y= 3x _24
X_

1) Khao sat su bién thién va vé& d thi (C) cua ham sb.
2) Tim céac diém thudc (C) cach déu 2 tiém can.

e Goi M(Xy) € (C) va cdch déu 2 tiém cinx =2 vay = 3.
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3x—4_

Taco: [x—2=|y-3 =Ix-2= N X

X—-2
Vay 6 2 diém thoa mén dé bai la - Ma(1; 1) va Ma(4; 6)

2‘<:>|x—2|=

2x—-4
r X + 1 . M r
1) Khao sat sy bién thién va v€ do thi (C) ctia ham so.

Cau97. Chohamsd y=

2) Tim trén (C) hai diém ddi xtng nhau qua dudng thang MN biét M(-3; 0) va N(-1; —1).
o LI\J/IUILliI =(2-1) = Phuong trinh MN: x+2y+3=0.
Phuong trinh dwong thang (d) L MN c6 dang: y =2X+m.
Phwong trinh hoanh dé giao diém cia (C) va (d):

2x-4

X+1

(d) cdt (C) tai hai diém phén biét A, B < A=mf —8m—32>0 (2)
Khi do A(Xy; 2%, +m), B(X,;2X, +M) véi X, X, la cac nghiém cua (1)

—2X+mM & 2X° +MX+m+4=0 (x=-1) (1)

; + X
Trung diém cua AB la | [%, X+ Xy + m] =| (—g,gj (theo dinh ly Vi-et)

A, Bdéixb%ng nhau qua MN <1 € MN <& m=-4

&wraa)c>b@—4x:0cz{§fg:jAwhALBQ;m.
A \ A 2X
Cau 98. Chohamso y= 1
X_

1) Khéo st sy bién thién va v& do thi (C) ctia ham so.
2) Tim trén do thi (C) hai diém B, C thudc hai nhanh sao cho tam gidc ABC vudng can tai dinh A véi
A(2; 0).

. 2
oTaco(ny=2+———.GbiB(u2+—z—j,C(q2+—g—]\bib<1<c.
x-1 b c-1

Goi H, K lan luot la hinh chiéu cia B, C lén truc Ox.

Tacod: AB=AC: BAC =90° = CAK + BAH = 90° = CAK + ACK = BAH = ACK

Va: BHA=CKA=90° = AABH = ACAK — |AH =CK
HB = AK
2 .
2-b=2+— be 1
Hay 2 C_l <:>{ :3_ ) H A <
2+——|=[c-2| c=
b-1

Vay B(-11), C(33)

2x -1

X+1°

1) Khao sat su bién thién va v& dd thi (C) cia ham sb.

2) Tim toa d6 diém M e (C) sao cho khoang cach tir diém |(—1; 2) ti tiép tuyén cua (C) tai M 1a 16n
nhat.

Cau99. Chohamsd y=
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o Gid sir M(XO; 2— 3 J e (C).PTTT Acua (C) tai M la:

0

3 3
-2+ = X—X,) <> 3(X—%,)— (% +D*(y—2)—3(x, +1) =0
y 11 (X0+1)2( o) (X=%) = (X +D7(y—2) -3(x, +1)
Khodng cach tir 1(=12) tdi tiép tuyén A a:
4 [B(—1—X,) —3(%, +1) _ 6/%, +1 _ 6

O+l 1) 9+ (kg +D)° \/(x?rl)2+(X0+l)2

Theo BDT Cé-Si: ﬁjt(xo +1)222\/§:6 —d<+6.
X, +

0

Khodng cach d 16n nhét bing 6 khi ﬁ = (X +1)? < (%, +1f =3 x, =—-1+/3.
X, +

Vay co hai diém can tim la: M (—1+\/§;2—\/§) hodc M (—1—\/§;Z+\/§)

X+2

’ 2x-1" ’

1) Khao sat sy bién thién va ve& do thi (C) cua ham so.

2) Tim nhiing di€m trén d6 thi (C) cach déu hai diem A(2; 0) va B(0; 2).

Cau 100.Cho hams6 y =

e PT duong trung truc doan AB: y = X.
Nhitng diém thudc dé thi cach déu A va B c¢é hoanh dé la nghiém ciia PT:

Xzﬁ

X+2 - X = X-x-1=0& 2
2x-1 X_1+\/§
2
oo (145 1-4B) (145 1445
Hai diem can tim la: , ; ,
2 2 2 2
Cau 101.Cho ham sé y=2=3 |
X+1

1) Khéo sat sy bién thién va v& dd thi (C) ctia ham sd.
2) Tim trén hai nhanh cda do thi (C) hai diém A va B sao cho AB ngan nhat.

e Tdp xac dinh D = R\{-1}. Tiém cdn dung X=-1.

Gia sur A(—l—a;1+ ﬂj, B(—1+ b;l—gj (voi a>0,b>0) la 2 diém thuéc 2 nhanh ciia (C)
a

2
A|32=(a+b)2+16(5+3j :(a+b)2[1+ 16 }24ab{l+£}:4ab+%232
a b a2b2 a2b2 ab

a=b _
AB nhé nhdt < AB=42 & Ach 16<:>{a4_b oa=b=41
=— a
ab

Khi do: Al-1- Y41+ ¥64),B(-1+ Y2;:1- ¥64).
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CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va h¢ phuong trinh dai )
CHUYEN PE 2. PHUONG TRINH VA HE PHUONG TRINH PAI SO

CHU PE 1: HE PHUONG TRiNH PON GIAN GOM CAC PHUONG TRIiNH PA THUC

A. HE PHUONG TRINH BAC NHAT HAI AN
1. Phwong phap:

. . ax +b,y=c
H¢ pt bac nhat 2 an c6 dang: 1 Y 1
a,X+b,y=c,

Pung: hpt c6 vo sé nghiém VX € R, Vy eR

, 0= G
*TH 1: a1 = by= ax= b»=0, ta c6; —

0= C, Sai: hpt vo nghiém

*TH2: &’ +bf +a2 +b >0.

C C
Tinh:D:aibl ; D= = , y:a11
a,b, c, b, 8,0,

D

+Néu D # 0: hé phuong trinh ¢6 1 nghiém duy nhat: D

Dy

Yy=—7

D

+NéuD =0
® D, =0 hay D, #0 : h¢ phuong trinh v6 nghi¢m.
® Dy =Dy =0:hé phuong trinh ¢6 v6 s6 nghiém: VX € R, dugc tinh theo x

2. Vidu:
6x—-3 2y
-———=5
e . y-1 x+1
VD1: Giai hé phuong trinh:
4X_2_:ﬂL_2
y-1 x+1
5 2x—1 y o Lo u—2v=>5 u=2
bat u= V= . Hé da cho tro thanh = 1
y-1 X+1 2u—4v=2 V:E
2x-1
=2 x=0
A . y—-1 2x-2y=-1
Ta dugc hé phuong trinh: & = 1
y 1 X—2y=-1 y:E
Xx+1 2

-

VD2:Pinh m dé hé v6 nghiém
2m’x+3(m-1)y =3
m(x+y)-y=2
2m’x+3(m-1)y =3

() +3(m-1)y
mx+(m-2)y=2
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Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb

. D=2m*(m-2)-3m(m-1)=2m’-7m*+3m
Taco
D, =3(m-2)-6(m-1)=-3m
H¢ da cho vo nghiém
D=0
|
( )Q{DX:&O
2m*~7m*+3m=0 _ |m(2m*-7m+3)=0
= =S
-3m=0 m=0
s2m*-Tm+3=0<m=3vm==

Vay hé vo nghiém khi: m=3vm=

NI O

) , , ) —4x+my=m+1
VD3: dinh m d¢€ hé c6 vo so nghiém:
(M+6)x+2y=m+3
Ta co:

D=-8-m(m+6)=-m?-6m-8

D, =2(m+1)-m(m+3)=-m?-m+2
D, =—4(m+3)—(m+1)(m+6)=—m’—-11m—18
D=0
Hé c¢6 v s6 nghiém < {D, =0
D, =0
-m’-6m-8=0 m=-2vm=-4

Si-mP—=m+2=0 <{m=-2vm=1 <m=-2

—m?-11m-18=0 m=-2vm=-9

Vay hé ¢6 vo s6 nghiém khi m=-2.

VD 4: Tim cac gia tri ciia b sao cho vdi moi thi hé phuong trinh sau c6 nghiém

X+2ay=Db
ax+(l-a)y=b?
Ta co:
D=1-a-2a?
D¢0<:>2a2+a—1¢0<:>a¢—1Aa¢%

Thi hé ludn c6 nghiém

) X—2y=Db
Khi a = -1, hé tr¢ thanh: )
X—2y=-b
Hé c6 nghiém <>b=-b*<b+b*=0<b=0vb=-1

] 1 X+y=Db
Khi a ==, hé tr¢ thanh < )
2 X+y=2b

Hé c6 nghiém <> b = 2b? @b(Zb—l)zO@szvbz—%

b=0vb=-1
Vay hé c6 nghiém véi moi aell khi: 1<b=0
b:OVb:—E

VD5: Giai va bi¢n luan hé phuong trinh sau:
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CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phwong trinh dai sb

a(x—1)+by=1
{b(x—1)+ay:1

. ax—a+by=1 ax+by=a+1
H¢ tuong duong: =

bx—b+ay=1 bx+ay=b+1
Ta co:

D=a’-b’=(a-b)(a+b)

D, =(a—b)(a+bh+1)

D,=a-b

Bién luan:

1/ D#x0<=a’-b*#20<=a=+bh

H¢ c6 nghiém duy nhéat:
D, (a-b)(a+b+1)

D (a-b)(a+b)
D 1

y

D a+b

2l a=b=D=0,D,=0;D, =0

* = 0: Hé c6 vo s6 nghiém.

3/ a=-b;D=0,D, =-2b
b-0;D=0;D, #0 = h¢ v6 nghiém

0.x+0.y=1
4/a=b=0:{ Y=" _, hé v6 nghiém

0.x+0.y=1

. (m+1)x+8y=4m )
VDG6: Tim m dé h¢ phuong trinh c6 nghiém duy nhat
mx+(m+3)y=3m-1

Hudng dan gidi:
m+1 8

Taco: D= 3:(m+1)(m+3)—8m:m2—4m+3

m

Hé da cho c6 nghiém duy nhit<> D #0 < m? —4m+3#0

S mz=lvam=3.
L mx —y =2m(1)
VD7:Giai va bién luan hé phuong trinh:
4X —my =m+ 6(2)

Hudne dan gidi:

Tu (1) suyra Y =MX—2m, thay vao (2) ta dugc:

A —m(mx —2m) =m+6 < (4—m)’x=—2m° +m+6
< (M =dHx=(Mm-2)(2m+3) (3)

i) m* —4%0< m===£2: Hé c6 nghiém duy nhét:

2m+3 2m® +3m —m
X = y=mx—-2m=——-2m=
m+ 2 m+ 2 m+ 2
2x—y=4
ii) m=2: Hé tr¢ thanh < 2X-y=4.
4x -2y =8

Heé c6 vo s6 nghiém (X;2X —4);xe R
iii) m=-2:(3) tr¢ thanh OX = 4 :Hé v6 nghiém.
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CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb

Bai tap cung co:

q . X—y=2
Bai 1. Tim cac gia tri cia m dé nghiém cta hé phuong trinh sau la s6 duong: y
mx+y=3
mX+y =2m

Bai 2. Cho hé phuong trinh:
X+my=m+1

a/ Tim m d¢ hé c6 nghiém duy nhét. Tim h¢ thirc lién hé x, y doc 1ap v6i m.
b/ Binh m nguyén dé h¢ c6 nghiém duy nhat 1a nghiém nguyén.
X+my—-3m=0
mx+y-2m-1=0
a/ Pinh m dé hé c6 nghiém duy nhat
b/ goi (x,y) la nhgiém cua hé,tim h¢ thirc 1ién hé gitra x,y doc 1ap voi m.
Bai 4. Binh m nguyén dé hé c6 nghiém nguyén
mx+2y=m _ o mx—2y=m-2
(m-Dx+(m-1)y=1’
Bai 5. Pinh m dé hé sau c6 vo sd nghiém:
2(m+2)x—(5m+3)y=2(m-2) —4x+my=1+m
(M+2)x-3my=m-2 (M+6)x+2y=3+m

Bai 3. Cho hé phuong trinh: {

(M-1)°x—y=m*-1

Bai 6. V&i gia tri nao cua a thi mdi hé phwong trinh sau c¢6 nghiém:

1 (a+)x-y=a+1 2/ (a+2)x+3y=3a+9
X+(@-1)y=2 X+(@+4)y=2

3/ ax+2y=a 4/ 3x—ay =1
(a-Dx+(a-)y=1 —ax+3y=a-4

’ a(a-1)x+a(a+l)y=a’+2
(@ -Dx+(@+)y=a’-1
Bai 7. Tim tat ca cac cap sd nguyén (a;b) sao cho hé phuong trinh sau c6 nghiém:

ax+hy =2
{6x+by:4
Bai 8. Dinh m dé cac hé phuong trinh sau vo nghiém:
{mx—my:m+1 " {2m2x+3(m—1)y=3 3 {m2x+(2—m):4+m
(M* —m)x+my =2 m(x+y)-2y =2 mx+(2m-1)y=m°>-2

ax+by=a+b

Bai 9. Pinh (a; b) dé hé phuong trinh sau vo nghiém : {
bx+ay=a-b

Bai 10.Dinh m dé hé phuong trinh sau c6 vo s6 nghiém:

1/{2(m+2)x—(5m+3)y:2(m—2) o —4X+my=1+m

(M+2)x—-3my=m-2 (M+6)X+2y=3+m

/{mx+(m—1)y:m 4 {2x—(m+1)y:2
3X+(B-my=2m-1 mx+3y=m-2

(m-D)x—my=3m-1

2X—y=m+5

Dinh m dé hé phuong trinh c6 nghiém duy nhat (x;y) ma x? + y? nho nhat
(m+1)x+my=2m-1

Bai 11.Cho h¢ phuong trinh: {

Bai 12.Cho h¢ phuong trinh { )
mx—y=m"—-2

Dinh m dé hé c6 nghiém duy nhit (x;y) ma x.y 16n nhét.

GIAO VIEN: BUI PHU TU. TO TOAN TRUONG THPT NAM DUYEN HA TRANG 39



CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phwong trinh dai sb
ax—-2y=2

Bai 13.Cho hé¢ phuong trinh :{
X+ay=-1

1/ Chiing minh rang hé phuong trinh c¢6 nghiém v&i moi a.
2/ Tim a dé h¢ c6 nghiém ( x; y) thda man: x + y>0
ax—by=2a-b

(c+1) 10 " ¢6 vo s nghiém, dong thoi x =1, y =3
c+)x+cy=10—-a+

Bai 14.X4c dinh a, b, ¢ dé hé phuong trinh {

la mét nghi¢m trong cac nghiém do.

X+my—-3m=0

mx+y—-2m-1=0

1/ Binh m dé hé c¢6 nghiém duy nhét

2/ Goi (x;y) 1a nghiém cua h¢. Tim h¢ thuc lién h¢ gitra x va y doc 1ap voi m.

Bai 15.Cho hé phuong trinh: {

B. HE PHUONG TRINH BAC NHAT 3 AN
1. Phwong phap:

H¢ phuong trinh bac nhét ba an ¢ dang :
ax+hby+cz=d
ax+by+c,z=d,,a’+b’+c?>0,i=12,3
ax+hy+c,z=d,
Céc phuong phép giai hé phuong trinh nay 1a: pp Gau — xo, pp Cramer, pp thé.
2. Vidu:
X=3y+z=-2(1)
4x+2y-3z2=-15(2)
2X—y+4z2=17(3)
Huéng dan gidi:

VD1: Giai hé:

Ta khir an z ¢ phuong trinh (2) va (3) bang cach nhan (1) v6i 3 16i cong vao (2), nhan (1) voi -4 rdi
cong vao (3). Khi do ta dugc:

X-3y+z=-2

7xX-7y=-21(2"

-2x+11y =15(3"
Giai hé phuong trinh bac nhat hai 4n (2°) va (3°) ta dugc x=-2,y=1. Thay céc gi tri nay vao (1) ta duoc
z=3. Vay h¢ da cho c6 nghiém (-2;1;3).

ax+hby=c

VD 2:Biét rang h¢ phuong trinh bx+cy=a c6 nghiém

cx+ay=b
Hay ching minh: a’+b®+c®=3abc
Huwéng dan giai:

ax+by=c c’(ax+by)=c®
Gia st (x;y) la nghiém cta h¢ da cho. Khi do: Jpy cy=a» Suyra 2 (bx+cy) =2
cx+ay=b b(cx +ay) =b°

Céng timg vé ta duoc: a° + b* + ¢® = a’bx + a’cy + b%cx + b*ay + c*ax + c*by

= ab(ax + by) + bc(bx + cy) + ca(cx + ay)
= abc + bca + cab = 3abc
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CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phwong trinh dai sb

Bai tap cung co:

Bai 1.

Bai 2.

Bai 3.

Xy 6
X+y 5 Xy -X—-y=5 x(y-z)=-4
Bai 1. Giai h¢ phuong trinh:1/] yz 4 ; 2)3yz—y-z=11; 3)Yy(z—x)=9
y+z 3 X—7-X=T z(x+y)=1
x 12
74X 1
ax+hy=c
Bai 2. Giasuhé: {bx+cy=a co nghiém.
cx+ay=»hb

Chung minh rang: a®+b® +c® =3abc
Bai 3. Cho tam giac ABC c6 cac canha=7,b =5, ¢ =3. Hay tim ban kinh duong tron tam A, tam B,
tam C d6i mat tiep xtic nhau.

C. HE PHUONG TRINH BAC HAI HAI AN

I. Hé phwong trinh gdm 1 phwong trinh bac nhit va 1 phwong trinh bac hai:

1. Phwong phap:

ax+by=c
Co dang : ) )

dx® +exy+ fy“+gx+hy=k
Ttr phuong trinh bac nhat, ta tinh y theo x ( hay x theo y) va thé vao phuong trinh ~ bac hai dé duoc
phuong trinh béac hai theo 1 an x ( hay an y)

2. Vidu:
Bai tip ciling co:
Gidi cac hé phuong trinh sau:

1 1 1 1 1 1
™ 2y 3 1y 3 Ky Xy _,
1/ ; 2/ ; 3/ < x-1 2y
111 111 N
ox? 4y* 4 (x+1)? y* 4 y=
Gidi cac hé phuong trinh :
Y (X+y)* +4(x+y)*-117=0 of (18x* +18x +18y —17)(12x* —12xy —1) =0
X—y=25 3x+4y=0
X—= :1 — 2— 2 =
3,{3y3 4,{(x Y)(x* ~y*) =45
X*—y =7 X+y=5

Giai va bién luan theo tham s6 a ctia hé phuong trinh:

X+y=a
X4+y4:a4

I1. Hé phwong trinh doi xung loai 1:

1. Phuwong phap:
Hé ddi xtng loai 1 ¢6 dic trung 1 néu thay x boi y, y boi x thi mdi phuong trinh trong hé khong doi.
f(x;y)=0

Cho hé dbi xtmg loai 1: (I) {
g(xy)=0
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Chuyén dé 2. Phuong trinh va hé phuong trinh dai s

-Pat S =x +y va P =x.y, bién dbi hé (I) thanh hé theo S va P :

n F(S;P)=0
G(S;P)=0
H® Giai hé (IT) dé tinh S va P.
B Diéu kién dé ton tai x, y1a S —4P, >0
B Véi mdi cap nghiém ( So; Po) cua (II) thi x, y 14 nghiém cua phuong trinh X2 - SoP + Pg = 0.
Ngoai ra, ta cling co thé dat an phu thi hé phuong trinh méi c¢6 dang ddi xtng, nhung khi d6 ta can luu
¥ dén diéu kién. )
* Chuy: Tinh chat ciia nghiém ddi xtng : ,
- Néu ( Xo ; Yo) 1a mot nghiém thi ( xo; Yo) cling la mot nghi¢m cta h¢. Do do, néu h¢ cé nghiém duy
nhat ( Xo ; Yo) thi nghiém d6 ciing 1a ( yo ; Xo), SUy ra Xo = Yo.
2. Vidu:
VD1: Giai hpt sau: VD2:
X+y+Xxy=3 Giai h¢ phuong trinh:
Xy +y*x=2 (1) {X2+YZ+X+Y=8
Day 1a hpt ddi xing loai 1 Xy xy =7
0 (x+y)+xy=3 N
Xy(x+ y):2 Hudng dan gidi.
S=x+ 22 -
Beflt:{ Y i s2—ap=0 Taco: Xy +x+y=8
P=Xxy X2 +y +xy=7
Hpt da cho tré thanh: ) 3
S4+p=3 {(x+y) —>2<y+x+y_8
P9 (X+y) +xy=7
S?-2P+S =8 S=x+
S=1 Co6 dang ) i véi y
P2 S°-P=7 P=xy
P | 2 2 _
S—» (1 L5727 -1)+s -8
P=S*-7
P=1
thoa S?—4P > 0
vei |02 (XY =2 [S=x+y=-2 [x=-3 [ x-1
P=1 xy =1 Véi = hay
P=xy=-3 y=1 y=-3
x=1
& . |S=x+y+3 x=1 X=2
y=1 Vi by _2<:> _2hay 1
Vay hé c6 nghiém x =1 vay =1 - y= y=
VDa3:
Giai h¢ phuong trinh:
X+Xy+y=2+ 32
X +y*=6
Huéng dan gidi:
Dat S=X+Y; P=Xy, tacohé:
S+P=2+3V2 [S?2+425=10+6+2 [(S+1)?=(3++/2)
) e
S?-2P=6 S+P=2+3/2 P=2+3J2-5
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Chuyén dé 2. Phuong trinh va hé phuong trinh dai s

I S=2+42
P=2J2
S=-4-2

X2—@2+J2)X +242=0<

(x+y)® =3xy(x+y)=2
Xy(x+y)=2

uw-6=2
uv=2

u-3uv=2
uv=2

u
p—
\'

X+y=2

P=6+442
Voi S=2+ \/E; P= 2\/5; x,y la nghiém phuong trinh:
J2
V6i S=—4-+2:P=6+42 :x,y 1a nghiém phuong trinh:
Vay hé c6 nghiém: (2; \/E) va (\/E, 2).
VD4:
x> +y=2
Xy(x+y)=2
3, .3
X*+y =2
y =
Xy(x+y)=2
Dit: U= X+ Y;V=Xy
u=2
e
uv=2
xy=1
x,y 1a nghiém ctia phuong trinh X° —2X +1=0
< X =1
VD5: Cho hé phuong trinh:
X+Yy+Xy=m
x> +y*=m
2/ Vi gia tri nao cia m thi hé c6 nghi¢m?
Giai:

X=2
X2+ (4+~/2)X +6+ 42 =0: v nghiem.

Giai hé phuong trinh:
Huéng ddn gidi:
Taco { = {
vir|
Vay nghiém (X;Y) cuahé di chola (1;1).
1/ Giai h¢ voi m=5

1/Véi m=5, ta co:

S=3

X+y+Xy=5 X+y+Xy=>5 S+P=5 P=2-S {P=2
2 2 A 2 = 2 = 2 =

X“+y =5 (Xx+y) —2xy=5 S°-2P=5 S°+2S-15=0 {S:—S

P=10
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... |S=3 o
Ta chi nhan thoa S°- 4P>0

S=3
Ta chi nhan { thoa S? — 4P>0 nén x,y la nghiém ctia phuong trinh X% — 3X +2 =0

X =1
=
X=2
va x:lha X=2
a
y y=2 y y=1
2/ Gid tri ciia m dé hé cé nghiém
Ta co:
X+Y+Xy=m S+P=m@) . [S=x+y
., &9, véi
X“+y =m S°—=2P=m(2) P=xy

P=m-S )
= < S°+35-3m=0
S°=2(m-S)=m

{sl =-1-1+3m

R=m-3, C A1 1
& ( v6i diéu kién 1+3m20<:>m2-§)

{sz =—1+1+3m

P,=m-S,

Véim> -% hé phuong trinh s& c6 nghiém néu S?>4P hay:

{sf > 4P, @{(—1—\/@)2 > 4(m+1+1+3m)
S7>4P, | (~1-+1+3m)?>4(m+1-+/1+3m)
@{1+1+3m+2M24m+4+4m
1+1+3m—21+3m > 4m+4—1+3m
2/1+3m < —(m+2)
= LMZm+2>O

(loai Vimz-%)

) 1
voim>-—
( 3 )
< 4(1+3m) > m2+4m+4

< m?-8m<0<me|0;8]
Vay me|[0;8]
Gia st (x,y) 1a nghiém cua hé phuong trinh:
R . X+y=2a-1
VD6:Cho h¢ phwong trinh § , .7
X“+y =a"+2a-3
Xac dinh a dé tich xy nho nhat
Gidi
Ta co:

S —2a_1 S=2s-1
3a’®

SZ—ZP—a2+2a—3<:> P 3
- :T— a+2

2
Dé phuong trinh ¢6 nghiém thi :S2 - 2P>0 < (2a— 1)2-4(3% -3a+2)>0
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ﬁ'2+£}

—-2a+8a-7>0 <ae|2——;
2 2

3a® 2

P=xy= = 3a+ 2 13 biéu thirc ham bac hai c¢6 hoanh d6 dinh cyc tiéu nho nhat tai a= 1 <2- -

2

Vay xy dat gié tri nho nhét tai a=2- >

. . X+y+Xxy=a
VD7: Cho h¢ phuong trinh 5 )
X“y+Xxy-=3a—-8
a/ Giai hé voia = Z

b/ Vi gia tri nao cua a thi hé cé nghiém.

a/ Taco:
(S=1
7 7 5
X+y+xy=a x+y+xy:§ S+P:E P_E
X’y +xy’ =3a-8 5 5 < 5
B X2y +xy? == Sp== §=2
yry 2 2 2
| [P=1
g_5
Tachinhan {~ 2 thoa diéu kién S? — 4P > 0 va x, y la nghiém ctia phuong trinh
P=1
5 X =2
X?-ZX+1=0 < 1
2 X ==
2
X=2 1
X:_
Vay 1 hay 2
Y72 y=2
. 2 i S+P=a . . A ) . 2
b/ Trudng hop tong quat SP—3a_8 thi S,P 1a nghiém cta phuong trinh X —aX +3a—8 =0 (1)
P=3a-
Phuong trinh ¢6 nghiém khi A =a®—4(3a—8)>0
as<4
sa’-12a+3220
a=8

Vi diéu kién d6 phuong trinh (1) ¢6 nghiém

a—+/a?—12a+32

X, —
! 2
a++a’-12a+32
X, = >

. a— . Ja?-12a+32 ) )
e Néu chon S= va P= arva > ar thi h¢ c6 nghiém khi

Ja?-12a+32
2

S2 4P >0 <> ( a—+a2-12a+32)% > 8( a++a>-12a+32)
a2 - 10a+16 > (a+4) Va’—12a+32
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o (a-2)(a—8) >(a+4) \/(a-4)(a-8) (2)
a++a’-12a+32 . a—+a’-12a+32
2

va P= > thi hé c6 nghiém khi:

e Néu chon S=

S2-4P >0 <> (a—2)(a-8) > -(a+4) /(a—4)(a—8) (3)

T (2) va (3) suy ra:

(@a-2)(a-8) =- |a+4| «/(a—4)(a—8) (4)
. {agz o
Vi (a-2)@a-8)>0 < thi thoa (4)
ax>8

Do d6 véiae (2;4] thi (a—2)(a—8) <0 nén

o (a-2)*(a-8)°*<(a+4)’(a—-4)(a-8)
(4) < 4a*-13a-8<0

{13—3@_1%3\/@}

8 ’ 8
13+3/33

Két hop véi cac diéu kién trén ta thiy hé phuong trinh d3 cho c6 nghiém khi a< — 8 hay a>8.

Bai tip cung co:

X? 4+ Xy +y® =
Bai 1/ Giai hé phuong trinh:
X+Xy+y=2

HD: Dit S=x + y & P=xy voi diéu kién S2 - P> 0 ta duoc két qua

X=2 x=0
hay
{y—o {y:Z

Bai 2/ Giai h¢ phuong trinh {

Xy +yv/x =30

X x+yJ§=35
X=9 X=4
HD: bat S= \/_"‘\/V&P—\/Xy ta duoc két qua {y_4ha)/{y_9

x+xy+y=2+3\/§

Bai 3/ Giai hé phuong trinh
7 phvong { X*+y? =6

x=2

HD: Pit S=x + y & P=xy véi diéu kién S2 - P> 0 ta duogc két qua { _ /3 hay {

Bai 4/ Giai h¢ phuong trinh
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(x+w£h~£j=5
Xy

a) 1
L(x2+y2)[1+ X2y2j=9
x=1 L35
HD: _3i\/§ hay " 2
=7 y=1
Bai 5/Giai hé phuong trinh:
1 1
X+y+—+—=5
X+y=5 X 'y
a){ 2 2_7 C) 1 1
=y = x2+y2+7+F:49
) xy =15 0) X+ Xy +yP =17
X+ Y+ X +y> =42 X+Xy+y=5

5 5
Bai 6/ Giai hpt sau: {X ty =l (Ps: (0:1),(1,0))

x9+y9:x4+y4
X2 +xy+y’=4

Giai hé phuong trinh:{ Ty
X+Xy+y=2

3 . X=2 x=0
D: bat S=x +y & P=xy véi diéu kién S2 - P> 0 ta dugc két qua {y 0 hay { 5
= y:

oy)

ai7:

X2 —4xy+y* =k (1
Cho hé phuong trinh ) y+y (1)
y =3xy=4 (2)
1/ Giai h¢ voik =1
2/ Ching té rang hé c6 nghiém véi moi k

x=1 x=-1
HD: 1/{ hay{
- 4 y=-4

2/ ké"g hop 2 phuong trinh dé tim x theo y va thay vao phuong trinh con lai dé con mot phuong
trinh theo an y duy nhat
: x*+y*=2(1+a
Bai 8: Cho h¢ phuong trinh y ) d+a)
(x+y) =4
1/ Giai h¢ voi a=1 5
2/ Tim céac gia tri cua a dé hé c6 duang 1 nghiém
5 s . | x=0 X=2
HD: 1/ bat S=x + y & P=xy vai diéu kién S2 - P> 0 ta dugc két qua y =2 hay
x*+y*=2(1+a X+Yy)?—2xy=2(1+a xy=1-a
2,yz()@(y)y()@y
(x+y) =4 X+ Yy =42 X+y =12
Diéu kién c6 nghiém 1a (x+y)?— 4xy > 0
=4-4(1-a) >0 <=a>0
Vay x,y la nghiém ctia phuong trinh ¢6 cling biét s6 A'=a va c6 4 nghiém khac nhau X= 1 +a,
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X’=-1 ++/a khi a>0 ,nén dé chi con 2 nghiém a thi a=0 , lic d6 X=x = y=1, X’=x=y= -1
Vay hé phuong trinh ¢6 dtng 2 nghiém 1a (1:1) , (-1:-1) khi a=0

X+y=m

Bai 9: Cho hé phuong trinh { giai va bién luan theo m

X2 —y?+2x=2
HD: 1/ Néu m=-1 H¢ v6 nghiém
_24m?
- 2(m+1)
_m*+m-2
©2(m+1)
X+Xy+y=m+1

2/Néum #-1, hé co nghiém

Bail0: Cho hé phuong trinh { ) )
XY+Xy =m

1/ Giai h¢ voi m=2 , ‘

2/ Tim m d¢€ h¢é c¢ it nhat mdt nghiém théa dicu ki¢n x>0 : y>0

HD:

1/ Pt S=x + y & P=xy véi diéu kién S2 - P> 0 ta duoc két qua x=y=1 9 ,

2/x,y 1a nghiém ctia phurong trinh bac hai X? — SX + P =0 tir d6 ta suy ra gi4 trj clia m dé hé c6 it nhat

mot nghi€ém thoa x>0, y>0

bS:m e (O;H hay m > 2

x\/y+y\/§=30
x\/;+y\/§=35

. Xx=9 x=4
HD: bat S= &+ﬁ& P:\/W ta dugc két qua { _4hay{

Bai 11: Giai h¢ phuong trinh {

x+xy+y:2+3\/§

Bai 12: Giai hé¢ phuong trinh ,
X“+y =6

o Lo e A 2 X ) x=2 X='\/§
HD: bat S=x +y & P=xy voi diéu kién S* - P> 0 ta duoc két qua hay
y=v2 " |y=2
x+y+i+1=5
. X
Bai 13: Giai h¢ phuong trinh y .
X2+y2+x2+7:9
x=1 _3i\/§
HD: ¢ 345 hay<" 2
) y=1

Bagi 14: Giali cauc head phdong trinh sau fiaay:

5(x+y)+2xy=-19 £+£:1
v {15xy +5(x+y)=-175 2209% Y 3
x* +y* =160
1+l=5 L +x=3
23/ % Y 24/ | Z*HY
iz+i2=l3 =4
X° oy 2X+Y
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2 2

Xy
3 3:2 —_ —=18
25/{)(er , 26/ 1y " x
Xy(x+y)=- X+y=12
27/ (x> = xy)® + (x+y)* =100 og/ X' +x°y* +y* =481
(X2 =xy)(X+Yy)—(X* = xy+x+Yy)=34 X2 +xy+y? =37

20/ (Xx=2Y)? +(y? +2xy)* + (x=2y)(y* + 2xy) =13 30/ X+ yrexy=7
(X=2Y)(Y* +2Xy)(X =2y + y* + 2Xy) = —12 X*+y?—xy=3

2 2 _ _ — 2 —
31/ X"+ Yy +2x(y-3)+2y(x-3)+9=0 32/ 2(x+y) —xy=1
2(X+Y)-xy+6=0 X’y +xy>=0

I11. Hé phwong trinh d6i xing loai 2:

1. Phwong phap:

Hé ddi xtmg loai 2 ¢6 dic trung néu thay x bdi y, y béi x thi phuong trinh ndy tro thanh phuong trinh
kia va nguoc lai

Lxy)=0 _ [h(xy)-f(xy)=0
Hpt: | f,(x;y)=0 f,(x;y)=0

{(X—y)F(x;y)=0 {X=y&f2(x;y)=0
= =
f,(x;y)=0 F(xy)=0& f,(x;y)=0

Trong d6 F(x;y) 1a biéu thirc d6i xtng cua x,y.
Chu y: i) C6 thé ta phai dat an phu thi hpt mé&i c6 dang ddi xtmg, nhung khi d6 ta can luu y dén diéu
kién cua an phuy.

ii) Néu céc an x,y c6 cing mot diéu kién thi thay vi giit nguyén phuong trinh (2) ta nén cong hai
phuong trinh lai véi nhau dé dua hé hai vé dang ddi xung loai 1.

2. Vidu:

VD1: Giai h¢ phuong trinh:

2X+.4y-1=3
2y +/x—1=3

Huéng dan gidi:
Piéu kién: X >1;y >1.
bat: X =vX-1Y =,/y—-1(X,Y >0), ta c6 heé:
2(X2+1)+Y=3 2X%+Y =1(1)
=
2(Y2+1)+ X =3 |2Y?+ X =1(2)
Lay (1) trir(2) vé theo vé:
2(X%=Y2) = (X -Y) =0 (X =Y)(2X +2Y 1) =0
X =Y
e
2X +2Y -1=0
i) Vi X=Y, thay vao (2) ta c6:

2X2+X—-1:0¢:>X::£(v‘|X20)<:>x:y:E
2 4
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ii) Vi 2X +2Y —1:0<:>Y:%(1—2X),thayvao (1) ta co:

le+£:> _J(n

4X? -2X -1=0
\/'

X = —(l)
Viyh o hwmf 5]
a c6 nghiém | —;—
ay ne ghie 4’4
VD2:
Giai hé phuong trinh:

yZ =x* = 3x* + 2x(1)
X =y*-3y*+2y(2)
Huéng dan gidi:
Lay (1) trir (2) vé theo vé ta duoc:
y =X =% = y? =30 — y*) + 2(x~y)
S X=Y)(X+xy+y>—2x-2y+2)=0

<:>%(x—y)[x2+y2+(x+y—2)2]:0<:>>(:y

Vi X2+ y*+(x+y—-2)>>0)
Thay x=y vao (1) ta dugc:
XX —4x* +2x=0< X(X* —4x+2) =0

x=0 x=0
= =
X2 —4x+2=0 X=2+2
Vay h¢ c6 3 nghiém: (0;0);(2+~/2;2++/2);(2-+2;2-42).

VD3: Giai h¢ phuong trinh:
X2 —2y* =2x+y (1)
y2—2x*=2y+x (2)
Huong d’dNn gidi:
Trur tirng v€ cua phuong trinh (1) cho (2) ta co:
X2y —2y? + 2X2 = 2X — 2 y+ y— X
&3 -y )=x-y
< (Xx=y)(Bx+3y-1)=0

X—y=0
=
| 3x=3y-1=0
T =y
< 1-3x
3

The_ly vao phuong trinh (1) ta co:
THL:x=y <x2-2x>=3x <X (x+3)=0
{ x=0=y=0

“lx=-3= y=-3
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1-3x _ay )2 _
TH2:y= —5 < XZ—Z(1 33)(] P 33X

3
< 9x* —2(1-6x+9x%) =18x+3-9x

o X -3x+5=0=x%xeD
Vayx=y=0hodacx=y=-3

VD4: Giai hé phuong trinh:
X* —2X+5=4y
X* —2y+5=4x

Hudng dan gidi:

X° —2x+5=4y
X* — 2y +5=4x

{(xz —y") - 2(x—y) =-4(x~y)
= 2
X" —2X+5=4y
- X=-y)(x+y+2)=0
X —2x+5=4y
i x—y=0
X —2x+5-4y =0
X+y+2=0
| (X*—2x+5-4y=0

2 A 2
X°—2Xx+5-4y=0 X*—2X+5-4x=0

X=y
="
THL: {xz —6x+5=0 (a+b+c=0)

X=Yy x=y=1
= =
x =1 hay x=5 X=y=5
X+y+2=0
= 2
X°—=2X+5-4y=0

TH2:
y=-2-X y=-2-X Xed
&9, & ) &
X“+2x+13=0 (x+D)°+12=0 y=-2-X

H¢ phuong trinh v6 nghiém

x=1 X=95
Vay nghiém cuia hé phuong trinh da cho la: {y -1 hay {
=my-1(1
VD5: Giai va bién luan theo m h¢ phuong trinh sau: X2 y-1)
y =mx-1(2)
Giai: Liy (1) — (2) ta dugc:

= (X=y)(X+y)=m(x+Yy)

ay—ah:(x—yXx+y+m)=0:>{
y=—X—-m

TH1:y=x
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(1)= x> —mx+1=0 (A=m*—4)
Phuong trinh ¢6 nghiém < A>0<|m|>4

2 J—
Khi d6 hé c6 nghiém x =y =2 YM ~% “;n4
TH2:y=-x—-m
(1):> X +mx+m?+1=0
A=m*—4(m*+1)=-3m*-4<0
Phuong trinh v6 nghiém
Vay
e |m>2:(e;0), (B;B) nhu trén

. |m| < 2:v0 nghiém
VD6: Giai va bién luan theo m hé: {

Trir ting vé hai phuong trinh ta dugc :

X=Yy
X+y-m+1=0
Thay x =y vao (1) ta dugc nghiém

m+1

x=y=0hayx=y:T

Thay x + y-m + 1=0< y =m-1-x, thay vao (1):
x> —(M=Dx+m-1=0 c6 A=(m-1)(m-5)
Bién luan theo m biét s A dé suy ranghiém x vay

(x-y)(x+y-m+1)=0 @{

B Bai tap ciing co:

Bai 1/ Giai hé phuong trinh sau: ) { )
bs: (0;0), (59, (2;-1), (=L 2)

x> =2X+Yy
yP =2y +x

PS: (0;0), (1-1), (-1;1), (V3i+/3) ; (V3 —3)

Bai 2/ Giai hé phuong trinh sau: &) {

x2+y+%:0(1)

Bai 3/ Giai hé phuong trinh sau: &)

1.1
PS: (-5i-3)
=y>-2
Bai 4/ Giai hé phuong trinh: &)
y=x"-2
x® =5X +
b) y
y> =5y +X

m—+/m? —

= Vax=y=

X? +2xy—y =mx (1)
y2+2xy —x=my (2)

x+y2+%=0(2)

4 *
=B ()
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Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb

2x+£—§
. .. y X X* =3x+8y
Bai 5/ Giai h¢ phuong trinh: a) b) .
2y+1:§ y® =3y +8x
Xy
2
3y= XJZFZ
Bai 6/ Giai hpt sau: ) ) (BbS: x=y=1)
X +2
3X=—
y
*+1=2 - - _1-5 —1-
0 | (ps (), [ 2B NS | (105 1B
y® +1=2x 2 2 2 2

X2 =2y =2x+y (1)

Bai7: Giaih¢ | )
y =2x"=2y+x(2)

(x=y=0hoacx=y=-3)

R X*—2x+5=4 x=1 x=5
Bai 8 Gidi h¢ phuong trinh sau: | " y bS: hay
X°—2y+5=4x y=1 y=5
) . 2x+4,y-1=3
Bai 9: Giai hé phuong trinh: y bS: (§ ; Ej
2y ++/x-1=3 4 4

Bai 10: Giai hé¢ phuong trinh: {

y? =x®-3x" +2x (1)
x> =y®-3y*+2y (2)

Hé ¢6 ba nghiém (0;0) ; (2+/2;2++/2) ; (2-+2;2-42)

Bagi 11: Giali cauc hea ph66ng trinh:

y X2 +2y =X
Yy +2x=y

3/ x? =13x+4y
y* =13y +4x

- $=2x+y
$=2y+x

{XZ—Zy2 =2X+Y

\‘

/
y? —2x* =2y +X
o X2 +y=2xy

Y2+ X =2xy

XY =2
Y2+ X2 =2X

2x% = y+1
13/ y
2y% = X+t

X

2 X =2
y® =2X
4 {2x= y> —4y+5

2y = x> —4x+5

6/ X2 =3x+2y
y? =3y +2x

8/ X* —2y* =T7x
y2—2x* =Ty

2 =20
1010 Y
y>+x=20

x*=3x+8y+m _
vouim=0vag m =10
y> =3y +8x+m

X2 2 — 2X2
15107 Y
xy? +2x* =1
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y
X—=3y=4-
?+1=3
16/{X2+ Y 17/ .
y°+1=3x y—3x=4-
2x2 —3x = y? -2 S x+3
18/ X X=y 19/ X o=x+oy
2y? -3y =x*-2 y? =y +3x
y
x*=2+72 \
=3X+2
20/ X 21/ T
yz:2+7§ y® =3y +2x
8
X+y——=0
3=4 2
22/{)(3 Xy 23/ p
y =4y +X X+7y——=0
y
56
2x° +x%’y =24 6X+y_7:0
24/{ , , 25/ 56
Xy©+2y° =24 X+6y——=0
y
X} —4x’y=-3 y? =X —4x®+7x
26/ 5 , 27/ , 5 )
y'—4y°x=-3 X =y -4y +7y

28/ X* = y? +7x* - 20x
y? =x*+7y* -20y
x* = y? +7x% —mx

Bagi 12: Tim m fied hea phoong trinh sau coli nghieam duy nhaat:
Y =x*+7y* —my

X+ y—% =0

Bagi 13: Cho ph66ng trinh sau: X3
7y+x—a—2:0

y

Choung minh raéng hea cou nghiedm duy nhaat véui moii a.

Bagil4 : Giali vag biedn luaéan theo m cula heéd phdodng trinh:
X2 +2Xy — Yy = mX
{yz +2Xy—X=my
Bagi 15: Trong heé sau fiady hady xauc fionh a fied hea cou nghieam duy nhaat:
y? = x> —4x* +ax
{xz =y®—4y® +ay

IV. Hé phuong trinh ding cip:

1. Phuwong phap:

ax’ +bxy +cy’ =d,
a,x’ +bxy+c,y* =d,

B Xét xem x =0 (hay y=0) c6 thé 1a nghiém cta hpt khong?
B Vé6i x#0(hay y#0). Dat y=tx(hay x=ty), ta co:

Hé dédng cép bac 2 c6 dang: {
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x*(a, +bt+ct®=d,
x*(a, +bt +ct’ =d,
Chia hai \{é cua 2 pt ta duge 1 pt bac hai theo an t, tir d6 tinh x va suy ra y.
Chu y: D61 véi he pt dang cap bac ba ta cling thuc hién tuong tu.
2.Vi du:

VD1:Giai h¢ phuong trinh
X°—xy+y’=1
2x° —3xy +4y* =3

Hudng dan gidi:

_Ta thay x=0 khong thoa hé
Vi X # 0, dit y=tx, thay vao hé ta dugc

X2 (t —t+1) =1(2)
{xz(th —3t+4)=3(2)
Ldy (1) chia (2) ta duge 3(t* —t+1) =2t* -3t +4=t=+1
Véit=1, tacd X* =1, suy ra hé c6 nghiem: (1;1);(—1;,—1)
Véit=-1tacd X 2%, suy ra h¢ c6 nghiém ( 1 _1}( —1 : 1 j

BB)I\BE

VD2:
Giai hé phuong trinh sau:

3 +2xy+y° =11
x> +2xy +3y* =17

Huong dan gidi:

Ta thay x=0, y=0 khong thoa hé phwong trinh, noi cach khac hé phuong rinh khong c6 nghiém x
=0 bat x = ky va thay vao hé ta duogc:

y2(3k? + 2k +1) =11 (1)
y2(k? +2k +3) =17 (2)

3k?+2k+1 11
K AR 2T K22k 43>
K2 oke3 17 (K T2k+320)

< 51k? +34k +17 =11k? + 22k +33
<~ 40k? +12k —16=0

(-
e 15
k==
2
Thay vao (1) ta dugc:
25
#k=2 = yi ="
5 3
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CAC CHUYEN BE LUYEN THI BPAI HOC

5
y=—==>X=-

73

Sle 5

it k=%:y2:4
C{ y=2=x=1
=2=>x=-1
M T

VD3:
Giai hé phuong trinh sau:

3x* +5xy —4y* =38
5x* —9xy —3y* =15
Hudng dan gidi:

Ta thiy x=0, y=0 khong thoa hé phuong trinh, néi cach khac hé phuong trinh khong c6 nghiém x
=0. bat x = ky va thay vao h¢ ta dugc:
3x? +5tx* — 4t°x* =38
{5X2 —9tx* —3t*x* =15
- {x2(3+5t—4t2) =38 (1)
x*(5-9t-3t*) =15 (1)

1
t==
/42
o 3B st an-15-00|
5-0-3¢ 15 145
18
Vo1t——th|(2)<:>x2—9<:{x =Y
X=-—3=>y=-1
5 15.108

Voit= - thi @) exd= -
18

_|x=3 X=-3
Vay{ hay{
y=1 y=-1

VD4:
Giai h¢ phuong trinh sau:

X* +6y* —5xy =0

4X* +2xy +6x—27=0

Hudng dan gidi:
Ta thay x=0, y=0 khong thoa h¢ phuong trinh, noi cach khéac hé phuong trinh khong c6 nghiém x
=0 bat x = ky va thay vao h¢ ta dugc:

X* +6t%y? —5tx* =0 - x*(1+6t>-5t)=0 6t2—5t+1=0

S
4x% +2tx° +6x = 27 47+ 2% +6x=27  |4x% +2tx° +6x =27

TRANG 56
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Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb

| 1
2
4> +X° +6x =27

t:
5%% +6X — 27 0

X==
3

4x? +gx2 +6x =27
3
+4/15

1
=-3.

~1++/5 14415

14x° +18x-81=

~1++/5

X=-3=>Yy=-
(=1
3
o@x=—9{1”§j
14

1+4/15

14 14

981(3‘5)“ J (

VD5: Vi gid tri nao cua m thi hé: {

kS

14

1A |

9
14 5'10

i

3 +2xy+y* =11
X2 +2xy+3y* =17+m

Vix =0, y =0 khong 1a nghiém cua h¢ nén dit: y = kx, hé tré thanh:

x2(3+2k+k2)=
{x2(1+2k+3k2)_17+m
Chia (1) cho (2) ta dugc:
(17+m)(3+2k +k*) =11(1+ 2k + 3K
< (m-16)k*+2(m+6)k +3m+40=0 (3)
Taco: 3+ 2k +k? >0,‘v’k:>(1) ludn c6 nghiém x.
Xét :
m-16=0< m=16
(3)=> 44k +88=0<> k =2
Vay m = 16 ( nhén)

(1)
(2)

Xét m=16:
m =16
(3) co nghiém k <
A'>0
m =16 m =16
fe— f—
(m+6)° —(m-16)(3m+40)>0  [-m?+10m

< 5-11/3<m<5+1143 = hé c6 nghiém.

B Bai tip ciing co:
Bai 1/ Giai cac hé phuong trinh sau:

2 2:_
a) x2 3xy+y2 ; b)
3X°—xy+3y° =13

2X° —4xy+y’ =—

32 +2xy +2y? =7

+338=0

y* —3xy =4
X —4xy+y* =1

c>{

ps:  a) (1;2);(21); (-1-2); (-2-1)
9 17 ). 9 17
b) (L1); (~L-1); (M «/1?]( Jles_l’_Jm_lj

c) (L4);(-1-4)
Bai 2/ Giai cac hé phuong trinh:
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{3x2+5xy—4y2=38_ 0 {x2—2xy+3y2:9_ . {2x2—xy+3y2=13

5x” —9xy —3y* =15’ x> —4xy +5y> =5’ x> +4xy—2y* =6
bS: a) (31); (-3,-1)

2 2

)

b) (3:2); (=3,-2); [72 5 | :

o2 g 2 )

CHU PE 2: HE PHUONG TRINH KHONG CO CAU TRUC PAC BIET

Duéi day ching ta s& xét cac phuong phap co ban giai cac hé phuong trinh khong c6 ciu trac dic biét
nhu tinh d61 xung, tinh dang cap ... da trinh bay trong cac muc ¢ trén.
Loai 1: Sir dung dinh li Viet dé gidi cac h¢ phuong trinh:

Xét cac thi du sau day:
x(2x+3y)(x-1)=14 (1)
Thi du 1: Giai h¢ phuong trinh: )
X*+X+3y=9 (2)
X(x-1).(2x+3y)=14 (3
oo hes (1)(2) e | T =14 1 (3)
X(x—1)+(2x+3y)=9 (4)
Tir (3) va (4) va theo dinh li Viet dao suy ra X(X—1) va 2x+3y la cdc nghiém ctia phuong trinh
) {t=2
t°-9t+14=0< :
t=7
(x=-1y=3
{X(X—l)=2 _X:2;y:1
2x+3y:7<:> _x—1+@' _1_@
x(x-1)=7 ) Y= 3
| [2x+3y=2 XZl-@_y_H@
2 3

Tur @6 ta c6 hé phuong trinh (1), (2) < {

Vay hé (1), (2) ¢6 4 nghiém ké trén.
Thi du 2 Giai hé phuong trinh sau:

(3x+ y)2 —3(9x2 - yz)—10(3x - y)2 =0 (1)

-6 (2).

3X+ Y+
3X—y
Giai
Diéu kién dé (1) (2) c6 nghia la 3Xx —y # 0. Khi do:

GIAO VIEN: BUI PHU TU. TO TOAN TRUONG THPT NAM DUYEN HA TRANG 58



CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb

3x—y 3x-y 3x-y 3x—y

(3x+y}23 3X+Y 10-0 Sx+y £ 3X+y _ ,
=N

1))«

3x =6 3X+Yy+ =6
| +yJr3x—y 3X—y
(3x+y)3 L 5 [x=Ly=2

) 1.2
(3x+y)+31 =6 57 5

X=y

< 33X+ e x:3+\/1—1-y:3(3+\/1_1)

3X_§=—2 12 4
< i 3-i1._3(3-+11)
3X+y+ =6 X= Y=

3X—-y - 2 4

Giai tuong t_u nhu thi dulta duqc cac nghiém ctia hé dugc biéu dién nhu ¢ trén.
Loai 2: Phuong phép thé va dat an s6 phu
Nhu da biet, day 1a mdt trong nhitng bién phap thong dung nhat dé giai hé phuong trinh no6i chung va

hé phuong trinh khong chira cén thire néi riéng.

Pé giam an sb ctia hé phuong trinh ¢ 18 khong c6 phuong phap nao don gian va tot hon phuong phap

thé, con viée dit an phu thich hop s€ lam cho h¢ phuong trinh tré 1én gon gang hon.

Thi du 1: (2009 - D)
x(x+y+1)-3=0 (1)

Giai hé oh trinh:
e PALOng (x+y)2—%+120 (2)

Giai:
Diéu kién dé hé (1)(2) c6 nghia 1a X # 0. Sau khi chia ca hai vé ciia (1) cho X, ta co

(1) = x+ y+1—§=0<:>x+y:§—1(3).
X X
Thé (3) vao (2) ta co:
1
2 —=1
x=1
IR p
X X X“ X 1 2.
X
+ Khi x =1, thay lai vao (3) taco y =1;

3
+ Khi x =2, thay lai vao (3) taco Y = E

Vay (1; 1) va (2;2} 1a hai nghiém cua (1) (2).
Thi du 2: (2009 - B)

Xy +X+1=7y (1)
Giai hé phuong trinh - )
Xy +xy +1=13y". (2)

Giai
RGO rang y = 0 khong thoa man (1) (2), nén ta co:
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X+§+%:7 X+% +§=7 (3)
wael Y el

y 'y y
. X 1
T (3) suy ra —=7—[X+—j (5)
y y
The (5) vao (4)taco: | X+— | +| X+— |-20=0< (6)
y y x+1:4

Thé (6) vao (5) ta dugc:

x+£:—5

y _

x=12
5212 ) d 1
y 12y* +5y+1=0 x=Ly==
& = 3

X+Lo5 X=3y x=3y=1.

y | [3y*-4y+1=0
X

Vay hé (1) (2) ¢6 hai nghiém (1;%] va (31).

CHU PE 3: PHUONG TRINH VA HE PHUONG TRINH CHUA CAN THUC

A.PHUONG TRINH VO Ti )
1. PHUONG PHAP NANG LUY THUA PE KHU CAN

A>0(B=0
Dang 1 : Phuong trinh JA=B <:>{ ( )

A=B
B>0 . B>0
Dang 2: Phuong trinh JA=B <:>{ e Tong quat: AA=B < {A: B2
Dang 3: Phuong trinh
A=0 o
+)VA+/B=-C <= {B=>0 (chuyén ve dang 2)

A+B+2JAB=C
HYA+3YB=3¥C = A+ B+3§/ﬁ(§/ﬁ+§/§)z€ (1)
va ta st dung phép thé : 3A +3B =C ta duoc phuong trinh HE QUA: A+ B+ 3¥/ABC =C (2
Dang 4: f{A=B < A=B°; *JYA=B< A=B*"
Chuay: - Phuong trinh (2) Ia phuong trinh hé qua ctia phuong trinh (1).
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- Phép binh phuong 2 vé ctia mot phuwong trinh ma khong cé diéu kién cho 2 vé khong am 1a mot phép

bién ddi hé qua. Sau khi tim dugc nghi¢ém ta phai thur lai.

Gidi cdac phwong trinh sau:

1) VX? —4x+6 =x+4 2) VX? =2x+4 =2-X 3) (x—3Wx*-4=x>-9

4) V3x*—9x+1=x-2 5) Vx? —3x+2-3-x=0 6) V3x* —9x+1=|x—2|

7) 3x—33x—1=5 8) VA—V1-x =4/2—-x 9) Ux+1+¥x-1=%5x

10) ¥x+5+¥/x+6 =3/2x+11 11) ¥x+1+3x+2+¥x+3=0  12) /x-1-/x-2=+/x-3
13) Vx+3-yJ7-x =+/2x-8 14) \Bx—1-3x-2-4/x—1=0  15) V/x+2—+/3—x =+/5—2x
16) Jy-14- /12—y =0 17) \/3x2 + 6X +16+ X2 +2X = 2V/x% + 2x + 4

18) VX2 +3x+2 + X2 +6X+5 = 2x? +9x+7 19)Vx+1=/x+9-2

(20) /X +3+/3x+1=2x +~/2x+2

» Nhan xét :
Néuphu’ongtrinh:\/f(X)+\/g(x)=\/h(X)+\/k(X) Maco : f(x)+h(x)=g(x)+k(x), thita bién
d6i phuong trinh vé dang \/f (x) —\/h(X) = \/k(X) —\/g (X) sau do6 binh phuong ,gidi phuong trinh hé qua
3
(21)‘/)( +;+\/x+1:\/x2—x+1+\/x+3
X+
» Nhan xét :
Néuphu’ongtrinh:\/f(X)+\/g(x)=\/h(X)+\/k(X) Maco: f(x).h(x)=k(x).g(x) thitabién ddi
\/f (X) —\/h(X) = \/k(X) —\/g (X) sau d6 binh phuong, giai phuong trinh hé qua

2. PHUONG PHAP DAT AN PHU
Dang 1: Cdc phwong trinh co dang :
* qAB+ SJAB+y=0,dat t=+AB = AB=t?
* . f(X)+B4f(X)+y=0,dat t=f(x) = f(x)=t?

+ a.(x—a)(x—b)+ A(x—a) ;‘%Z+y=o dat t=(x—a) /))%Z:>(x—a)(x—b)=t2

Cha y:
*Néu khong c6 diéu kién cho t, sau khi tim dugc x thi phai thir lai.
Bai 1. Giai cac phuong trinh sau:

1) (X+D)(x+4) =5Vx? +5x+28  2) (x—=3)" +3x-22=vx*—3x+7 3) X(x+5)=2/x* +5x -2 -2
4) X* —4X+2=2Jx* —4x+5 5)—4(4—Xx)(2+X) =x? —2x-12 6) J(4+X)(6—X) =x* —2x—12.

Bai 2. Tim m dé phuong trinh sau c6 nghiém?

a) J@+2X)(3—X) =2x* =5X+3+m b) —x* +2x+4/(3-x)x+1)=m-3
Bai 3. Cho phuong trinh:  —X* +2X+4,/B3-X)(x+1) =m-2
a. Giai phuong trinh khi m = 12 b. Tim m dé phuong trinh ¢ nghiém?

Bai 4. Cho phuong trinh:  (x — 3)(x +1) + 4(x — 3) ”; —m  (®3)

a. Giai phuong trinh véi m = -3 b. Tim m dé phuong trinh ¢6 nghiém?

Dang 2: Cic phwong trinh c6 dang: A +/B + (\/K + \/E)z +C=0 bat t= JA+{/B
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Bai 1. Giai cac phuong trinh sau:

a) (QGHN-HVNH’00) 1+§\/x—x2 =X +/1-x b) V2x+3+ /X +1=3x+2v2x?* +5x+3-2

C) (ANO1)VTX+7 +7X =6+ 24/49x2 + 7x—42 =181—-14x  d) YX*+4+VX-4 @ "’ _16-6
2

3 1

e) 5\/;+% = 2X+%+4 (D36) g) (TN- Ka, 8 €01) 3Jx + 2% = 2x+5—7
h) Vz-1+Vz+3+2J(z-1)(z+3) =4-22 i) V3x—2 + /X -1 =4x-9+2v3x* —=5x+2 (KTQS‘01)
Bai 2. Cho phuong trinh: 1+ X ++/8-x —,/1+x)8-x)=a (PHKTQD - 1998)

a. Giai phuong trinh khi a = 3. b. Tim a dé phuong trinh di cho c6 nghiém.?
Bai 3. Cho phuong trinh: v3+X ++/6—x—/(3+x)6-x)=m (D59)

a. Giai phuong trinh voi m = 3. b. Tim m dé phuong trinh c¢6 nghiém?
Bai 4. Cho phuong trinh:  /Xx+1+~+/3—x—/(x+1)(3—x) =m (m-tham s§) (PHSP Vinh 2000)

a. Giai phuong trinh khi m = 2. b. Tim dé phuong trinh di cho c6 nghiém.

Bai 5. Tim a dé PT sau c6 nghiém: v2+x++/2-x—/2+x)2-x)=a

Tit cd bai tdp 2, 3, 4, 5 ta c6 thé sang tgo thém nhitng ciu héi hodc nhimg bai tip sau:
a) Tim a dé phuong trinh da cho c6 nghiém duy nhat? (DK can va du)
b) Tim a deé phwong trinh da cho vé nghiém?

Dang 3: Pt dn phu nhung vin con dn ban dau. (Phwong phdp dét an phy khéng hoan todn )

> Tir nhiing phuong trinh tich (v/X+1-1)(VX+1-x+2)=0,(v2x+3 - x)(\/Zx +3-x+ 2) =0

Khai trién va rat gon ta s& dugc nhitng phuong trinh vo ti khong tim thudng chut nio, d6 khé ciia phuong
trinh dang nay phu thudc vao phuong trinh tich ma ta xuat phat .
Twr d6 chiing ta méi di tim céch gidi phuong trinh dang nay .Phuong phép gidi dugce thé hién qua cac vi du sau

.Bai 1. Giai phuong trinh : X? +(3—\/x2 +2)x =1+23x*+2
t=3

Giai: Pat t=+x*+2 ,tac :t2—(2+x)t—3+3x:0<:>L .
= X—

Bai 2. Giai phuong trinh : (X +1)\/X2 —2X+3=x"+1

Gidi:

Pat: t=vX*—2x+3, t>42  Khid6 phuong trinh tro thoh : (x+1)t = x* +1 < x2 +1-(x+1)t=0
Bay gio ta thém bot , dé dugce phuong trinh bac 2 theotcd A chan

t=2

:x2—2x+3—(x+1)t+2(x—1):0<:>t2—(x+l)t+2(x—1):0<:>L_X .

Tt mot phuong trinh don gian : (\/1— X — 21+ X)(\/l— X—2++1+ X) =0, khai trién ra ta s& dugc pt sau
Bai 3. Giai phuong trinh sau : 4vX+1—-1=3X+2J1—X +1- X’

Giai:

Nhan xét : dit t =/1—X, pttt: 41+ X =3x+2t +ty1+Xx (1)

TarGt X =1—t° thay vao thi dugc pt: 3t —(2+\/1+ x)t+4(\/1+ X —1) =0

. 2
Nhung khong c6 sy may man dé giai dugc phuong trinh theot A= (2 +~/1+ X) - 48(\/ X+1 —1) khong
c6 dang binh phuong .
) 2 2
Muon dat dugc muc dich trén thi ta phai tach 3x theo (\/1— X) , <\/1+ X)
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Cu thé nhu sau : 3X = —(1— X) + 2(l+ X) thay vao pt (1) ta duoc:
Bai 4. Giai phuong trinh: 24/2X +4 + 42— X =/9x? +16

Gidi .
Binh phwong 2 vé phwong trinh: 4(2X + 4) +16, /2(4— X2) +16(2 — X) =9x* +16

Tadit: t= 2(4—x2) >0. Ta duoc: 9x* —16t—32+8x =0

Ta phai tach 9x* = a2(4— X2)+ (9 + 2a) x* —8¢ lam sao cho A, c6 dang chinh phuong .

Nhdn xét : Thong thuong ta chi cAn nhom sao cho hét hé sb tu do thi s& dat duge muc dich
Bai tdp de nghi: Giai cac phwong trinh sau

1) (4x—INx? +1=2x% +2x+1 2) 2X+X—1_\/1_1_3\/X_1:o 3) X2+ X+12/x+1=36
X X X

4) 14X —2x7 =J4x2 —1-/2x+1 5) 4J1+X-3=Xx+3V1-X +v1-x* 6) 21— x)x? +2x -1 =x> —2x 1.

Mt 56 dang khdc.

1) 9(x+1f = (3x+7M-v3x+4f  2) x2_3x+1:_§m 3) Vx* —1=x2+3x-1
4) 10. IX3+8:3(X2_X+6) 5) é{/x_ /XZ —l+\/X+ IXZ 1=2 6) 6X \/12X _24\/12X -0

x—2_ X—2 X—2
X 35 1 3x 1-x% +x? 3x
7) X+ - ZE 8) N ;= 2—1 —2 = 2—1
Vx? -1 1-x 1-x 1-x 1-x

1 2
9) -2 ]2 2 _3(p141) 10) — P _2x49
x+1 -V x f-i+2x)

Dang 4: . it an phu dwa vé phwong trinh thuin nhat bac 2 d6i véi 2 bién :
> Chung ta da biét cach giai phuong trinh: U® +auv+ v’ =0 (1) bang cach

2
. u u
Xét v #0 phuong trinh trd thanh : (—j + a[—j + =0
\Y \Y

v =0 tht truc tiép ‘
Céc truong hop sau cling dua vé dugc (1)

v a.A(x)+bB(x)=cA(x).B(x)
v au + v =~mu’ +nv?

Chung ta hay thay cac biéu thirc A(x) , B(x) bdi cac biéu thirc vo ti thi s& nhan dugc phuong trinh vo ti theo
dang nay .

a) . Phuong trinh dang : a.A(x) + bB(X) = C«/A(X).B(X)
P
Nhu vay phuong trinh Q (X) =, / P (X) c6 thé giai bang phuong phap trén néu {Q

Xuit phat tir déng thc :
X +1= (x+1)(x2 - x+1)

x* + x? +1:(x4 +2x° +1)—x2 :(x2 +x+l)(x2 —x+1)
x* +1:(x2 —\/§x+l)(x2 +\/§x+l)
ax* +1=(2x* - 2x+1)(2x* + 2x+1)

Hiy tao ra nhitng phwong trinh v6 ti dang trén vi dy nhu: 4x* — 2\J2x+4=x*+1
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Dé c6 mot phuong trinh dep , ching ta phai chon hé s6 a,b,c sao cho phuong trinh bac hai at’+bt—c=0
gidi “ nghiém dep”

Bai 1. Giai phuong trinh : 2(X2 + 2) =5Vx*+1

Giai: Pat u =x+1,v=+x>—x+1

u=2v
+ ,
Phuong trinh tr¢ thanh : 2(u2 + VZ) =5uv < 1 Tim dugc: X = —5 — 5 37
u==v
2

Bai 2. Giai phuong trinh : X* —3X+1= —? VXt +x2+1

Bai 3: giai phuong trinh sau : 2X* +5x—1=7/x* -1

Gidi:

bk: x>1

Nhan xt : Ta viét a(x—l)+ﬂ(x2 + x+1) = 7\/(x—1)(x2 + x+1)

Dong nhat thiic ta duge: 3(X—1)+2(x* + x+1) = 7\/(x—l)(x2 +x+1)

v=9u
Pitu=x-1>0,v=x?+x+1>0, ta dugc: 3u+2v:7\/W<:> 1
v=7u
Ta duoc : X:4i\/6
Bai 4. Giai phuong trinh : x> —3%* + 2 (X + 2)3 —-6x=0
Giai:
Nhan xét : Bat y = \/m ta hay bién pt trén vé phuong trinh thudn nhét bac 3 di voix vay :

X =
x3—3x2+2y3—6x=0<:>x3—3xy2+2y3:0c{ y2
X=-2Yy

Pt c6 nghiém : X =2, X:2—2\/§
b).Phwong trinh dang : au + v =+/mu® +nv?

Phuong trinh cho ¢ dang nay thuong kho “phat hién * hon dang trén , nhug néu ta binh phuong hai vé thi
dua vé dugc dang trén.

Bai 1. giai phuong trinh : X +3\/X2 -1= \/X4 —x*+1
Giai:

v=4x"-1
Bai 2.Giai phuong trinh sau : vX* +2X ++/2X =1 =+/3x* + 4x+1

Giai

2
u=xX
Ta dat : { khi d6 phuong trinh tré thanh : u+3v =+u® —Vv?

1 .
bk X ZE. Binh phuong 2 vé ta c6 :

\/(xz + 2x)(2x—1) =X+l \/(xz + 2x)(2x—1) = (x2 + 2x)—(2x—1)

1-+/5
2 Uu=———V
A ax u=x"+2x A 2 2 2
Ta c6 thé dat : khidétacohé: uv=u"—-v° <
v=2x-1 1++/5
u \"

T
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1+\/§

Do u,v>0. u=1+2\/§v<:>x2+2x: 5 (2x-1)
Bai 3. giai phuong trinh : \/5X2 —14X+9—\/X2—X—20 =5Jx+1
Giai:

Pk X >5. Chuyén vé binh phuong ta duge: 2X* —5x+2 = 5\/( x> —X— 20)(X +1)

Nhén xét : khong ton tai s6 «, B dé: 2x° —5X+2:05(X2 —X—20)+,B(X+l) vay ta khong thé dat

u=x>-—x-20
V=xXx+1 '

Nhung may mén ta co : (x2 —x—20)(x+1) =(x+4)(x-5)(x+1) :(x+4)(x2 —4x—5). Ta viét lai

phuong trinh: 2(X2 —4x— 5) +3(x+4)= 5\/(X2 —4x—5)(x+4) . bén day bai toan duogc giai quyét .

Dang 5: Dit nhiéu an phu dwa vé tich

> Xuét phat tir mot sb hé “dai s6 « dep chung ta co thé tao ra dugc nhting phuong trinh vo ti ma khi giai n6

chung ta lai dat nhiéu 4n phy va tim mdi quan hé giira cac an phy dé dua vé hé
Xut phét tir dang thirc (a+b+c)’ =a+b*+c*+3(a+b)(b+c)(c+a), Taco
a®+b*+c*=(a+b+c) < (a+b)(a+c)(b+c)=0
T nhén xét nay ta co the tao ra nhirng phuong trinh vo ti c6 chtra cén bac ba .
YTx+1-3x2 —x -8 +3x? —8x+1=2
3Y3x+1+35-—x+32x-9-4x-3=0
Bai 1. Giai phuong trinh : X =2 — XA/3— X + /3= XA/5— X +/5—XA/2— X

u=+2-x 2—U?=Uv+VW+Wwu (U+v)(u+w)=2
Gidi: {V=~/3-X , taco: {3-V' =uv+wW+Wu <4 (u+Vv)(v+w)=3, gidi h¢ ta dugc:
w=+/5-X 5—wW? =Uuv+VW+Wu (Vv+w)(u+w)=5
_V30 239
60 120

Bai 2. Giai phuong trinh sau:\/ZX2 —l+\/X2—3X—2=\/2X2+2X+3+\/X2—X+2

a=+2x"-1
b=+x*-3x-2 a+b=c+d

Gidi . Ta dat : ,khid(’)tacé:{ S X=-2

C=~2x"+2x+3 a’-b*=c’-d”
d=vx*—x+2

Bai 3. Giai cac phuong trinh sau
1) JAx% +5x+1—-2Ux2 —x+1=9x—3

\/;+(‘/m+<‘/(l—x)3 :\/1—_x+(‘/x_3+m

] 3. PHUONG PHAP DUA VE PHUONG TRINH TICH.
% St dung dang thirc
u+v=I1l+uv< (u —1)(v—1) =0

au+bv=ab+w < (u-b)(v-a)=0

GIAO VIEN: BUI PHU TU. TO TOAN TRUONG THPT NAM DUYEN HA

TRANG 65



CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb

(a-c)x+(b-d)
m

A2 = B2 < (A—B)(A+B)=0

a’-b® o (a—b)(a’+ab+b?)=0 < a=b

Bai 1. Giai phuong trinh : 3/X+143/x+2 =1+3/x* +3x+2
=0
Gii: pt<:>(\3/x+1—1)(\3/x+2—1):0@{)(

Jax+b++/cx+d =

Xx=-1
Bi 2. Giai phuong trinh : ¥/x+1+3/x* = Ix + 3% +x
Giai:

+ X =0, khong phai 1a nghiém

. ’ 1 / 1
+ X#0, tachia hai vé cho x: 3 X+ +§/;:1+\3/x+1<:>[3 X+ —lj(g/;—l)=0<:>X=l
X X
Bai 3. Giai phuong trinh: /X +3 4+ 2Xv/X+1 = 2X ++/X* +4x+3

Giai: dk 1 x> -1
e (v 3 - 2x) V11 <0 | X0

. 4x
Bai 4. Giai phuong trinh : /X +3 + = 4x

JX+3

Giai:
bk: x>0
2
Chia ca hai vé cho /x+3: 1+ ax =2 4x =1- ﬂ =0 x=1
X+3 X+3 X+3

< Dung hing ding thirc

Bién di phuong trinh vé dang : A = B* < (A—-B)(A '+ A2 B+ A“® B +...+ AB¥?+B*?)
Bai 1. Giai phuong trinh : \/\/5 -X= X\/\/é + X

Giai:

Pk: 0< x <+/3 khi d6 pt d cho twong duong

3
1 10 10 -1
:x3+\/§x2+x—\/§:0<:>(x+—) = o X=
J3) 33 J3
Bai 2. Giai phuong trinh sau : 24/X+3 =9x* —x—4
Giai:

=1
NX+3+1=3x X

2
Pk: X > -3 phuong trinh twong duong : (1+ N3+ X) =9’ < = —5_./97

JX+3+1=-3x X=

BAi 3. Gidi phuong trinh sau : 2+33/9x? (X+2) = 2x+3§[3x(x + 2)°
Giai : pttt <:>(\3/x+2—§/§)3 =0 x=1
DS: x=1.

Bai tap dé nghi
Gidi cac phuong trinh sau :

1) VX2 +10x+21 =3Vx+3 +2Jx+7 -6 4) 8)Vx? +8x+15=3v/x+3+2/x+5-6
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2
2) Y(x+1F +(x -1 +&/x2 -1=0 (véineN;n>2)  5) % —4JX (PHDL DP’01)
+

3) VXP—x—2-2x-2+2=+/x+1 6) (x+2)2x-1)-3vVx+6 =4—/(x+6)2x—1)+3v/x+2
7) x=2x-1-(x-IWx+Vx2=x=0 (1) (HVKT QS - 2001)

4. PHUONG PHAP GIAN UOC

1. X% =3X+2 +4/x° —4x+3 > 24/x2 —5x + 4 (D8) 2. JX(x=1) +/x(x=2) = 2,/x(x+3)
3. /X2 —2002x + 2001 ++/x? — 2003 + 2002 =/x? —2004x + 2003 4. 2/x(X—1—\/x(x+2) = Vx>
5. VX2 —3x+2 +x? —4x+3 =+/x2 —5x+4 8)(DHSPHN2’00) /x(x 1) +/X(x+2) = /x>
1. X2 +3x+2 +x? +6x+5 =/2x2 +9x+7 (BKHN- 2001) 9.
JX(X=1) +/x(x=2) = /x(x+3)
5. PHUONG TRINH CO CHUA CAN VA DAU GIA TRI TUYET DPOL.
1. ‘\/xz—4x+5—\/x2—10x+50‘=5 2. x+3-4Sx—1+/x+8-6Vx-1=1
3. x4 24X -1 +x—24x— =X%3 4. Jx+2+3J2x—5 +4/x—2-+2x—5 =22
5. x+2Vx—1—/x=2/x-1=2 (HVCNBC*01) 6. Vx* —2x? +1=1-x (D24) 7. 4/x+2=|x+1+4
8. Xx—ax—4 ++/x+ax—4 =2. 9. VX+15-8Vx—1 +y/x+8-6v/x-1=1

6. PHUONG PHAP NHAN LUQNG LIEN HQP
6.1. Nhan lwong lién hgp dé xuat hién nhén tir chung
a) Phwong phap
Mot s6 phuong trinh vo ti ta ¢6 thé nham dugc nghiém X, nhu vay phuong trinh lu6n dua vé duoc

dang tich (X — X, ) A(X) =0 ta co thé giai phuong trinh A(X) =0 hodc ching minh A(X) =0 vo nghiém ,

chui ¥ diéu kign ciia nghig¢m ciia phwong trinh dé ta c6 thé danh gia  A(X) =0 vé nghi¢m

b) Vidu
Bai 1. Giai phuong trinh sau : \/3X2 —5X +1—\/X2 -2 =, ’3(X2 — X—l) —Jx*=3x+4
Gidi:
Tanhan thdy : (3% =5x+1)—(3x* =3x—3) =-2(x—-2) v (X’ =2)— (X’ —3x+4)=3(x-2)
—2X+4 B 3x—6
V3x? —5x+1+\/3(x2 -x+1) VX2 =2 ++/x2 —3x+4
Dé dang nhan thay x=2 1a nghiém duy nhat ctia phuong trinh .
Bai 2. Gidi phuong trinh sau (OLYMPIC 30/4 d& nghi) : /X% +12 +5=3x+/x* +5

Ta c6 thé truc can thirc 2 vé :

Gidi: Dé phuong trinh ¢6 nghiém thi : \/X2 +12 - \/X2 +5=3x-5>20< x> g

Ta nhan thiy : x=2 1 nghiém cta phuong trinh , nhu viy phuong trinh ¢6 thé phén tich vé dang
(X - 2) A(X) =0, dé thuc hién duogc diéu d6 ta phai nhom, tach nhu sau :
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2 2
S H12-4=3x—64 +5-3e> X =% _3(x—2)4+_ X%
VX*+12 + 4 (x-2) VX*+5+3

<:>(x—2)( xtz | x#l —3}:0@”:2
VX2 +12+4  X*+5+3
X , , X+2 X+2 5
D¢ dang chirng minh dugc : - -3<0,VX>—
VX2 +12+4 /x2+5+3 3

Bai 3. Giai phuong trinh : /x> =1+ x =+/x* -1
Gigi :Dk x> 32
Nhan thiy x=3 1 nghiém cua phuong trinh , nén ta bién d6i phuong trinh

3 x—3)(x*+3x+9
Ux?=1-2+x-3=Vx"-2-5(x-3)|1+ 2X+3 _ )(3 )
3(Xz—l) +23x*-1+4 VX' =2+5
2
Ta chimg minh : 1+ X+3 —1+ X+3 <2< X +3x+9

J(x2-1) +23x -1+4 (\3/x2—1+1)2+3 VX' =2+5

Vay pt 6 nghiém duy nhat x=3
6.2. Dua vé “hé tam “
a) Phwong phap
% Néu phuong trinh vo ti ¢6 dang JA+JB=C,ma: A—-B=aC
& day C c6 thé 1a hang s ,c6 thé 1a biéu thie cia X. Ta c6 thé giai nhu sau :

JA+JB =C

A-B
————=C=+JA-B=qa,khiditaco h: =2JA=C+a
JA T8 {ﬁ—ﬁw
b) Vi du
Bai 4. Giai phuong trinh sau:\/2X2+X+9 +\/2X2—X+1=X+4

Giai:
Ta thay : (2x2 + x+9)—(2x2 - x+1) =2(x+4)

X =—4 khoéng phai la nghiém
Xét X =4

2X+8
V22 +x+9 —/2x% —x+1

2%+ X+9—2XP —x+1=2
Vay ta co hé: v v = 22X +Xx+9=x+6<
V22X X+ 9+2X% —x+1=x+4 X=

XA A2 X492 —x+1=2

Truc can thuc ta c6 :

X =

~N|joo O

Thtr lai thoa; vay phuong trinh c6 2 nghiém : x=0 v x=—

Bai 5. Giai phuong trinh : \/2X2 + X+l+\/X2 —X+1=3x
Ta thiy : (2X2 + X +l) - (X2 —X +1) = x? + 2X, nhu vay khong thoa man diéu kién trén.

. L 1 ) .
Ta c6 thé chia cd hai vé cho x va dat t = — thi bai toan tré nén don gidn hon
X

Bai tap dé nghi
Gidi cac phuong trinh sau :

X +3x+1=(x+3)Vx*+1 Y2 —143¢ -2 =3x-2
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J4-310-3x =x—2 (HSG Toin Quéc | 2X° —11x+ 21-334x—4 =0 (OLYMPIC 30/4-2007)

2002) V2X% 14X =3X =2 = 2X2 42X+ 3+ —x+2
2(2-x)(5-%) =x+J(2-X)(10-%) | 257 +16x+18 +x¢ —1=2x+4

x> +4=+x-1+2x-3 X2 415 =3x—2++/x*+8

Giai cac phuong trinh sau:

1) X(x=1) +/x(x—2) = 2,/x(x +3) 2) 2/x(x—1) —/x(x+2) =/x*  3) J2x+2-+2x-1=x
3 3

jiiiiﬁi:i:% S)V_“;:i;i/‘/gza—x 6) Vx? —3x+ 2 +/x? —4x+3=2x? —5x + 4

V22X —1+/x? —3x =2 =/2x2 + 2x + 3 +X° —x + 2

8)v/3x2 — 7x+3 —/x? =2 =/3x% —=5x—1—/x? —3x + 4

9) v/x? —2003x + 2002 ++/x? — 2004 + 2003 = 2/x? — 2005x + 2004

4)

. 7. PHUONG PHAP NHAN XET PANH GIA
1. Dung hang dang thirc :
A=0
» Tur nhitng dénh gia binh phuong : A> + B* >0, phuong trinh dang A* +B* =0 < {B 0
2. Dung bat dang thirc

. C e Azm .
» Mot s phuong trinh dugc tao ra tir dau bang cua bat dang thuec: {B < ncu dau bang 6 (1) va (2) cung
=m

dat dugc tai X, thi X, langhiém cua phuong trinh A=B

Tacod: 1+ X ++/1—X <2 DAu bing khi va chi khi Xx=0 va Vx+1+ > 2, d4u bang khi va chi khi

X+1

+4/1+ X

x=0. Vay ta c6 phuong trinh: J1—2008x ++/1+ 2008x =

1
vX+1

. : A>f(x) A= f(x)
Doi khi mot s6 phuong trinh dugc tao ra tir y tudng : khido: A=B<
B < f(x) B=f(x)
v’ Néutadoan trudc duoc nghiém thi viéc dung bat dang thirc dé dang hon, nhung c6 nhiéu bai nghiém

la vo ti viéc doan nghiém khong dugc, ta van dung bat dfmg thie dé danh gia duoc

. 22
Bai 1. Giai phuong trinh (OLYMPIC 30/4 -2007): V2 +/x =/x+9

NX+1

Giai: Pk x>0

(22 =Y sy 1 (Y|
1hCOI[J;:1+J§J-_U2J2)+X+¥}X+1+[JX+1J =X+9

2.2 1 1

= o X==
Ix+1 Jx+1 7

Dau bang <>

Bai 2. Giai phuong trinh : 13\/X2 —x* + 9\/X2 +x* =16

Giai: bk: —1<x<1
2
Bién déi pt ta co : x2(13 1-%% +9 1+x2) _ 256
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Ap dung bat dang thirc Bunhiacopxki:

(V13131 +34/34/31+ X )2 <(13+27)(13-13x2 + 3+ 3x*) = 40(16 - 10x°

2
Ap dung bét dang thirc Cosi: 10x° (16 -10x* ) < (%) =64

p—

2

’ 2 —_—

J1-x% = 1;)( X J5
2

Déu bing <>

2: — 2 X=——
10x° =16 -10x 5

Bai 3. giai phuong trinh: X® —3x% —8x+40—8%4x+4=0

Ta chimg minh : 8¢/4x+4 <x+13 va x*-3x*-8x+40>0< (X—3)2(X+3) >X+13
Bai tap dé nghi .

Bai 1: Giai cac phuong trinh sau

— 4 3 3
1) \/1—2x+\/1+2x=\/1 2X+\/1+2X gy 16x"+5=6V4X"+x
1+2x V1-2x 5) X —3x* —8x+40-8Y4x+4 =0

2) (‘/;+\4/1—X+\/;—\/1—X:\/§+4/§ 6) \/8+X3 +\/64—X3=X4—8X2+28

3) 2X' +8=4V4+x* +4x* —4

) N/ /2—%=4—(x+1j
I X X

Bai 2: Giai cac phuong trinh sau:

2
1) \/3x? 1 6% +7 +V/5x% +10x +14 = 4— 2x — X2 oy X —6x+15 _ e exi18
X* —6x+11
3) VX2 —6x+11+x? —6x+13 +4/x? —4x+5=3+2 4) x? —3x+35=/(x? —2x+2)x? —4x+5)
5) V2x? —8x+12 =3-4/3x* —~12x+13  6) VX2 —2x+5+/x-1=2 7)
\/2(«/1—x +/x) =41-x +4/x
8) \/1—2x+\/1+2x:\/1_2X+\/1+2X 9) VX—2++4-x=x*-6x+11  (P11)
1+2x 1-2x
10) X% —2X+3=~/2x2 = X +/1+3x - 3x 11) Vx =2 +/10— x = x* =12x+52

8. PHUONG PHAP PUA VE HE .

Dang 1: Pua vé hé phuwong trinh binh thuwong. Hodc hé doi xirng loai mét.
> bat U= a(x),v = ,B(X) va tim mdi quan hé giira a(x) va ﬁ(x) tir @6 tim dugc hé theo u,v

Bai 1. Giai phuong trinh: X325 x° (x +3/25-x° ) =30

Pat y=435-x = x> +y3=35

xy(x+y) =30
x3+y3=35
(X;y) =(2;3) =(3;2) . Ttrc 1a nghiém cta phuong trinh 1a X € {2;3}

Bai 2. Giai phuong trinh: \/\/E—l— x+4x = %

Pidu kién: 0< x <2 -1

Khi d6 phuong trinh chuyén vé hé phuong trinh sau: { , 0idi hé nay ta tim duogc
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Dit éﬁz_l_x:u:>osusdJ§—Losvs#J§—1
X=V

1
U=-——=-V
‘ Uv= T2
Ta dua vé h¢ phuong trinh sau: \/E S 5
1
2 4 4
uZ+vi=42-1 ——v| +v*=42-1
(ﬂi j

2
1 .
Giai phuong trinh thir 2: (V2 +1)2 - (V + j =0, tir d6 tim ra V roi thay vao tim nghiém cta phuong

2
trinh.

Bai 3. Giai phuong trinh sau: X++/5++X—-1=06
Piéu kién: x>1

Pit a=+X-1,b=+/5++/x-1(a>0,b>0) thita dua vé hé phuong trinh sau:

a’+b=5
—>(a+b)(a-b+1)=0=a-b+1=0=a=Db-1
b®-a=5

Vay VX —1+1=5+VX-1 <& /x-1=5-x= x:%

6—-2x N 6+2x _8
J5-x B5+x 3

Bai 4. Giai phuong trinh:
Giai

Diéu kién: -5< X <5
Pit U=+/5—X,V=/5+X (O< u,v< \/10).

u?+v2=10 (U+v)* =10+ 2uv

Khi d6 ta dugc hé phuong trinh: 4 4 g8 < 2 4
————+2(u+z)=§ (u+v)(1——j=§
u v

Bai tap dé nghi : Giai cac phuong trinh sau
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1) 3/2—x=1-+/x—1 (PHTCKTHN - 2001)
2) V3-x+x2 -2+x-—x2=1
3) Jx++vx+1-+x*+x =1 (DHDL HP’01)
4) 45—x+4x-1=+2
5) x?—3x+3+/x>-3x+6=3
6) 3x+34-3x-3=1 (P12)
7) 4/x+497-x=5
8) 3/14+x+3¥12-x=2
9) 3/(x+8)? +3/(x—8)? +¥/x* —64 =4
10) x++17 —x2 +x4/17 = x? =9
1 1,
2-x* X

12)%/1+\/§+3\/1—\/_:2
13) 3/x? +2=3x? ——+1

14) 3‘/}+x +3‘/1—x =1
2 2

15) Jx2 +x+1-+/x2 —x+1=; (P142)

16) VX° +X—5+/x2+8x-4=5
17)3/24+x +/12-x =6

18) (34—xR/x+1—(x+1}/34-x _30
V34—-x-x+1

19) Vi+1-x2 L/l—x - 1+X)3]=2+\/1—X2
20)3/2+x+x> +¥2-x—x* =4

21) §/(3x +17 +3/(3x -1 +3ox* -1=1

22)3/(2-x) +3/(7+x} 32— x\7+x) =3

23) V2x+ X+ 1+l 2x— X +L=24x 11 +1
24) x3/35-x° [x + ¥35-x7 )= 30

25) J3x2 +5x+8—/3x* +5x +1=1

26) 2x2 +5x +2 — 24/2x° +5x —6 =1

27)4/47-2x +4/35+2x =4

28) 17+ x —/17—x =2 (DL Hung vuong- 2001)
29)/x-1+1=/6-x (CP miu gido TW1- 2001)

Dang 2: Dwa phwong trinh di cho vé hé doi xirng logi hai. . i )
» Ta hay di tim nguon goc cua nhiing bai toan giai phuong trinh bang cach dua vé hé doi xtng loai 11
, (x+1)2=y+2 1)
» Ta xét mot hé¢ phuong trinh doi xtng loai Il sau : ) viéc giai h¢ nay thi don
(y+1) =x+2 (2
gian
Bay gioi ta s& bién hé thanh phuong trinh bang cach dit y = f (X) sao cho (2) ludn ding,

y =+/X+2 —1, khi d6 ta c6 phuong trinh : (x+1)2 =(WXx+2-D)+1< X +2X=X+2

Vay dé giai phuong trinh : X% +2X =+/X+2 ta dat lai nhu trén va dua vé hé
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‘ q (ax+p) =ay+b
Bang cach tuong tu xét hé tong quat dang bac 2 : , ta s€ xay dung dugc phuong

(ay+ﬁ)2 =ax+b

a
trinh dang sau : dat ay + 8 =+/ax+b , khi d6 ta c6 phuong trinh : (ax+ﬂ)2 =—Jax+b +b—£
a a

a
Tuong tu cho bac cao hon : (0{X+,B)n =—{ax+b +b—£
o o

Tom lai phuong trinh thudng cho dudi dang khai trién ta phai viét vé dang :

(ax+p) = pYa'x+b'+y vdit ay+ S ="Yax+b déduavé he,chay vé diu ciia o 222

Viéc chon o} B thong thuong chiing ta chi can viét dudi dang : (aX + ,B)n = pl/a'x+b'+y 1achon
duoc.

Bai 1. Giai phuong trinh: X2 —2X = 24/2x—1
Giai

Diéu kién: X > %
Ta c6 phuong trinh duoc viét lai 1a: (x—1)? —1=2/2x-1
X2 —2x=2(y-1)

y? -2y =2(x~1)
Trir hai vé ctia phuong trinh ta duge (X —Yy)(X+Yy) =0

Pit y—1=+/2x—1 thi ta dua vé hé sau: {

Giai ra ta tim dugc nghiém ctuia phuong trinh la: X =2+ \/E
Két luan: Nghiém cua phuong trinh 1a {1— J2:1+ \/g}
Bai 2. Giai phuong trinh: 2x> —6X—1=+/4x+5
Gidi
A 5
bicu kién X > _Z
Ta bién dbi phuong trinh nhu sau: 4%% —12X —2 = 2J4x+5 < (2x—3)? = 24/4x+5 +11
2x—3)? =4y +5
bat 2y —3=+/4x+5 ta dugc hé phuong trinh sau: ( ) y = xX-y)(x+y-1)=0
(2y-3)? =4x+5
Véi X=y=2Xx-3=/4x+5= X=2++/3.Véi X+ y-1=0= y:1—x—>x:l—\/§

Bai tap dé nghi : Giai cic phuong trinh sau

1) x}+1=232x-1 2) x> +2=3%/3x-2 3) (X2 +3x-4)2+3(x%+3x-4)=x+4
4) x*—1=+/x+1 5) —-x*+2=+2-X 6) x> +J5—x=5 7)J5-5+X =X
8) 7x2 + 7x = .| X9y~ 0 (PHAN-D) 9) /4— A+ x = x 10) 3/x-9=(x-3)" +6

11) x> +4/5+x =5 12) x* —-R&/3x+2=2 13) X2 +4/1+x =1 14) 3+/3++/x =X

9. PHUONG PHAP PAO HAM.
Bai 1. Cac budre:
» Tim tap xac dinh cta phuong trinh.

> Bién ddi phuong trinh (néu can) dé dat f(x) bang mot biéu thirc nao do.
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» Tinh dao ham f(x), r6i dya vao tinh dong bién(nghich bi€n) cia ham s6 dé két luan nghiém cua

phuong trinh.

Bai 2. Vidu. Giai phuong trinh sau:  3/2x+1+3/2x+2+3/2x+3=0 (1)

Giai:

Tap x4ac dinh: D =R. Dit f(x) = 3/2x+1+¥/2x+2 +¥/2x+3

2 2 2 >O;Vx;«rs—1,—1,—§

sf2x+1)? +%/(2x+2)2 +%/(2x+3)2 2" 72

Taco: f'(x)

Suy ra ham s6 f(x) déng bién trén tip M= (_ oo,_lJ ) (_ 1 1_1) U (_11_3j ) (_ § ,+OOJ
2 2 2 2

Ta thiy f(-1)=0 = x=-1 1a mot nghiém cta (1). Ta co: f (- ;) =3 f(- 2) =-3

Ta c6 bang bién thién cta ham s6 f(x):

X o 3 -1 1 +oo

f(x) || || |
F(X) ]

Tur bang bién thién ta thay f(x) =0 < x = -1.
Vay phuong trinh d4 cho ¢6 duy nhat mot nghiém x = -1.
Bai tap tuong tu:

Giai cac phuong trinh sau:

1) Yxr2+¥xrl=320 +1+2x 2) (r1f 2+ (ox 1 +3)+ a2+ Yo7 +3)=0
Tir bai 2, ta c6 bai tap 3.

3)(2x +1)(2000 + (2x-+ 1 +1999 )+ x(2000 + +/x? +1999 )= 0

MNXx+3+x+19 = /y+3+,/y+19

5) (PH.B’02) Xac dinh m dé phuong trinh sau c6 nghiém:
m(\/1+ X2 —J1-x% + 2): 21— x* + 1+ x> —V1- X

6) (PH.A’08) Tim céac gi tri cia m dé phuong trinh sau ¢6 dang hai nghiém thuc phan biét:

Y2x +2x + 246 —x +24/6—x =m

10. PHUONG PHAP LUQNG GIAC HOA.
Vi du. Giai phuong trinh sau: x° + \/(1— xz)3 =xv2-2x* (1)
Gidi:

Tap xac dinh: D=1[-1;1]. (2)
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Do (2) nén dat x =cost (*),v6i0<t<n (A)

Khi d6 phuong trinh (1) tr¢é thanh: cos®t + \/(1— cos’ t)3 =costy2(1-cos’t) (3)
Véit e (A), taco: (3) < cos®t+sin’t =+/2 cost.sint < (cost +sint1—sint.cost)=~/2 cost.sin t(4)

X? -1

Piat X = <2 (B)= X2=1+ 2sint.cost = sint.cost =

Phuong trinh (4) tré thanh phwong trinh an X:

x{ 2_1]=\/§. x22—1© X(3-X?)=v2(X? 1) X* +2X2 —3X /2 =0

vz X -2

X =2

o (X V2 x2+2v2x +1)=0 = o X==y2-1
X2 422X +1=0 X =31

Ta thdy chi c6 nghiém X = 2 va X = -+/2 + 1 1a thoa man diéu kién (B).
+Véi X = /2, thay vao (5) ta duoc:

sint+cost:\/§<:>\/§sin(t+%j:\/§<:>sin(t+%j=1<:>t+%:%+k27r<:>t:%+k27z,keZ.

2
Vite (A)néntacdt= 7. Thay vao (*) ta duoc: x = cos =7 (thoa man tap xac dinh D).
4

+ Vo1 X = -\/E + 1, thay vao (5) ta dugc:

-J2+1
5

sint+cost =—/2 +1 (**)@ﬁsin(ng:— 2+1<:>sin[t+%j:

Khi do, ta co:

& cost. cos— —sint. sm— i,/ 1o ¥2 cost sint)=+ Z‘f;_l < cost —sint = +/24/2 —1(6)

~V2+1+ ”Z\E—l. Thay vao (5), ta dugc x = —V2+1% "2*@_1.
2 2

V2 +1-4242-1
2

T (**) va (6) suy ra cost=

Nhung chi ¢6 nghiém x = thod man tap xac dinh D.

V2+1-y242-1
2

Vay, phuong trinh da cho c6 hai nghiém x :g vax= —

Bai tip twong tw. 1) 4x° —3x=+1-x* (HVQHQT-2001) 2) x*+{l-x*) =x./20-x)

3) 1+2X\2/F:1_2Xz 4) \/1+ﬂ[ (1-x) —\/(1+x)3J=2+ﬂ

Mot s6 bai tap tham khio:
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1. Giai cac phuong trinh sau:

2
1)V9+x=5-2x+4  8)—2_° —Jx_4 15) V6 —x —+/1— x = /-5 2x
: ) Tz )
2) v25-x% =x-1 9) V3x+1-+/x+4=1 16) +/5x—1-+/3x-2-+/x-1=0
3) VA+2x—x? =x-2 10) V11-x—+/x-1=2 17) V1-+x*=x? =x-1

4) Jx-1=+/x*-1 11) V9+x-7=—-/16—x 18) 2-+/x—5 =+/13—x
6) Vx*—2x+4=+6-x 13) Jx+5-v2x+14=x-7  20) ¥12-x+¥4+x=4
7) Vx2+5x—4=~/x-1  14) V=x2+9x+9-/x=/9-x 21) ¥x-1+3¥x-2=%2x-3

2. Giai cac phuong trinh sau:

1) x*—6=+2x" —8x+12 +4x 9) 2x% +/(x+1)(2-x) =1+ 2x
2) (x+5)(2—x) =3vx? +3x 10) VX% +X+2 + VX% +X+7 =3x> +3x+13

3) 5x—8\7x? —5x+1=7x%+8 11) (4x—DVx2 +1 = 2(x2 +x) +1
4) (x+D)(x+4)—3Jx2 +5x+2 =6 12) x? +3x+1= (x+ Vx> +1
5) VX+3+/6-X=3+,/(x+3)(6-%)  13) 2(x-Dv2x2 +1=2x" +2x—2
6) 3+2Vx—x? =3(/x +1-x) 14) Vx? —3x+3+/x? +3x+6 =3
7) V2x+3+x+1+16 =3x+2v/2x* +5x+3  15)

X2+ T+ X+ VX% +x+2 =3x% +3x +19

3. Giai cac phuong trinh sau: (4n phu — hé) 1) m=\/;—3

2) V3-x2+x+43+x2+x=1  3) Vx?+3+10-x> =5

4)/3x2 —2x+15 +/3x2 —2x +8 = 7

4. Giai cac phuong trinh sau (Panh gid) 1) Vx® —2x+5 +x-1=2

3) JXx—3+/5-x=x2-8x+18 2) V1-x*+231-x* =3 4)

Ux+x +42-x+/2—x =4

5. Tim m dé phuong trinh c¢6 nghiém.
1) VX—1+43-x—J(x-DB-x)=m  2) Vx+1+Jl-x=a 4)
2J(X+2)(4=X) +x* =2x-m
6. Tim m dé phuong trinh c6 nghiém.

1) JA-x+x+2=m 4) Vx+V2=x=m 2)4x+42-x=m
5)V1-x* +23Y1-x2 =m

3) x—1+/x-1+43-x+/3-x=m 6) Ux+Vx+42-x+/2-x=m
7. Giai phuong trinh, hé phuong trinh:
) V7T-x+/x-5=x-12x+38  b) V5-2x++/2x-3=3x*-12x+14  ¢)
X% +~/X+ 2004 = 2004
" {M+\/§—l e){ xt1+.y=4 f \/ﬁ+\/1+ 1

Ix+Jy+1=1 X+y=7 1+x V2 2x

2

11. XAY DUNG BAI TOAN TU TiNH CHAT CUC TRI HINH HQC

11.1 Dung toa d¢ cta véc to
% Trong mit phang toa 46 Oxy, Cho cac véc to: U = (Xl; yl), V= (Xz; yz) khi do ta co
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v ‘ﬁ+\7‘£‘ﬁ‘+‘\7‘<:>\/(x1+x2)2+(y1+y2)2 s\/x12+y12 +\/x22+y22

Dau bang xay ra khi va chi khi hai véc to G, v cung huéng < AN k>0, chu ytisd phai
X Y,

duong

v  uv= ‘UHV‘.COS(Z < ‘qu . d4u bing x4y ra khi va chi khi cosa =1<>u TTv

11.2 Sir dung tinh chét dic biét vé tam gidc q

v Néu tam gidc ABC 1a tam giac déu , thi v4i moi diém M trén mat phang tam giac, ta luon ¢
MA+ MB + MC >0A+0B+OC véi O 1a tam cua dudng tron .Dau bang xay ra khi va chi khi
M=0.

v/ Cho tam giac ABC c6 ba goc nhon va diém M tiy ¥ trong mat mat phang Thi MA+MB+MC nho
nhét khi diém M nhin céc canh AB,BC,AC dudi cung mot goc 120°

Bai tap: gidi phuong trinh, hé phuong trinh sau:

1) \/sz—2x+1+\/2x2—(\/§—1)x+1+\/2x2+(\/§+1)x+1:3
2) ‘\/XZ —4x+5-+% —10X+50‘:5 3) \/5(x2+2yz)+\/6(y2+2xz)+\/5(22+2xy) =4(X+Yy+12)

4) x+y+x—y+2Vx? +1=+/6(x+1)
I X 1+ X, 4 L4 Xy + ot 41+ X0 =100 /1+ﬁ

1% 4 L= X, + L= X+ 1= Xy =100 /1-%

MOT SO PE THI PAI HOC:

5)

I/ Dang 1: Giai phwong trinh.
1/ (Dw bi 2 khéi D 2006) : x+247—x = 2JX—14V-x2 +8x—7+1, xeR.
2/ (Dw bj 1 khéi B 2006) : JBX =2+ X1 =4x-9+ 232 _Bx+2 xR,
3/ (Dw bi 1 khéi B 2005) : V3x—3—-/5-x =+/2x—4.
4/ (DH KD-2005) 24/X+2+ 24X +1 —/x+1=4:
5/ (DH KD-2006) : v2x -1+ x% —3x+1=0 ,xeR

6/ (\/1+x +1)(J1+x+2x—5)=x; 7/ \/2x2+3x+5+\/2x2—3x+5:3x
8/ J10x—1—/X+3=1:9/ \/3x+5-/x-1=4
10/ 2X—5+ X+ 2 =</2x+1: 11/ x2—1=[%x+1] /X—Jri
X_
[ .2
12/ “zx%wxzzl.

II/ Dang 2: Giai bat phwong trinh.

1/ (D bi 2 khéi B 2005) : V8x2 —6x +1—4x+1<0;
2/ (Dw bi 1 khéi D 2005) : v2x+7 —+/5-x >~/3x-2;

3/ (PH KD - 02) (x2 —3x)\/2x2 _3x—-230 :

4/ (PH KA-05) V5x—-1—+/x—-1>~/2x—4 ;
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2(x2—16) 7 _x
5/ (PHKA04) Y 1, x—3>'—X .
( ) Jx-3 X-3
6/ (PH KA-2010): —2— VX o
2(x* —x +1)

III/ Dang 3: Tim diéu ki¢n dé phwong trinh, bat phu’o’ng trinh c6 nghiém .
Thong thuong o dang nay ta sur dung mot trong cac phwong phap sau:
* PP Sir dung tinh chdt dong bién ,nghich bién cua ham so.
* PP2: Sir dung twong giao ciia cdc do thi ham so.

1/ (Dw bi 1 khéi B 2007) : Tim m dé phuong trinh: I +1-Vx =mco nghiém.
2/ (D bi 1 khéi A 2007) :Tim m dé bat phuong trinh : m(\/xz —2X+2 +1) +Xx(2-x)<0

c6 nghiém X € [O;1+ \/5} .

3/ (PH KA-2007) Tim m dé phuong trinh 3vx -1+ m+y/x+1= 24\/X2 —1 c6 nghi¢m thyc .
4/ (DH KB-2007) CMR v6i gid trj cita moi m, phuong trinh x? +2x—8 = /m(x—2) ¢6 2
nghiém thuc phan biét .

5/ ( PH KA-2007) Tim m dé phuong trinh i]'/&-i- 2X + 24/6—x +26—x =m ,(m eR)
c6 dung hai nghi¢m thyc phan biét.

6/ (Khbi D-2004): CMR: phuong trinh sau ¢ diing mt nghiém : x° —x2 —2x~1=0.
7/ (PH KB-2004): Xac dinh m d¢ phuong trinh sau c6 nghi¢m :

m(\/l+ x2 —\/1—x2 +2) = 2\/1—x4 +\/1+ x2 —\/1—x2

8/ ( PH KB-2006): Tim m dé pt: \/X2 +mX + 2 =2X+1 ¢6 2 nghiém thuc phan biét

9/ (Khéi B-2010) Giai phuong trinh v/3x+1—v6—-x +3x* —14x—8=0 (x < R).
10/ (Khbi D-2010) Giai phuong trinh 422 4 96 _ 4202 4 oxvxd (3 )

B. HE PHUONG TRINH VO Ti
Doi v4i hé phwong trinh vo ti ta con c6 mot so cach gidi dac trung nhu sau:

a. Phwong phap bién doi twong dwong:

1. Phwong phap:

B1: Pat didu kién cho cac biéu thirc co nghia

B2:Str dung cac phép thé nhan duoc tir hé mot phuong trinh theo an x hodc y (d6i khi c6 thé 1a theo ca
hai an x, y).

B3: Giai phuong trinh nhan duoc bang cac phwong phap da biét ddi véi phwong trinh chira cin thire
B4:Két luan

2. Vi du:
VD1: Giai h¢ phwong trinh

{wa =3/x+y(Q)
Jx—y =3/x-y-12(2)
X>y

Piéu kién:
X2>-y
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D= (Wx+y)* =(Yx+y)°

S X+Y)P=(x+Yy) < (x+ y)z(x+y—1):0<:{x:_y

X+y=1
Thay x=-y vao phuong trinh (2),ta dugc : y=-2= x = 2.

VD2: Giai hé phwong trinh:

X XYL+ X 4 Y+ X+ y+1+y =18()
X+ YHL= X+ Y+ X+ Y +1-y=2(2)
Hu:o'ng dan gidi:
biéu kién:
{xz +X+y+1>0

Yy +X+y+1>0

Cong tuong tng 2 vé:

\/x2+x+ y+1+\/y2+x+ y+1=10

Thay (4) vao (1) :
X+y=8<y=8-X

(4)

(5)

Thay (5) vao (4) :
X2 +94/(8-%)7+9 =10 = VX2 +9 ++/x2 ~16x+73 =10
& (X2 +9)+ (X% —16x+73) + 2,/ (X% +9)(x* —16x+73) =10
=N \/(xz +9)(X* 16X +73) =9+8Xx—X* < x=4

Vay, hé ¢6 nghiém duy nhit x=y=4.

Vi ¥ tudng tao ra 1 phuong trinh hé qua tir hé va lién tuc sir dung phép thé ta tim
duogc nghiém cua hé ban dau.

VD3 : Giai h¢ phuong trinh:

X y 7
— 4+, == +1
AR
X+/XY + Y~/Xy =78
Huéng dan gidi:
Didu kién: X, Yy >0
HEé:
{(x + Y)(—xy) =7
(X+y)(—/xy) =-78
Suyra x+y va —\/@ la nghiém cta phuong trinh:
t, =13 x+y=13 X+y=13
= =
t,=-6 —JXy =—6 Xy =36
Suyra X, Y langhi€ém cta phuong trinh:

t2—7t—78=0<:{
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Chuyén dé 2. Phuong trinh va h¢ phuong trinh dai s6

R e
u2—13u+36:0<:>{u1 |

u, =9

—
< X
N N

Vay, hé phuong trinh c6 2 cap nghiém (4,9),(9,4)

VD4: Giai h¢ phuong trinh:
JX2+y? +.J2xy =82
X+ ﬁ =4
Giai
biéu kién:x>0,y>0
H¢ da cho tuwong duong véi hé:

{JZXZ +2y% +./4xy =16

X+Y+.4xy =16

V2X2 +2y2 =x+y
=

\/;+\/§:4

2X2 +2y? =X +y* +2xy
N

ﬁ+ﬁ=4

(x—y)*=0 x=y .
= = = X=V=

\/; + \/y =4 \/_ =2 y
Vay h¢ c6 nghiém 1a (4;4)

Jx+5+Jy—2:Jﬁ
VD5: Cho hé phuong trinh:
0 h¢ phuong trin m_l_\/m:\/a

Huwong dan gidi:

X+520

y-22>0 X>2
Piéu kién: x—220©{y22

y+5>0

Céc vé ciia hé phuong trinh khong 4m, binh phuong hai vé ta dugc:

X+Yy+3+2(x+5)(y-2) =m
X+Yy+3+2(x=2)(y+5) =m

= \/(x+5)(y—2) :\/(x—2)(y+5) S X=Y
Thay x=y vao (1):

2X+3+2J(Xx+5)(x=2) =m & 24/x* +3x-10 =

1)

m-3-2x
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Chuyén dé 2. Phuong trinh va hé phuong trinh dai s6

X<m—3
{m—S—szO )
=

2 _ 2 =
4(x° +3x-10) = (m-3-2x)
4m

X< 23
Sx=11
x=11

a. Voi m=49, (I) c6 dang
X <23
= = x=11
x=11
Vay, vdi m=49 hé co pghiém x=y=11
b. HE c6 nghiém duy nhat khi va chi khi:
m® —6m+ 49 _m-3
4m 2
2
m°—6m+49 >
4m
Vay,v6i M = 7 hé c6 nghiém duy nhét.

=1
2

b.Phwong phap dit an phu:
1.Phwong phap:

_m?-6m+49

)

Phuong phap dugc str dung nhiéu nhét dé giai cac hé chtra can thtc 1a viéc su dung céc an phu.

Tuy theo dang ctia hé ma lya chon phép dit an thich hop.

B1: Pat diéu kién cho cac biéu thirc trong hé c6 nghia.
B2: Lya chon dat an dé bién doi h¢ ban dau veé cac hé dai s6 da biét cach giai (h¢ doi xting

loai I, 11 va hé dang cap bac 2)
B3: Giai h¢
B4: K&t luan
2.Vidu:
VD1: Gidi hé phwong trinh:

X2 +y? +./2xy =82

VX +Jy =4
Hudng dan gidi:
biéu kién:

x>0
{yzo
{S—\/;+\/§
P=.xy

Khi d6 hé phuong trinh c¢6 dang:

bat

,diéukién S,P>0va S?—4P>0

IR

&+ﬁ:4
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\/(32 ~2P) —2P? +2P =842

S=4
— P2 -32P+128 =8
8-P>0
= P=
P2 -32P +128 = (8—P)?
Vay ta dugc:
S=4 X + =4
{ = J_ Jy S x=y=4
P=4 \/@:4

Chu y: Nhiéu hé ¢ dang ban dau chua thay sy xudt hién an phy, trong trudng hop nay ta can st
dung mot vai phép bién doi phu hop.
VD2: Giai h¢ phuong trinh:

IX+Y +Ix—y =4
X% 4+ y?® =128

Hu:o'n,q dan gidi:

bicu kién:

{x+y20 {yz—x

= < XZys<xXx=>x=0

X—y=0 y <X

Viét lai hé phuong trinh dudi dang:
JX+y+yx—y =4 @{\/x+y+\/x—y=4

%(X+y)2%(x_y)2:128 (X+Y)2+(X—y)2=256
bat:

u:Jx+y -0
,u,v=
V=.X—YVY
Ta duoc:
uv=0

u+v=4 u+v=24

= <= [uv::32
ut +v* =256 uv(uv —32)

u+v=4
u+v=4 u+v=24
<= (I) Hodc (1
uv =32 uv =0
B Giai (I): vo nghiém.

B Giai (I):
u=4 | X+y=4
{V:O Xx—-y=0 x=y=8
& & < [x=8
{U=0 X+y=0 {y:—8
v=4 \/ﬁ=4

Vay h¢ phuong trinh c6 2 cap nghiém (8,8) (8,-8).

Khi dit diéu kién dé cac biéu thic cua phuong trinh, bat phuong trinh va hé c¢6 nghia 1a ta
suy ra dugc cho 4n tir d6 c6 thé din tdi viée lya chon an phu bang phuong phép lwong giac hoa
ma ching ta da biét.
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VD3: Giai hé phuong trinh:

X+41-y* =1
y+v1l-x* =1
Hudng dan gidi:
Pidu ki¢n: |X|,|y|<1
bat:
X=sina T T
. v6i __Saiﬂs_
y=sinf 2 2

Bién dbi phuong trinh vé dang:
sina+cos =1

sina+cosf =1 sina+cosf =1
) i S<|la+ =0
sin f+cosa =1 sin(fe+ ) =0 {
a+p=r
VD4: Giai h¢ phuong trinh
X y+y\/;=30
X x+y\/§:35

Giai
biéukién:x> 0 ; y >0
Dt u=+x (u=0
a ; .
uv(u+v) =30
Taduoché { ., |
u’+v° =35
bat S=u+t+v ,P=uv ta co:

SP=30 S=5
f—
S°-3PS=35 P=6
Vay u, v 1a nghiém khong am ctia phuong trinh:

X =2
X =3

X2-5X+6=0 <

u=2 ([u=3
= Vv
v=3 v=2

. x=4 [x=9
Vay hé c6 nghiém la

\Y
y=9 |y=4
2 = 3(3/x2y +3/xy?
VD5: Gidi hé phuong trinh 120 T ) = 3EXY +YX7)
?{/;'FW:G

Giai
bat u=%/x v=3 y tacéd hé
2(u® +v®) =3uv(u +v)
{u +V="06
- {Z(U +V)[(u+Vv)* =3uv] = 3uv(u +V)
Uu+v==56
2(36 —3uv) = 3uv
- {u +v="6
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Chuyén dé 2. Phuong trinh va h¢ phuong trinh dai s6

uv=_3 u=2 (u=4
& & v
u+v=~6 v=4 |v=2
Vi u=2_ . Yx =2 X =8
a &
v=4 W:4 y = 64
b)voi . taco %/;:4<:> x=64
\4
v=2 3fy =2 y=38
Vay hé c6 2 nghiém 13 ( 8; 64 ),(64 ; 8)
VDG6: Giai va bién luan hé:
m x+1+\/§=m+1
\/x+1+m\/§:2
Huéng dan gidi:
bat:
X+1l=u

Jy=v
mu+v=m-+1

Khi d6 hé c6 dang:
ux+mv=2

(u,v>0)

[m 1] )
D= =m--1
1 m

D = med 1 =m?+m-2

[m am+1]
V: =MN-
2
a NuD#0em*-120m=#+1

Hé 6 nghigm duy nhit U="-12 3 V= ———
¢ c6 nghiém duy nha — va M+l

Vi diéu kién u,v>0 néntaco:

m+2
>0
m+1 sm>-1
1 >0
m+1
Khi d6 ta duoc:
m+2 2m+3
[x+1= =
e (m+1)?
N7 W S
m+1 (m+1)°
m=1
bh. Néu D=0 m?-1=0<
m=-1

Vvéi m=1= D, =D, =0, hé ¢6 v6 sé nghiém thoa VX +1+./y =2

voi M=—-1= D, =2#0 h¢ v6 nghiém.
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c.Phwong phép sir dung ham so:
1. Phwong phap:
B1: Pat diéu kién cho cac biéu thirc trong hé c6 nghia.
B2: Tir hé ban dau ching ta xac dinh dugc mdt phuong trinh h¢ qua theo 1 4n hodc 2 4an, giai
phuong trinh nay bang phuong phap ham s da biét.
B3: Giai hé.
B4: Két lugn.
2.Vidu:
® Co 1& phwong phap nay chiing ta chua dwoc hoc dén nén chiing tdi chi dé cip so lwoc qua dé
giéi thi¢u thém cho mot s6 ban cin chuyen sau vé hé phwong trinh vé ti.
Sau day chung toi sé dwara 1 vi du dé 1am ré phu’o’ng phap trén. Poi voi mot s0 ban muén
tim hiéu rd vé pp nay thi c6 thé doc phan tw hoc & cudi sach.

VD1:Giai hé phuong trinh:
Ix=1-\y =1-x°
(x=1)" =y
Hu:o'n,q dan gidi:
bicu kién:
X-1>0 x>1
=
y>0 y=>0

Bién doi ve hé co dang

\/x—l—\/yzl—x3
(x=1%=\ly

SAUx-1=-x+x*—x+1 (1)
Xétham s f (x) =~/x+1, 1a ham s6 dong bién trén D =[1,+o0)

= JUX-1-(x=-1)*=1-%°

Xét ham s6 §(X) = —x> + x> —x+1
B Mién xac dinh D =[1,+wx)
H Dao ham:
g'(X) =—3x" +2x—-1<0, VX € D < ham sb ddng bién trén D

Do d6 phuong trinh (1): T (t) = g(t)

Néu c6 nghiém thi nghiém d6 1a duy nhat.
x=1 tho4d man phuong trinh
x=1.y=01a nghiém hé

d.Phwong phap sir dung dé thi:
1. Phwong phip: , q L -
B1: Bang cac phép bién doi twong duong, hodc bang phép dat an phuy, ta bién doi h¢ ban dau ve

f(Kme=0(D
g(x,y,m)=0
B2: Xét cac duong (C)): f(X,y,m)=0 va (C,):9(X,y,m)=0 trén cing mot hé truc toa do,
tr d6 xac dinh phan dudng cong X, va X, thoa man (C):f(x,y,m)=0 va
(C.): (% y,m)=0.

B3: Van dung céc ki€ thuc veé vi tri tuong doi cua cac doi tuong ta tim dugc gia tri cia tham so
thoa man dicu kién K.

dang da thuec, gia sur c6 hé: {
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2.Vi du:

e.Phwong phap sir dung diéu kién can va di:
1.Phwong phap:

Phuong phap diéu kién can va d thuong t6 ra kha hiéu qua cho 16p dang toan:

Tim diéu kién tham s6 dé:

Dang 1: Hé phuong trinh c6 nghiém duy nhat.

Dang 2: Hé phuong trinh ¢é nghiém véi moi gid tri ciia tham so.

Dang 3: H¢ phuwong trinh nghiém dung voi moi Xe D .

Dang 4: Hé phwong trinh twong dwong véi mot phirong trinh hodc mét bat phirong trinh khdc.

Khi @6 ta thuc hién theo cac budc sau:
B 1: Dit diéu kién dé cac biéu thirc ciia hé phuwong tronh ¢ nghia.
B 2: Tim diéu kién can cho hé dya trén viéc danh gia hodc tinh dbi xung cua hé.
B 3: KIém tra diéu kién di, trong budc nay can c6 dugc mot sé ki ning co ban.

2.Vidu:
VD1: Xac dinh cac gia tri cua a sao cho hé sau c6 nghiém duy nhat:
{ X+1+ \/ﬁ =a 0
X+y=2a+1
Hwéng dan gidi:
biéu kién can:
Gia su h¢ co nghiém (X,,Y,) = (Y, —2, %, +2) cling 1a nghi¢m cua hé¢ phuong trinh. Vay h¢ co6

nghiém duy nhat thi diéu kién can 1a x, = y, —2
Khi d6 hé (1) c6 dang:

{\/yo_1+\/y0_1:a<:>{2\/y0_1:a:>\/m=a

Yo—2+Y,=2a+1 2y, =2a+3

a=0
= 2<:>a=2+\/§
4da-2=a

Vay a=2+ J6 1a didu kién can dé hé c6 nghiém duy nhat.

Diéu kién dii:
X+1+,y-1=2++/6 {\/x+1+1/y—1—2+\/6
=

Véi a=2++/6, hé (1) c¢o dang:
X+y=2(2++6)+1 (x+1)+(y-1) =5+26

bat:
{u =+/Xx+1

v=,Yy-1

u,v=0

Ta duoc:

{u+v:2+\/§ U+v=2++/6

=N
u?+v2=5+26 uv=5+§\/g

Suy ra u,v 1a nghiém phuong trinh:

2+\/6<:>u= 2+2\/€

1
t2—(2+\/§)t+§(5+2\/€)=0<:>t0: - V=
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,—X+1:2+2\/§ X:6+4\/§

4 . ,
= = la nghiém duy nhat.
\/yT _ 2+ \/6 = 14 + 4\/5
2 4
Vay hé phuong trinh c6 nghiém duy nhét khi a=2++/6.

VvD2:
Xéc dinh céc gia tri cua a sao cho hé sau c6 nghiém véi moi b:

VX2 =2b*-1-/(a-1)by =x-1 n
ax+by—-1=0
Hudng ddNngidi
biéu kién can:
H¢ c6 nghiém vo1 moi b = ¢6 nghiém vaéi b=0, khi do:
X -1=x-1__[x=1 x=1
RS o =
ax—1=0 ax—1=0 a=1
Vafly s=1 1a ddéu kién can dé hé c6 nghiém v4i moi b.
bicu kién du:
Vi a=1, hé (I) c6 dang:
T o0 X=1>0 b i1
VX =2b*-1=x-1 X=D"+
{ v_1-0 = x2—2b2—1:(x—1)2<:>{ v 1-0
X+hy-1= X+Dy—-1=
Y X+by-1=0 d
X=Db?*+1

Xx=b’+1 , ,
9., = it nhat mot nghiém la
b +by=0

Vay h¢ phuong trinh c6 nghiém v61 moi b khi a=1.
VD3: Xac dinh céc gia tri cia m d€ hé sau c6 nghiém:

{x 1-y>=m n

y=-b

yvl-x* =2m
Huéng din gidi:
biéu kién can:
Gia str h¢ ¢6 nghiém (X, y,) suy ra:

X, =sina

X, |<1 .
| O| = ton tai hai goc a,ﬂ(—zga,/}gf); )
Yo =sIn

|y0|£l 2 ?
Khi do:

. _ ; — 3m(<1
(I){smacosﬂ m C>{sm(oc+,8) 3m:>{| | ®|m|gl

sin fcosa =2m sinf@-p)=-m  |]-m|<1 3

1 s L .
Vay |m| < 3 la diéu kién can dé h¢ co6 nghiém.
Diéu kién du:
. 1
Véi [m|<=
3

X=sina
bat: ., Vol a,ﬁ’(—ZSa,ﬂsz).
y=sinp 2 2
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a_UO+VO

. S BAL

. [sin@+pg)=3m _Ims Ja+B=Uy 2 *

H¢ (I) c6 dang: {sin(a—ﬂ)=—m a—f =V, ﬂ:uo—vo ©)
2

Diéu nay ching t6 hé c6 nghiém.
1 n
Vay |m| < § hé c6 nghi¢m.
f.Phwong phap danh gia: ) o i
Bang cach danh gia tinh t€ dua trén céc tinh chat ctia bat dang thuc, ta c6 thé nhanh chong chi ra
dugc nghiém cua hé.

VD1:
Giai hé phuong trinh:

X+4y-1=1
y+ix-1=1
Huéng dan gidi:
x>1
y>1

biéu kién: {

[ x=1
Voi
y>1
Cx+gy-121
Hé:
y+4ix-1>1
Vay h¢ phuong trinh c6 nghiém x=y=1
VD2: Giai h¢:

{\/xz—zx+2+</y2—2y+2 2

x + y+3=3
Hujo"ng dan gidi:
biéu kién:

X*—2x+2>0

2 _ >
y 2y+220C>X_0
x>0 y=-3
y+3=0

Ma: X2 —2X+2=(x+1)*+1>1 VX' -2x+22>1
. =
y2-2y+2=(y-1°+1>1 |gfy?_2y+2>1

=X —2x+2+4y?-2y+2>2

Vay (1) c6 nghiém x=y=1 thoa (2).
VD3: Giai h¢:

{Jx?—y+Jy?—x_2a)

X+y —x—y=2(2)

Huéng dan gidi: o

Xét (1), st dung bat dang thirc Bunhiacopxki:
Z:Jx?—y+Jy?—xsJG+DO@—y+y2—x):2
Vay (1) tuong duong voi:
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X=Y
y=-x-1

\/xz—y:\/yz—x<:>x2—y:y2—x<:>(y)(x+y+l):0<:{
B Vi x=y, hé c6 dang:

{X=y @{X=y 1445

S X=y=
X2+xP—x—-x=2 x2—x-1=0 y 2

B Vi y=-x-1, hé c6 dang:
y=-x-1 y=—x-1
=
X+ (—x=1)° =x—(-x-1)=2 X*+x=0
-1
1
Vay, H¢ phuong trinh ¢6 4 cap nghiém.
Bai tap;
Bai 1:
NX+HY =3YXx+y@
MX—Yy =3/x—y—-12(2)

Hudng dan gidi:

{xz y
Rik; (X==Y
1 WXFY = (3fxry)”

S X+Y) P =(x+Y)? < (X+Yy) (x+ y—1)=0<:>[

X=-y
X+y=1
Thay x=-y vago phténg trinh (2),ta Aiddic : y = -2= x = 2. |
Bai 2:

XY + y\/_ = 30

XA/ X + Y.y =35
Hudng dan gidi
Nieau kiedn :x= 0 ; y 20

{U=\/; {uzo
Naét V:\N; v20

uv(u +v) =30

3 3

Ta fi66ic hea {u +VT =35

Naét S=u+v ,P=uv ta cou:

Tinh S ,P rdi suy ra u,v.Tinh x,y theo u,v ( so sanh véi dk)
Nghiém cua hé: (4;9), (9;4)

Bai 3:

{2(x +y) =3@/x%y +3/xy?)

Ux +3/y =6

Hudng dan gidi:

- 3 3 N
Naét u= \/; ,v:\/y ta cou hea




CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb
2(u® +v*) =3uv(u +V)
u+v==~6

Tinh u,v rdi tinh x,y theo u,v vira tim duoc.
He& cou 2 nghieam ( 8; 64 ),(64 ; 8)
Bai 4:

X+y+z2=6

x? +y?+2%°=18

VX + \/V +Vz =4
Hudng dan gidi:
t0@ pt (1) = 36=(x+y+2)2 suy ra xy+ yz +xz =9
tog pt(3)
=16 = (VX +.,Jy +/2)?
Ta co6 hé mai :

X+y+z2=6

suy ra xyz=4

Xy+yz+zx=9

Xyz =4
Heé cou cauc nghieam (1 ;4 ; 1); (1;1;4); (4;1;1)
Bai 5:

{\/XZ +y? —yx? -y =y

(X* + y?)(x* —y?) =144
I:lwo'n,q dan gidi:
Nieau kieéan :
x>,y
x <.y
y=>0
Binh phuong hai vé ctia pt (1)=...
thay (2) vao (1) = 2" —=24=Y" (3)
thay (3) vao (2) tadugc x =y
(2/3:0); (-23,0); (2/54); (-2/5:4)

Vay h¢ c6 nghiém
Bai 6:
JX+y—3x+2y=-1
Hudng dan gidi:
X+y=>0
{3x+2y20
Ditu=,/x+y >0
v=[3x12y >0

=X-—Yy=..
Hpt da cho twong duong vdi hé:

u-v=-1

u+2v? —5u° =0
Giai hé tim u,v rdi suy ra x,y
H¢ c6 nghiém (1;3)
Bai 7:




CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb

{Jﬁﬁ:s

JX+5+,/y+5=8.

>
dk{x_o
y>0

H¢ tuong duong:

{\/;+ x+5+\/§+ y+5=13 \/;+'X+5+‘N+ y+5=13
=

& 5 5
_ v -3
Vs xey 5y =8|\ e R sy

U=+X++X+5
(u,v=+/5)
Naét v=yy +y+5 .
u+v=13 U=—"" (U= 3
2 2
& 65 < v
u+v=13 uv=—. 247 247
13— — 13+, —
1 1 3 3
Tacolhea: U VvV 5 2 2
13_ Zﬂ
_ V3 .
He& fiad cho voa nghieam vi 2

Bai 8:Giai h¢ phuong trinh sau:
{\/x+y +X+2y+2=7

V2x+1+./3y+1=7 _(1)

x>—1'x>—y
2-2ix2

~

yz-%;x+2y+220

NKk:
J JX+Y +x+2y+2=7
2X+ 3y +2+2,/(X+ y)(X+ 2y +2) = 49.
d (x+y)lx+2y+2) S {IX+Y + X +2y +2 =2x+1+4/3x +1
2x +3y + 2+ 2,/(2x +1)(3y +1) = 49
) X+ Ya/X+2y+2 =4/2x+1.,3y +1
Hea
3)

JXHY F X2y +2=7
JX+y =42x+1
Jx+2y+2=3y+1

JXHY Fx+2y+2=7

Jx+y=43y+1
JX+2y+2 =2y +1

Tog (3)=hea (1)




CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb

y=x+1
JX+Y Fx+2y+2=7

y=x+1
=
J2y +1+3x+4 =7

{x:4

@ —

. tr6dgng hoip 1: y=>5
X=2y+1
J3y+1+.,J4y+3=7

X~7
650 AT . yz3
. tr66eng hoip 2:
Bagi 9:
VX+1+42+y =2
N2—X+,y+1=2 )
Giadi:
Nieau kiean: ~1=Xxy=2

X+1+42-y =2

=

Hed (1) {(x/x+l\/y+1)+(\/2y\/2x)=0

Ta thaay (x;y)=(-1;-1) vag (x;y)=(2;2) khoang lag nghieam
NX+1+42-y =2

= hed (1) X+1+y+1 x—y++2-x

X=Yy
=
{«/x+1+ 2—-y=2

s
=
3+2/(x+1)(2-x) =4

X=Yy
=
x2—x+Z:0
2
X_1+\/E X_l—\/E
2 2
= v
1+\/E 1—\/E
y= > y= >

Hai nghiém trén déu khong thoa diéu kién.
Vay h¢ da cho v6 nghiém.

Bai 10:

{\/; + ZW =1

X+2y=1 1)

>0,y>0

Giai:

diéu kién :x




CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 2. Phuong trinh va hé phuong trinh dai sb

gy -1

y
hé (1) 2

& —(1+‘{/—) = (1 XJ
phuong trinh cudi 2 2
. x=1 la nghiém ctia phuong trinh trén
. 0= X<1 thi vé tréi ciia (2) 16n hon 0 .
Vay hé da cho c6 nghiém duy nhat (1;0).

Bi11:
1+5x +4/5-y =3
ox—-y=11

-1
XZ? u=4%1+5x,u>0
<5 Dit v:4,/5—y,v>0

1+5x=16 [1+5x=1
\
= 5—y:1 5-y=16

{ :

u+v=3

W vt =14
Ta c6 hé phuong trinh:
=3
=4

.

Vay hé da cho c6 hai nghiém: (3;4), (0
Bi 12:

2x—1+\/y+2 _,
y+2 2x -1

x+y=12.

2X — Ck>0— y+2

Pk: Y>2_ y+2 2x—1

_1
-

K+ —2<:>k2—2k+1 0= k=1
Taco: )
2X_1:1¢>2X_1 1e 2x—y =3,

y+2 y+2
{2x—y—3 {x=5
=
Taco he: XTY=12 y="7.
Vay hé da cho c6 nghiém (5; 7).




CAC CHUYEN PE LUYEN THI BAI HOC Chuyén dé 3. Bat phwong trinh va hé bit phwong trinh dai sb

_CHUYEN DE 3. BAT PHUONG TRINH VA HE BAT PHUONG TRINH DPAI SO
(Phan nay co 101 bai tdp cho cac ngi dung theo dang toan lién quan toi ham so da dwoc khao sat)




CAC CHUYEN BE LUYEN THI BDAI HOC

TAI LIEU CUA HQC SINH: ........ creeeseesnneeeeesaateeesesanaaeeas
CHUYEN PE 1. KHAO SAT HAM SO VA BAI TOAN LIEN QUAN
(Phan nay ¢6 101 bai tdp cho cdc ndi dung theo dang todn lién quan t6i

ham s6 da dwoc khdo sat)

CHU PE 1: TINH PON PIEU CUA HAM SO

Chuyén dé 1. Khao sat ham sé va cau hoi lién quan
mx + 4

1)
X+m
1) Khao sat su bién thién va v& d6 thi ctia ham s (1) khi m=—1.
2) Tim tit ca cac gia tri cuia tham sb m dé ham sé (1) nghich bién trén
khoang (—o0;1).

Cau6. Chohamsd y=

Caul. Chohamsd y= %(m—l)xs +mx? + (3m-2)x (1)

1) Khao sat su bién thién va v& db thi (C) cia ham s6 (1) khi m=2.
2) Tim tat ca cac gia tri cia tham sO m d€ ham so6 (1) dong bién trén
tap xac dinh cua nd.

o 2<m<-1. ) )
CHU PE 2: CUC TRI CUA HAM SO

em>2

Cau2. Chohamsd y= C+3x%—mx—4 (1)
1) Khao sat su bién thién va v& d6 thi cia ham s6 (1) khi m=0.
2) Tim tat ca cac gia tri cua tham s6 m dé ham s6 (1) dong bién trén
khoang (—o0;0).

Cau7. Cho ham sé y=x3+3x% +mx+m—2 (M la tham s6) c6 dd thi 1a
(Cnm). , ‘ ,
1) Khdo sat su bién thién va v& do thi ham s6 khi m = 3.
2) Xac dinh m dé€ (Cm) c6 cac diém cuc dai va cuc ti€éu nam ve hai
phia doi voi truc hoanh.

e m<3.

oM< -3
Cau3. Cho ham sb y=2x>—3(2m+1)x%+6mm+1L)x+1 c6 do thi
(Cm).

1) Khao sét sy bién thién va v& do thi ciia ham s6 khi m = 0.
2) Tim m dé ham s6 dong bién trén khoang (2;+o0)

Cau8. Choham sé y=—x3+(2m+1)x?—(m? —3m+2)x—4 (m la tham
s0) c6 do thi 1a (Cm).
1) Khao sat sy bién thién va v& do thi ham sé khi m = 1.
2) Xac dinh m dé (Cm) c6 cac diém cuc dai va cuc tiéu nim vé hai
phia cua truc tung.

el<m<?2.

e m<1

Cau4. Chohamsdy=x*+(1-2m)x*+(2—m)x+m+2.
1) Khao sét su bién thién va v& d thi (C) ctia ham s6 khi m = 1.
2) Tim m dé ham dong bién trén (0;+x).

Cau9. Cho ham s yzéxs—mxz +(2m-1)x—3 (m 1a tham sd) c6 dd

thi la (Cnm).
1) Khéo sét sy bién thién va vé do thi ham sé khi m = 2.
2) Xac dinh m dé (Cm) c6 cac diém cuc dai, cuc tiéu nam vé cung mot
phia d6i véi truc tung.

3+\/ﬁ

8

o >m.

Cau5. Chohamsd y=x*—2mx?>-3m+1 (1), (m la tham sd).
1) Khéo sat sy bién thién va v& do thj ctia ham s6 (1) khi m = 1.
2) Tim m d¢ ham so (1) dong bien trén khoang (1; 2).

m=1
4 1
m>—
2

e Me (—oo;l] .

Cau 10. Cho ham s6 y=x*—3x>—mx+2 (m 1a tham s6) c6 do thi la
(Cn). , ‘ :
1) Khao sat sy bién thién va vé do thi ham so6 khim = 1.
2) Xac dinh m dé (Cm) c6 cac diém cuc dai va cuc tiéu cach déu
duong thang y=x—1.




CAC CHUYEN BE LUYEN THI BDAI HOC

Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

.me{o;_g}.

Cau1l. Cho ham s y=x>-3mx?+4m°> (m la tham s&) c6 dd thi la
(Crm). , ‘ ,
1) Khao sat sy bién thién va v&é d6 thi ham s6 khim=1.
2) Xac dinh m dé (Cm) c6 céac diém cuc dai va cuc tiéu doi xung nhau
qua duong thang y = X.

Cau16. Cho ham sé y=x>+(1-2m)x*+2-mx+m+2, véi m la
tham s thuc.
1) Khao sat sy bién thién va v& do thi caa ham sd da cho tng voi
m=1.
2) Xac dinh m dé ham s6 da cho dat cuc tri tai X, X, sao cho

x|

/2

e M=+——.
2

@m

Cau 12. Cho ham sb y=—x°+3mx% —3m-—1.
1) Khao sét sy bién thién va vé& do thi cliia ham sdkhim=1.
2) Vi gia tri nao cua m thi d6 thi ham sb ¢ diém cuc dai va diém cuc
tiéu ddi xtmg véi nhau qua dudng thang d: x+8y—74=0.

o m:2

Cau 13. Cho ham sb y=x° —3x% + mx (1).
1) Khéo sét sy bién thién va v& do thi ctia ham sb khi m = 0.
2) Vi gid tri nao cia m thi d6 thi ham sé (1) ¢6 cac diém cuc dai va
diém cuc tiéu dbi xtmg voi nhau qua duong thang d: x—2y—5=0.

Cau 17. Cho ham sb y:%x3—(m—1)x2+3(m—2)x+%, véi m la tham

s6 thuc.
1) Khao sat sy bién thién va v& do thi cia ham sb da cho tng voi
m=2.
2) Xac dinh m dé ham sb dd cho dat cuc trj tai X, X, sao cho

x1+2x2=1.

:—41@
—

e m=0.

Cau 14. Cho ham sb y=x° —3(M+1)x? +9x+m—2 (1) ¢6 dd thi 1a (Cm).
1) Khéo sat sy bién thién va v& d0 thi ctia ham s6 khi m = 1.
2) Vi gia tri nao cia m thi d6 thi ham s6 c¢6 diém cuc dai va diém cuc

tiéu d6i xtng v6i nhau qua duong thang d: y = % X

Cau 18. Cho ham sb y=4x>+nx? —3x.
1) Khéo sat su bién thién va v& d6 thi ciia ham s6 khi m = 0.
2) Tim m dé ham s6 ¢6 hai diém cuc tri X;, X, théa X, =—4X,.

e m=1.

Cau 15. Cho ham sé y = x> —3(m+1)x*> +9x—m, véi m la tham sé thuec.
1) Khao sat sy bién thién va v& do thi cia ham sd da cho tmg voi

m=1.
2) Xac dinh m dé ham sb6 da cho dat cuc tri tai X;, X, sao cho
X, —%,|< 2.

o m= i g
2
Cau hoi tuwong tu:

a) y=x>+3x"+mx+1; X+ 2%, =3 DS: m=-105.

Cau19. Cho ham s6 y=(m+2)x°+3x%+nx—5, m la tham sd.
1) Khéo sat su bién thién va v& d6 thi (C) ctia ham sé khi m = 0.
2) Tim cac gia tri cia m dé cac diém cuc dai, cuc tiéu cua do thi ham
s6 da cho c6 hoanh db 1a cac sé duong.

e —3<m< 2.

e-—3<m<-1-+3va-1+/3<m<1.

Cau 20. Cho ham sb y=x>—3x%+2 (1)




CAC CHUYEN BE LUYEN THI BDAI HOC

Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

1) Khéo sét sy bién thién va v& dd thi ciia ham s (1).
2) Tim diém M thudc duong thing d: y=3x—2sao tong khoang cach
tir M toi hai diém cuc tri nho nhat.

<> m=3 (thoa man).

u(s)

Cau 25. Cho ham sé y=x®—3x* —mx+2 ¢6 do thi 1a (Cn).
1) Khao sat sy bién thién va v& do thi cua ham s khim=1..
2) Tim m d¢ (Cm) c6 cac diém cuc dai, cuc tiéu va duong thang di qua
cac diém cyc tri tao v6i dudng thang d: X+4y—5=0 mot goc 45°.

Cau 21. Cho ham sb y=x3+(1—2m)x% +(2—m)x+m+2 (m la tham sd)
(1). , ‘ ,
1) Khao sat sy bién thién va v& do thi ham s6 (1) khim =2. _,
2) Tirp céq gia tri cia m dé do thi hém s0 (1) c6 diem cuc dai, diém
cuc tiéu, dong thoi hoanh d6 cua diém cuc ti€u nhé hon 1.

5 7
e —<M<—.
4 5

Cau22. Chohamsd y=x*-3mx*+3(m*-Dx-m’+m (1)
1) Khao sat sy bién thién va v& do thj ctia ham s6 (1) khi m = 1.
2) Tim m d€ ham so6 (1) c6 cyc tri dong thoi khoang cach tir diém cuc
dai cta do thi ham sb dén gbc toa dd O bang V2 1an khoang céch tu
diém cuyc ti€u cua do thi ham so dén goc toa do O.

m=-3+2/2
o .
m=-3-2/2

Cau 23. Cho ham sb y=—x3+3mx? + 31— m?)x+ m° — 7 (1)

1) Khéo st sy bién thién va v& do thi cia ham s6 (1) khi m=1.
22 Viét phuong trinh duong thang qua hai diém cyec tri ciia do thi ham
s0 (1).

e  Phuong trinh duwong thang di qua 2 diém cuc tri la

A: yz—(z—m+2Jx+(2—mj
3 3

Pt k:—[%mu]. Puong thing d: x+4y—5=0 ¢6 hé s6 géc

: 1
bang ——.
ang 2
Ta co:
P I PO S0 O P __3®
tan45° = 1 = ‘11 L = 55<:> io
1-—k k+==-1+-k |k=-= |m=-=
4 4 4 3 2

A A A .7 . A N \ 1
Ket hop diéu kién (*), suy ra gia tri m can tim la: m = 5

22?7 Hay lam bai ma khong dung cong thirc tan o trén!

o y=2X—mP+m.

Cau26. Chohamsé y=x>+3x>+m (1)
1) Khao st sur bién thién va v& do thi ctia ham s6 (1) khi m=—4.
2) Xac dinh m dé do thi cia ham s6 (1) ¢6 hai diém cuc tri A, B sao

cho AOB=120°.

Cau 24. Chohamsd y=x*—3x*—mx+2 c6 do thi 1a (Cm).
1) Khao sat sy bién thién va v& do thi cta ham sb khi m = 1.
2) Tim m dé (Cm) c6 cac diém cuc dai, cuc tiéu va dudng thang di qua
cac diém cuec tri song song voi dudng thang d: y=—4x+3.

o Phuong trinh dwong thang di qua 2 diém cuc ti la

d: yz—(z—m+2jx+(2—mj
3 3

Puong thang di qua cdc diém cue tri song song voi d: y=—4x+3

X=—-2=y=m+4
X=0 =y=m

Vay ham $6 ¢6 hai diém cuc tri A0 ;m)vaB(-2; m+4)

eTaco: y'=3x%+6X; y':0<:{

OA=(0;m), OB=(-2m+4). bé AOB =120°thi cosAOB = —%

m:—12;2\/§.

Cau27. Chohamsé y=x>-3mx®+3(m?=1)x—m>  (Cm)
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Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

1) Khao sat su blén thién va v& dd thi cua ham s6 (1) khi m=-2.
2) Ching minh rang (Cm) ludn c6 diém cuc dai va diém cuc tiéu lan
luot chay trén mdi duong thang c¢b dinh.

2) Vi nhiing gia tri nao ctia m thi db thi (Cm) ¢6 ba diém cuc tri, d@)ng

thoi ba diém cuc tri d6 1ap thanh mot tam gidc c6 mot goe bang 120°.

1

=

o M=—

Cau32. Chohamsb y=x*—2mx?+m-1 c6 dd thi (Cm) .
1) Khao sat sy bién thién va v& do thi ham s6 khi m = 1.
2) Véi nhing gia tri nao ciia m thi db thi (Cm) c6 ba diém cuc tri, déng
thoi ba dlem cuc tri do 1ap thanh mot tam gidc c6 ban kinh dudng tron
ngoai tiép bang 1.

’ ! X=m+1

oy =3X —6rr1><+3(rr12—1), y :O<:>[X=m_1

Piém cuc dai M(m—1,2—-3m) chay trén duong thcfng c6 dinh:
X=-1+t

{y=2—a

Piém cie tieu N(m+1,—2—m)chay trén duong thing cé dinh:
X=1+t

{y:—2—3t

A N 1 4 2 3
Céu 28. Cho ham sb yZEX —mx +§ Q)

1) Khao sét sy bién thién va v& do thi cuia ham s6 (1) khi m=3.
2) Xac dinh m d€ do thi ciia ham s6 (1) ¢6 cuc ti€éu ma khong co cuc
dai.

e M<O0.

Cau29. Chohamsd y= f(x)=x*+2(m-2)x* +m? —=5m+5 (C.).
1) Khao sat sy bién thién va v& do thi (C) ham sb khi m=1.
2) Tim céc gia tri cia m dé db thi (C,,) cua ham s6 ¢ cac diém cuc

dai, cuc ti€u tao thanh 1 tam gidc vuong can.

m=1

[ 4 —
no5-1
2
Cdu hoi twong tu:

—1+\/§

DS: m=1 m=
. 2

a) y=x*—2mx®+1

Cau33. Chohamsb y=x*—2mx%+2m+m?* ¢6 dd thi (Cn) .
1) Khao sat sy bién thién va v& do thi ham s6 khim = 1.
2) Vi nhiing gia tri nao ctia m thi db thi (Cm) ¢6 ba diém cuc tri, d@)ng
thoi ba diém cuc tri do 1ap thanh mdt tam giac c6 di¢n tich béng 4,

e Mm=1.

Cau 30. Chohamsé y=x*+2(m-2)x? +m?-5m+5 (C,)
1) Khao sat sy bién thién va v& do thi ham s6 khi m = 1.
2) Voi nhing gia tri nao cua m thi d6 thi (Cm) co dlem cuc dai va
diém cuyc tiéu, dong thoi cac diém cyc dai va diém cuc tiéu 1ap thanh
mot tam giac déu.

e m—416.

Cdu hoi twong tu:

a) y=x*—2m’x?+1,5=32 BS: m=+2

CHU PE 3: SU TUONG GIAO

° m:2—i/§.

Cdu héi tirong tw doi véi ham so: y = x* —4(m—1)x2 +2m-1

Cau3l. Chohamsd y=x*+2mx%+m?+m c6 dd thi (Cm) .
1) Khéo sét sy bién thién va v& do thi ham sé khi m = -2,

Cau34. Chohamsdy=x3+3x>+mx+1 (m latham s6) (1)
1) Khao sat va v& d6 thi ham sb khi m = 3.
2) Tim m dé duong thang d: y = 1 cit dd thi ham s6 (1) tai ba diém
phan biét A(0; 1), B, C sao cho cac tiép tuyén cua d6 thi ham sé (1) tai
B va C vuong goc véi nhau.
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Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

~9-J65 94465

v m=
8 8

Cau 35. Cho ham s§ y=x>—3x+1 c6 dd thi (C) va dudng thing (d):
y=nmx+m+3.
1) Kho sat sy bién thién va v& do thi (C) cia hamsd.
2) Tim m dé (d) cat (C) tai M(—1; 3), N, P sao cho tiép tuyén cua (C)
tai N va P vuong goc véi nhau.

Cau 39. Cho ham s y:%x3 —mx? — X+ m+§ co dd thi (C).
1) Khao sat su bién thién va v& do thi cua ham sé khi m = —1.
2) Tim m @¢ (C,,)cét truc hoanh tai 3 diém phan biét c6 tong binh
phuong cac hoanh d6 16n hon 15.

34242 3-22
:TV m:T.

o |m| >1
Céu héi twong tw ddi véi ham sé: y =X —3mx® —3x+3m+2

Cau36. Chohamsb y=x>-3x*>+4 (C)
1) Khao sat sy bién thién va v& do thi (C) ctia ham sd.
2) Goi (d) 1a duong thang di qua diém A(2; 0) c6 hé sd goc k. Tlm k
dé (d) cat (C) tai ba diém phan biét A, M, N sao cho hai tiép tuyén cta
(C) tai M va N vudng goc voi nhau.

Cau 40. Cho ham sé y = x® —3x? —=9x+m, trong d6 m 1a tham sé thuec.
1) Khao sat su bién thién va v& do thi (C) cua ham sb di cho khi
m=0.

2) Tim tat ca cac gia tri ciia tham s6 m dé do thi ham s6 da cho cit
tryc hoanh tai 3 diém phan biét c6 hoanh d6 1ap thanh cap s6 cong.

e m=11

3122
—

.k:

Cau37. Chohamsbd y=x>-3x (C)
1) Khao sét sy bién thién va v& do thi (C) ctia ham sb.
2) Ching minh rang khi m thay doi, duong thang (d): y=m(x+1)+2
ludn cit do thi (C) tai mot diém M c6 dinh va xéac dinh cac gia tri cua
m dé (d) cét (C) tai 3 diém phan biét M, N, P sao cho tiép tuyén cua
(C) tai N va P vudng gdc voi nhau.

Cau 41. Cho ham s§ y=x°—3mx?+9x—7 ¢6 dd thj (Cm), trong d6 m 12
tham sd thuec. ) ‘ ’
1) Khao sat sy bién thién va v& do thi (C) cia ham so6 da cho khi
m=0.
2) Tim m de (Cm) cét truc hoanh tai 3 diém phén biét c6 hoanh do lap
thanh cap sb cong.

_ 3% 22

3

Cau 38. Cho ham sé y=x°-3mx?+3(m? -)x—(m?-1) (m la tham
&) (D).
1) Khéo sét sy bién thién va v& do thi ciia ham sb (1) khi m=0.
2) Tim céac gia tri cia m dé @6 thi ham sb (D) cit truc hoanh tai 3 diém
phén biét c6 hoanh d6 duong.

m=1

-1+ \/E s , -1- \/1_5
2

o sz Thit lai ta co M=

_-1-415
2

la gid tri can tim.

-\/§< m<1+«/§.

Cau 42. Cho ham sb y=x*-3mx?—mx co d6 thi (Cm), trong d6 m Ia
tham sd thuec. ) . )
1) Khao sat sy bién thién va v& do thi (C) cua ham s6 da cho khi
m=1.
2) Tim m dé (Cm) cit duong thang d: y=x+2 tai 3 diém phan biét
c6 hoanh d¢ lap thanh cép s6 nhan.

oeMm=—

33/§+1'
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Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

Cau 43. Cho ham sy =x°+2mx? +(M+3)x+4 c6 dd thi 1a (Cm) (M 12
tham sd). ) . )
1) Khao sat su bi@n thién va v€ do thi (Cy) cua ham so trén khi m = 1.
2) Cho duong thang (d): y=x+4 va diém K(1; 3). Tim cac gia tri
cia m dé (d) cit (Cm) tai ba diém phan biét A(0; 4), B, C sao cho tam

gide KBC co dién tich bing 82 .

1) Khao st sy bién thién va v& d6 thi (C) ctia ham sb.
2) Binh m dé duong thang (d):y=nmx—2m-4 cat do thi (C) tai ba
diém phan biét.

e m>-3.

e 1+ /137
—

Cau 49. Cho ham sb y=x°—3x%+1.
1) Khao sat su bién thién va v& d6 thi (C) ctia ham sd.
2) Tim m dé duong thang (A): y = (2m—1)x—4m—1 cit d6 thi (C) tai
dung hai diém phan biét.

Cau 44. Cho ham sb y=x3—3x%+4 co do thi 1a (C).
1) Khao sat su bién thién va vé& do thi (C) cta ham sb.
2) Goi d, la duong thang di qua diém A(-L0) voi hé sd goc
k(ke; ). Tim k dé duong thang dy cit d6 thi (C) tai ba diém phéan
biét A, B, C va 2 giao c?iém B, C cling v6i goc toa dd O tao thanh mot
tam giac c6 dién tich bang 1.

Cau 50. Cho ham sé y =x°—3m?x+2m ¢6 dd thi (Cn).
1) Khao sat sy bién thién va v& do thj cia ham s6 khim = 1.
2) Tim m dé do thi (Cm) cat truc hoanh tai dang hai diém phéan biét.

e m=+=1.

e k=1.

Cau 45. Cho ham sb y=x>—3x?+2 ¢ dd thi 1a (C).
1) Khao sat su bién thién va v& d6 thi (C) cta ham sb.
2) Goi E 1a tam ddi xtng cua d6 thi (C). Viét phuong trinh duong
thang qua E va cit (C) tai ba diém E, A, B phan biét sao cho dién tich

tam giac OAB bang \/E .

Cau51. Chohamsé y=x*—mx®+m-1c6dd thila (C,)
1) Khao sat su bién thién va v& d6 thi (C) ctia ham s6 khi m=8.
2) Binh m dé do thi (C,, ) cét truc truc hoanh tai bon diém phén bigt.

m>1
[
{m¢2

oy=—X+1 y:(—lir\/g)(x—l).

Cau 46. Chohamsé y=x>+mx+2 6 dd thi (Cm)
1) Khéo st sy bién thién va v& do thi ctia ham s6 khi m = -3,
2) Tim m dé do thi (Cm) cat tryc hoanh tai mét diém duy nhat.

Cau52. Chohamsé y=x"-2(m+1)x*+2m+1 c6 dd thila (C,,).
1) Khao sat su bién thién va v& d thj ciia ham s6 da cho khi m=0.
2) Binh m dé dé thi (C

hoanh d6 1ap thanh cap s cong.

m) cit truc hoanh tai 4 diém phan biét co

e m>-3.

Cau 47. Cho ham s y=2x2—3(M+1Dx>+6mx—2 ¢6 dd thi (Cm)
1) Khao st sy bién thién va v& d0 thj ctia ham s6 khi m = 1.
2) Tim m d¢é do thi (Cm) cat truc hoanh tai mot diém duy nhat.

o 1—\/§< m<1+x/§

o]

Cadu héi tuwong tir d6i véi ham 6y =—x*+2(m+2)x>-2m-3  BS:
13

m=3,m= )
9

Cau 48. Cho ham sb y=x°—6X° +9x—6 c6 db thi 1a (C).

Cau53. Cho ham s§ y=x*—(Bm+2)x?+3m ¢o dd thi 1a (Cm), m 12
tham sd.
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Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

1) Khao sat su bién thién va v& dd thi ciia ham s6 khi m = 0.
2) Tim m dé duong thang y=—1 cat do thi (Cm) tai 4 di€ém phan biét
déu c6 hoanh do nho hon 2.

2) Viét phuong trinh duong thang d qua diém 1(—11) va cat do thi
(C) tai hai diém M, N sao cho | 1a trung diém ctia doan MN.

—l<m<l
[ J

m=0

e Phuong trinh duwong thang can tim la y =kx+k+1 voi k <0.

Cau54. Cho ham sé y=x'-2(m+1)x*+2m+1 c6 d6 thi la (Cm), m 12

tham sd.
1) Khao sat su bién thién va v& dd thi cia ham sé khi m = 0.
2) Tim m dé d6 thi (Cm) cét truc hoanh tai 3 diém phan biét déu co
hoanh d¢ nhé hon 3.

2X+4 ©).

Cau 58. Cho ham s y = N
1) Khao sat sy bién thién va v& do thi (C) cia ham sb. 9
2) Goi (d) 1a duong thang qua A(1; 1) va c6 hé s6 goc k. Tim k dé (d)
cét (C) tai hai diém M, N sao cho MN =310 .

—3+\/H_k_—3—\/ﬂ
16 '

omz—lva]..
2

Cau 55. Cho ham sé y=x*—2m?x* +m* +2m (1), v6i m 1a tham sé.
1) Khao sat su bién thién va v& dd thi cia ham sé (1) khi m=1..
2) Chtng minh d6 thi ham s6 (1) ludn cét truc OX tai it nhat hai diém
phan biét, véi moi m<O0.

16
Caus9. Chohamsé y=2X=2 (C).
Xx+1

1) Khéo sat su bién thién va v& d6 thi (C) ctia ham sd.
2) Tim m dé duong thang (d): y=2x+m cat (C) tai hai diém phan

biét A, B sao cho AB=+/5.

e m=10 m=-2.

Cau56. Cho hamsd y= 2x+1
X+2

c6 d6 thi 1a (C).

1) Khao sat su bién thién va v& dd thi (C) cta ham sb.
2) Chung minh rang duong thang d: y=—-X+m ludn cat do thi (C) tai
hai diém phan biét A, B. Tim m dé doan AB c¢6 d6 dai nho nhét.

x-1
(1.
X+m
1) Khao sat sy bién thién va v&€ do thi ctia ham so (1) khi m=1.
2) Tim céc gia tri ctia tham s6 m sao cho duong thang (d): y=x+2

cht dd thi ham sé (1) tai hai diém A va B sao cho AB=24/2.

Cau 60. Chohamsd y=

em=7.

e m=0.Khi dé: AB=+24.
Cdu hoi twong tw doi voi ham so:
X—2

2x -1
C).
Ve © |
1) Khao sat sy bién thién va v€ do thi (C) cua ham so.
2) Tim m dé duong thang d: y=X+m cat (C) tai hai diém phéan biét
A, B sao cho AOAB vuéng tai O.

Cau 61. Chohamsd y=

e m=-2

a) y=—1= DS:m =2
x-1
Xx-1 1
b) y=—- DS: m==
)Y 2X 2
Cau57. Cho ham sé y= =5,
X+1

1) Khao sat su bién thién va v& do thi (C) cta ham sb.

X+2

X—2

1) Khéo st sy bién thién va v& d6 thi (C) ctia ham so. q

2) Chung minh rang vdi moi gia tri m thi trén (C) ludn c6 cap di€m A,

Cau 62. Cho ham so: y=




Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

CAC CHUYEN BE LUYEN THI BAI HOC
N by . , ) \ ., Xy — +m=0

B nim vé hai nhanh cta (C) va thoa A Ya .

Xg =Yg +m=0

CHU PE 4: TIEP TUYEN

Cau63. Chohamsd y=x*+@1-2mx*+(2-m)x+m+2 (1) (mla

tham sd).
1) Khao sat su blen thién va v& db thi (C) clia ham sO () veim=2.

2) Tim tham s6 m dé d6 thi cia ham sb (1) co tiép tuyén tao véi

duong thang d: x+ y+7 =0 goc «, biét cosa = :
g g y g 7%

1 . 1
e M<—= hodgc m>—.
4 2

Cau 64. Cho ham sb y=x°—3x% +1 c6 db thi (C).
1) Khao sat sy bién thién va \ d6 thi (C) cta ham s0. )
2) Tim hai diém A, B thudc d6 thi (C) sao cho tiép tuyén cua (C) tai A

va B song song v6i nhau va do dai doan AB = 4x/§ .

Cau 67. Cho ham s6 y= f(x)= mx +(m- 1)X +(4-3m)x+1 cb dd

thl la (Cm)
1) Khao sat sy bién thién va v& do thi cuia ham sb khi m = 1.
2) Tim cac gia tri m sao cho trén dd thi (Cm) ton tai mot diém duy nhét
c6 hoanh d6 4m ma tiép tuyén tai d6 vudng goc voi duong thang (d):
X+2y—-3=0.

o m<0haym>§.

. 2 2
cau68. Chohamsé y=(Ix/+1)".(x|-1)
1) Khéo sét sy bién thién va vé do thi (C) ctia ham sb.
2) Cho diém A(a;0). Tim a dé tir A ké duoc 3 ti€p tuyén phan biét

v6i 6 thi (C).

e A(3: 1)1 B(_lw _3) '

Cau 65. Cho hamsd y=3x— x3 (©).
1) Khéo sét sy bién thién va v& do thi (C) ctia ham sb.
2) Tim trén duong thang (d): y =—X cac di€ém ma tir d6 ké dugc ding

2 tiép tuyén phan biét véi do thi (C).

e Cdc diém can tim la: A(2; -2) va B(=2; 2).

Cau66. Chohamsd y=—x>+3x>-2 (C).
1) Khéo sét sy bién thién va v& do thi (C) ctia ham sb.

2) Tim trén duong thang (d): y = 2 cac diém ma tir d6 ké duoc 3 tiép

e e

o lxra<——hof 12xa>—.
2 2

Cau 69. Cho ham sb y= f(x)=x*—2x2.
1) Khao sat su bién thién va v& d thi (C) ctia ham sb.
2) Trén (C) lay hai diém phan biét A va B 06 hoanh d¢ lan luot 13 a va
b. Tim diéu kién d6i voi a va b dé hai tiép tuyén cua (C) tai A va B

song song voi nhau.

,Ja+ab+b?-1=0
aztl azb

Cau70. Cho hamsé y=-2X (C).
X+2

1) Khao sat sy bién thién va v& do thi (C) cua ham s0.
2) Viét phuong trinh t1ep tuyén cia do thi (C), biét rang khoang cach

tir tam d6i xtmg cuia d6 thi (C) dén tiép tuyén 1a 16n nhat.

tuyén phan biét v6i do thi (C).

m<— 1holéEm>5
e M(m; 2) € (d): y =2voi 3 c6 thé ké duwoc 3 tiép

m= 2
tuyén dén (C).

ey=XVva y=x+8.

X+2 (1),
2X+3

1) Khéo sét sy bién thién va v& do thi ctia ham s (1).

2) Viét phuong trinh tiép tuyén cta d6 thi ham sé (1), biét tiép tuyén
d6 cét truc hoanh, truc tung lan luot tai hai diém phan bi¢t A, B va

Cau71. Chohamsb y=
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Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

tam gidc OAB can tai géc toa do O.

oy=—X-2.

2x-1
r X - l . N r
1) Khao sat sy bién thién va vé do thi (C) ctiia ham so.
2) Lap phuong trinh tiép tuyén ciia d6 thi (C) sao cho tiép tuyén nay
cét cac truc OX, Oy lan luot tai cac diém A va B thoa méan OA = 40B.

Cau72. Chohamsd y=

N
. 47 4
4 4

Khi d6 chu vi AAIB = 44/3 + 26 .
ChU Y: Véi 2 s6 dwong a, b thod ab = S (khéng déi) thi biéu thirc P =

a+b+a2+b2 nho nhét khi va chi khi a = b.
Thét vdy: P = a+b++ya?+b? >
2\ab ++/2ab = (2+/2)v/ab = (2+2)4/S.

Dau "="xay ra <a=>.

. 2% .
Cau73. Cho ham sé y=22=2 ¢ dd thi (C).

1) Khao sat sy bién thién va v& do thi (C) ctia ham s0.
2) Tim trén (C) nhitng diém M sao cho tlep tuyen tai M cua (C) cit
hai tiém cén cta (C) tai A, B sao cho AB ngin nhit.

Cau 76. Cho ham so: y—iz (©).

1) Khao sat sy bién thlen va v& d6 thi (C) ctia ham sd.
2) Cho diém A(0;a). Tim a dé tur A ké dugce 2 tiep tuyén tdi do thi
(C) sao cho 2 tiép diém tuwong tng nam vé 2 phia cta truc hoanh.

o a>—§.

e M(3,3) hogc M(L1).

2x-3

X—2

1) Khao sat su bién thién va v& do thi (C) ctia ham s6.

2) Cho M 1a diém bét ki trén (C). Tiép tuyén cua (C) tai M cit cac
duong tiém can cua (C) tai A va B. Goi | & giao diém cua cac duong
tiém can. Tim toa do diém M sao cho dudng tron ngoai tiép tam giac
IAB c6 dién tich nhé nhét.

Cau 74. Chohamsd y=

Cau77. Chohamsd y= X—Jri
X_

1) Khéo sét sy bién thién va vé do thi (C) ctia ham sb.

2) Cho diém M, (X1 Y,) thudc d6 thi (C). Tiép tuyén cua (C) tai Mo
cét cac tiém cén cta (C) tai céc diém A va B. Chimg minh Mo Ia trung
diém cua doan thang AB.

e M(1, 1) hoac M(3; 3).

Cau75. Cho ham sé y = 2% +11 c6 dd thi (C).

1) Khao sat su bién thién va v& dd thi (C) cua ham sb.
2) Goi I 1a giao di€ém cua hai tiém can. Tim diém M thudc (C) sao cho
tiép tuyen cua (C) tai M cat 2 tiém can tai A va B vdi chu vi tam gidc

X+2
y="—7 ©
1) Khao sat su biep thlen va \{e dod thi (C) cua ham s6. ‘
2) Ching minh rang moi ti€p tuyén cua do thi (C) déu lap voi hai
duong ti¢m can magt tam giac cd dién tich khong doi.

Cau 78. Cho ham sé :

IAB dat gia tri nho nhét.
e C6 hai diém M M, (1++/3;2+/3),

M, (1-/3;2-3).

thoa man dieu kién

1
*:S yap= 5 |AIB= 6 (dvdy) =DPCM.

2x—-4
X+1

DS: §=12.

Cdu hoi twong tw doi voi ham so Y =

Cau79. Chohamsdy= —= X+2
X+1
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Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

1) Khao sat sy bién thién va v& do thi (C) cua ham sd. o
2) Goi I 1a giao diém cua 2 duong tiém can, A 1a mot tiép tuyen bat
ky cua do thi (C). d l1a khoang cach tr [ dén A. Tim gia tri 16n nhat

cua d.
e GTLN ciia d bang \/5 khi x5 =0 hodc X,=-2.
Cau 80. Cho hamsd y= 2X _11.
X_

1) Khao sat sy bién thién va v& do thi (C) ctia ham sb. “
2) Viét phuong trinh ti€p tuyén cua (C), biét khoang cach tir diem I(1;

2) dén tiép tuyén bang \/5 :

Cau 84. Cho ham s y= 2X_23
X_

1) Khéo sét sy bién thién va v& dd thi (C) cua ham s6.

2) Vlet phuong trinh tiép tuyén tai diém M thudc (C) biét tiép tuyén

d6 cét tiém can dung va tiém can ngang lan luot tai A, B sao cho
N . 4 D A A

c0sin goc ABI bang T , voi I 1a giao 2 ti¢ém can.
17

e Cdc tiép tuyén can tim : Xx+y—1=0 va x+y-5=0.

Cau 81. Chohamsd y= X+1‘ (C).

1) Khao sat sy bién thién va v& dd thi (C) ctia ham sd.
2) Tim trén Oy tat ca cac diém tir d6 ké dugc duy nhat mot tiép tuyén
toi (C).

e M (0; :—zgj phurong trinh tiép tuyén: y= —% X+g

. . 1 7
M (4i 2) phuong trinh tiép tuyén: Y= — XS

CHU PE 5: BIEN LUAN SO NGHIEM CUA PHUONG TRINH

e C6 2 diém can tim la: M(0; 1) va M(0; —1).

2x+1
X+1°
1) Khao sat sy bién thién va v& do thi (C) ciia ham sb.
2) Viét phuong trinh tiép tuyén cua do thi (C), biét rang tiép tuyén
cach déu hai diém  A(2; 4), B(—4; -2).

Cau 82. Chohamsb y=

Cau 85. Cho ham s6 y=—x>+3x%+1.
1) Khéo sat su bién thién va v& d6 thi (C) ctia ham sd.
2) Tim m dé phuong trinh x> —3x? = m>—3n7? ¢6 ba nghiém phan
biét.

e me(-L3)\{0;2.

o C6 ba phuwong trinh tiép tuyén: y:%x+§; y=X+1 y=x+5.

Cau 86. Cho ham sd y =x*—5x?+4 ¢6 d6 thi (C).
1) Khao sat su bién thién va v& d6 thi (C) ctia ham sd.
2) Tim m @ phuong trinh | x* —5x% +4|=log, m c6 6 nghi¢m.

2x-1

1-x

1) Khéo sét sy bién thién va v& do thi (C) ctia ham sb.

2) Goi I 1a giao diém cua hai dudng tiém can, A 1a diém trén (C) co
hoanh d¢6 1a a. Tiép tuyén tai A cua (C) cit hai duong tiém can tai P
va Q. Chung to rang A 1a trung diém cua PQ va tinh dién tich tam
giac IPQ.

Cau 83. Chohamsd y=

e Dya vio do thi ta ¢6 PT ¢6 6 nghiém &

9
log,, m :%c m=12¢ =144412 .

e Spo= %IP.IQ — 2 (dvdi).

Cau 87. Cho ham sé: y=x*-2x%+1.
1) Khao sat su bién thién va v& d6 thi (C) ctia ham sd.
2) Bién ludn theo m s0 nghiém cua phuong trinh:

x4—2x2+l+logzm=0(m > 0)

o+ Tirdo thi suy ra:
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Chuyén dé 1. Khao sat ham sé va cau hoi lién quan

0<m<E m=l l<m<1 m=1 m>1
2 2 2
2 nghiém 3 nghiém 4 nghiém 2 nghiém vo nghiém

Cau 91. Cho hamsd y=—-x*+3x+2 (C).
1) Khao sat su bién thién va v& d6 thi (C) ctia ham sb.
2) Tim 2 diém trén dd thi ham sb sao cho chung ddi xtmg nhau qua
tam M(-1; 3).

Cau 88. Cho ham sé y= f(x)=8x*—9x? +1.
1) Khéo st sy bién thién va v& do thi (C) cia ham sb.
2) Dua vao do thi (C) hay bién luan theo m s0 nghiém cua phuong
trinh:

8cos* x—9cos” X+ m=0 véi xe[0; 7]

*(-10) va (-16).

Cau 92. Chohamsé y=-x*+3x+2 (C).
1) Khao sat su bién thién va v& d6 thi (C) ctia ham sb.
2) Tim trén (C) hai diém dbi xing nhau qua dudong thing d:
2x—y+2=0.

e Duwa vao do thi ta co két luan sau:

(84l

m<0 m=0 O<m<1 | 1< m<§ m=§ m>g
32 32 32
VO 1 nghié 2 nghié 4 nghiém | 2 nghiém Vo
nghigm | 1 "8hiém | 2 nghiém ghi ghiém | piom
A \ 4 3x—4
Cau 89. Chohamso y= > ©).
X_

1) Khao sat su bién thién va vé& do thi (C) cta ham sb.
2) Tim céc gid tri cia m dé phuong trinh sau c6 2 nghiém trén doan

{O;%} : §in®x+cos x=m (sin“x+cos4 X)

11
Cau 93. Cho ham sd y——?+x +3X—§

1) Khao sat sy bién thién va \C db thi (C) caa ham s6.
2) Tim trén d6 thi (C) hai diém phan biét M, N d6i xirng nhau qua truc
tung.

2]

Cau 94. Cho hamsb y= 2x-1 ©).
x+1

1) Khao sat su bién thién va v& do thi (€) cua ham s0.

2) Tim diém M thudc db thi (C) dé tiép tuyén cua (C) tai M voi duong
thang di qua M va giao diém hai duong tiém can cé tich cac hé sb goc
bang 9.

e M(0; —3) va M(-2; 5).

1
e —<M<—.
2 10
Cau 90. Cho hamsb y = X+i
1) Khao sat su bién thién va v& do thi (C) ctia ham sé.
. X|+1
2) Bién luan theo m s6 nghiém ctia phuong trinh H =
X j—
e Dua vao do thi ta suy ra dugc:
m<-Lm>1 m=-1 -1<m<1
2 nghiém 1 nghiém v6 nghiém

CHU PE 6: PIEM PAC BIET CUA PO THI

2x+1 ©).

X+1

1) Khao sat su bién thién va v& d6 thi (C) ctia ham sb.

2) Tim trén (C) nhitng diém co tong khoang cach dén hai tiém can cua
(C) nhé nhat.

Cau 95. Cho ham s y =

e (0; 1) va (-2; 3).
Cdu hoi twong tu:
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_2xl DS: %, =-1£+/3.

a
) X+1

Cau 96. Cho hamsd y= 3x-4

1) Khao sat sy bién thién va v& dd thi (C) ctia ham sd.
2) Tim céc diém thudc (C) cach déu 2 tiém cén.

1) Khao sat su b1en thién va vé dd thi (C) cua ham so
2) Tim nhiing diém trén dd thi (C) cach déu hai diém A(2; 0) va B(0;
2).

. [1—\/3 1—\/5] ; {1+\/§ 1+\/§]_

e Mi(1; 1) va M2(4; 6).

2x—-4

r X + 1 . M r
1) Khao sat sy bien thién va v& do thi (C) ciia ham so. ’
2) Tim trén (C) hai diém doi xing nhau qua duong thang MN bict
M(=3; 0) va N(-1; -1).

Cau97. Chohamsd y=

2 ' 2 2 2
X-3
Cau 101.Cho ham s6 y=-—
x+1

1) Khéo sat su bién thién va v& d6 thi (C) cia ham sd.

2) Tim trén hai nhanh cua dd thi (C) hai diém A va B sao cho AB
ngan nhat.

e A(0; —4), B(2; 0).

.2
Cau 98. Cho ham sb y= -2

x-1
1) Khéo st sy bién thién va v& do thi (C) ctia ham so.
2) Tim trén do thi (C) hai diém B, C thugc hai nhénh sao cho tam giac
ABC vuong can tai dinh A véi A(2; 0).

C

H A K

e B(-1D, C(33)

2x -1
r X + 1 . N r
1) Khao sat su bién thién va vé do thi (C) ctia ham so.
2) Tim toa do diém M e (C) sao cho khoang cach tir diém 1(—1; 2) t6i
tiép tuyén cua (C) tai M 13 16n nhat.

Cau99. Chohamsd y=

M(—1+ \/§;2—\/§) hodc M (—1—\/§;Z+\/§).

X+2

Cau 100.Cho ham s y = .
2x-1

o Ac1-44:11464) B(-1+44:1-64).
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CAC BAI TOAN VE HAM BAC BA
Bai 1. (TNTHPT — 2008) Cho ham s6 y=2x°+3x*-1
a. Khao sat sy bién thién va v& d6 thi cia ham sé.
b. Biém luan theo m s nghiém cua phwong trinh
2x3+3x*—1=m
Bai 2. (TN THPT- ldn 2 — 2008) Cho ham s6 y = x3 - 3x?
a. Khao sat su bién thién va vé do thi ham sb da cho.
b. Tim cac gia tri cia m dé phuong trinh x*—3x>—m=0 ¢6 3
nghi¢m phan biét.
Bai 3. (TNTHPT - 2007) Cho ham s y=x%—3x+2 ¢ do thij 1a (C)

a/ Khao sat va v& do thi ham s6 .
b/ Viét phuong trinh tiép tuyén tai diém A(2 ;4) .
Bai 4. (TNTHPT - 2006) Cho ham sé y=—x° +3x? ¢6 d6 thi (C) .
a/ Khao sat va v& do thi ham s6 .
b/ Dya véo dd thi bién luan sb nghiém phuong trinh :
—x*+3x*-m=0.
Bai 5. (TNTHPT — 2004- PB)
thila (C) .
a/ Khéo sat va v& d6 thi ham s6 .
b/ Viét phuong trinh tiép tuyén tai diém c6 hoanh do 1a
nghiém cua phuong trinh y’’=0 .
¢/ V6i gia tri nao cua m thi duong thang y—x+m -m di qua
trung diém cua doan thang ndi cuc dai vao cuc tidu .
Bai 6. (TNTHPT — 2004 - KPB) Cho ham s6 y=x° —3mx? +4m® .
a/ Khdo sit va v& d6 thi ham s6 khi m=1 .
b/ Viét phuong trinh tiép tuyén tai diém c6 hoanh d6 x=1 .
Bai 7. (PH- A-2002)  Cho ham s6
y=—x2+3mx* + 31— m?) X+ m° —n?
a. Khao sat sy bién thién va v& d6 thi ham s6 véi m= 1
b. Tim k dé phuong trinh: —x%+3x?+k*—3k? =0 c6 3 nghiém
phéan biét.
c. Viét phuong trinh duong thang qua 2 diém cuc tri cua do thi
ham sé (1).

Cho ham sd y=x*—6x% +9x ¢ d6

Bai 8. (CD SP MGTW-2004)  Cho hams6 y=x3- 3x? + 4m
a. Chung minh dd thi ham s6 ludn c6 2 cuc tri.
b. Khao sat va v& d6 thi ham s6 khi m = 1
Bai 9. (PH-B- 2007) Cho ham s6
y=—x>+3x*+3(m* -1)x—3n7 -1
a. Khao sat su bién thién va v& dd thi ham sb véi m =1
b. Tim m dé ham s6 c6 cuc dai cuc tiéu va cac diém cuc trj cach
déu diém O.
Bai 10. (PH - D - 2004) Cho ham s6 y = x3 — 3mx? + 9x + 1
a. Khao sat va v& dd thi ham s6 véi m =2
b. Tim m dé nghiém ciia phuong trinh y*’= 0 thuéc duong thang
y=x+1
Bai 11. Cho ham s6 y = (X -1)(x? + mx + m)
a. Tim m dé d6 thi ham s cét truc hoanh tai 3 diém phan biét
b. Khéo sat sy bién thién va v& dd thi ciia ham s6 v6i m= 4
Bai 12. Cho ham sd y=2x°+3(m-1)x? +6(m-2)x—1
a. Khao sat va v& do thi ham sb véi m =2
b. Vi gia tri nao cia m ham s6 co cuc dai, cuc tiéu.
Bai 13. (PH 2006- D) Cho ham s y=x*—3x+2
a. Khao sat sy bién thién va v& d6 thi (C) cia ham sé
b. Goidla duong thang qua dlem A(3; 20) va c6 hé sb goc m.
Tim m dé duong thang d cat (C ) tai 3 dlem phan biét.
(Goi ¥ duong thang d qua M(xo;Yo) ¢6 hé sd goc m c6 dang: y =
m(X - Xo) + Y o) ’
Bai 14. Cho ham s0 y = (x - m)? - 3x
a. Khdo st va v& d6 thi ham s6 véi m = 1
b. Tim m dé ham s6 da cho dat cuc tiéu tai diém c6 hoanh d6 x
=0
Bai 15. Cho ham s6 y = (x -1)(x* + mx + m)
a. Tim m dé d6 thi ham s6 cét truc hoanh tai 3 dlem phan biét
b. Khao sat su bién thién va v& dd thi ctia ham sb véi m= 4
Bai 16. Cho ham s6 y = x° —2nmx? + mPx—2
a. Khao sat va vé d6 thi ham sb khi m =1;
b. Tim m dé ham s6 dat cuc tiéu tai x = 1
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Bai 17. (Pai hoc qudc gia 1998 D) Cho ham sb f(x) =
X3+ 3 X%-9x +m

1,khao sat va v& @6 thi véim=1 2,Tim m dé pt f(x) =0 ¢c6 3
nghiém phan biét.
Bai 18. (Pai hoc bach khoa 1999)

1,Khao sat va v& d6 thi ham y =x% -3 x + 2

2,Giai va bién luan theo m sb nghiém cua pt

2
x3—3x+2:2(m +1j
m
Bai 19. (Hoc vién quan hé qt 2000)
1.Ks va v& d6 thi cia ham s0 (C) y = 4x3-3 x

2,Tim s6 nghiém cua pt 4 x°-3x = [1- x°
Bai 20. (PH M6 1997 ) Cho Cm 1y = (m+2)x3 + 3 X% + mx-5
1,Khao sat va v& d6 thi ham s6 khi m =0
2,Tim m d ham s6 c6 CD va CT
Bai 21. (HVCNBCVT-2001) Cho ham sé y=x2 -3x (C)
a, Khao sat ham s
b,CMR khi m thay d6i thi duong thang y = m(x+1)+2 ludn cit
d6 thi tai mot diém A cb dinh. Hay xac dinh m dé duong
thang cat (C) tai 3 diém A,B,C khac nhau sao cho tiép tuyén
tai B va C vuong goc voi nhau.
Bai 22. (PHL-PHD-2001) Cho ham sb y= x® -3(a-1)x? + 3a(a-
1)x +1
a,Khdo sat va v& do thi ham s
b, Vi gia tri nao cua a thi ham sb déng bién trén tap sao cho
1<|x<2.

Bai 23. (PHBK-99) Cho ham s y = x® +ax +2

a, Khao sat va v& dd thj ham s

b, Tim a dé db thi cat Ox tai ding 1 diém (y khac :Tiép
xuc,cat tai 3 diém phan biét ).
Bai 24. ®PHCP A 2002.cho ham s y=-x3 +3mx? +3(1-m?)x
+m3-m? (1)

1, Khao sat va v& do thi ham sé khi m=1

2, Tim k dé pt —x3+3x +k®-3k? =0 c6 3 nghiém phan biét

, 3, Viét pt duong thang di qua hai diém cuec tri ctia d6 thi ham
sO
Bai 25. PHCD 2002 Du bi:

Cho ham sb y = %X3+ mx? —2x—2m—§ (1) véi m 1a tham sb

Chom =1/2

* Hay khao sat va v& do thi ham s

* Viét pt tiép tuyén cua do thi (C) biét rang tiép tuyén song song véi
(d):y=4x+2

Bai 26. PHCP-B-2003: Cho ham s6 y=x3-3x?+m

1,Tim m dé d6 thi ham s6 c6 2 diém phan biét ddi xting nhau qua
géc toa do

2.Khdo st va v& do thi khi m =2

Bai 27. PHCP du bi 2003 Cho ham s6 y=(x-1)(x?+mx+m)
v6i m 1a tham s6
1,Tim m dé dd thi ham sd cét truc ox tai 3 diém phan biét
2,Khao sat va v& db thi ham sb véi m =4
Bai 28. PHCD du bi 2003
1,Khao sat y =2x>-3x?-1  (C)
2, Goi dk 1a duong thang di qua M(0:1) va c6 hé sb goc bang
k.Tim k dé duong thang cat d thi tai 3 diém phan biét.

Bai 29. PHCP B 2004 Cho ham sb };% x*—2x*+3x (1) co

d6 thi (C)

1,Khao sat va v& dE) thi ham s6 (C )

2,Viét pt tlep tuyen Acua do thi ham s6 tai diém uén .CM hé
s6 goc ctia Ala tiép tuyén co hé s6 goc nho nhat ctia do thi (C)
Bai 30. PHCP D 2004 Cho ham sb y=x3-3 m x2 +9x +1
(1) Vé&im la tham sd.

1,Khao sat va v& d6 thi ham s véi m =2

2,Tim m dé diém udn cta d6 thi ham sd thudc dudng théng
y=x +1
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Bai 31. PHCP D 2005 Goi( Cm) 12 d6 thi ham s6
y=IX DX+ ()
3N 2 3

1.Khao sat va vé& d6 thi voi m=2

2.Goi diém M thudc d6 thi c6 hoanh do = -1,tim m sao cho
tiép tuyén tai M song song v6i dudng thing 5 x —y =0
Bai 32. CP SP Ha Nam A 2005 Cho ham s
y=x+my —x-m (1) cé dd thi (Cm)

1.Khao sat va v& dd thi ham s6 véi m =1

2.tim m dé do thi ham s6 cét truc ox tai 3 diém phan biét c6
hoanh d6 1ap thanh cap s cong

3.Tim cac diém ma do thi ham s6 ludn di qua vo1 moi gia tri
cua m.
Bai 33. CPSP KT 2005 Cho ham sb y=x® +3x%+4
1)

1,Khao sat va v& do thi ham sé

2.Chtg minh do thi ham s6 luon c¢6 tam ddi xtng

3,Viét pttt ctia d6 thi ham sb di qua A(0:1).
Bai 34. PHCP D 2006 Cho ham sb y=x3-3x +2

1,Khao sat va vé d6 thi ham sb

2.Goi d 13 duong thang di qua diém A(3;20) c6 hé sb goc
m.Tim m dé d cat d6 thi ham s tai 3 diém phan biét.
Bai 35. PHCD A 2006

1.Khao sat va v& d6 thi ham sd y=2x3-9x2+12x -4

2.Tim m dé pt sau c¢6 6 nghiém phén biét

2x-9x2+12|x|=m.

CAC BAI TOAN VE HAM BAC BON TRUNG PHUONG

Bai 36. (TNTHPT-2008) Cho ham sb y=x*-2x
a. Khéo sat su bién thién va v& do thi ctia ham sb.
b. Viét phwong trinh tiép tuyén cua dd thi ham sé tai diém
¢6 hoanh do x = -2
Bai 37. Cho ham s6 y=x*+4m +3(m+1)x2 +1
a. Khao sét sy bién thién va v& d6 thi ham s6 v6i m =0
b. Vi gia tri nao cua m ham s6 ¢ 3 cuc tri
Bai 38. Cho ham s& y=x*—2m’x®+1
a. Khao sat va v& do thi ham sb véi m =1
b. Tim m dé dd thi ham sb c6 ba cuc tri 1a ba dinh cta tam
giac vubng can.
Bai 39. (PH ba Lat - 2002)
a. Giai phuong trinh x*-2x*+1=0
b. Khao sat va v& d6 thi ham sé y = x* —2x2+1
c. Bién luan theo m s nghiém ctia phuong trinh
x*—2x*+1-m=0
Bai 40. (PH Thai Nguyén - 2002) Cho ham sb
y=-—x"+2mx*> (C,)
a. Khao sat va v& dd thj ham s véim = 1
b. Hay x4c dinh m dé ham s dd thi ham sb c¢6 3 cuc tri
Bai 41. (PH Vinh - 2002)
1. Khao sat va v& db thi ham sd y=-x*+5x>—4
2. Xac dinh m dé phuong trinh x* -5x2—m?*++/3=0 ¢4 4
nghiém phan biét.
4
Bai 42. Cho ham sb y:XI—ZXZ—%
a. Khao sat sy bién thién va v& dd thi (C) ctia ham sd
b. Bién luan theo k s6 giao diém cta (C) véi do thi (P) cua
ham sb y=k-2x
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Bai 43. Cho ham s0 y = x* —2mx® + n® —
a. Khéo sat su bién thién va v& do thi ctia ham s6 khi m = 1
b. Xac dinh m dé dd thi (C.) ctia ham s6 da cho tiép xtc
véi truc hoanh tai 2 diém
Bai 44. (PH Can tho - 2002) Cho ham s6
y=x"-2x*+2-m (Cp)
a. Khéo sat su bién thién va v& do thi ham sb véi m =0
b. Tim céc gia tri cia m dé do thi (Cnn) ctia ham s6 chi c6
hai diém chung voi Ox
Chung minh v61 moi m tam giac c6 3 dinh la ba cyc tri 1a mot

tam giac vuong can.

Bai 45. (PH KB 2009) Cho ham s6 y = 2x* — 4x? (1)
1. Khéo sat sy bién thién va vé do thi cia ham so6 (1).
2. Véi cac gia tri ndo cta m, phuong trdnh x*|x*~2/=m c6
dung 6 nghiém thyc phan biét?
Bai 46. _ (DH KD 2009) Cho hamso y = x*—(3m + 2)x% +
3m c¢6 do thi la (Cm), m la tham so. ‘ ,
1. Khao sat su bién thién va v€ do thi cua ham s6 do cho khi
m = 0.
2. Tim m dé duong thang y = -1 cat do thi (Cp) tai 4 diém
phan biét déu c6 hoanh d¢ nho hon 2.
Bai 47. DHQG TPHCM 1996 Cho C, 1 y=x* -2 m x? +
m3-m?
1,Khao sat va v& do thi ham sé ing véim = 1,
2, Tim m dé ham s6 tiép xtc véi truc hoanh tai 2 diém
phén biét
Bai48.  DH Hué 1998  Cho Cp:y= -x*+2mx>-2m +1
1,Khao sat va v€ do thi ham s6 véi m =1

2,CMR Ci, ludn di qua 2 diém A B ¢6 dinh.

3.Tim m dé cac ti€p tuyén tai A va B vudng goc voi

nhau.
Bai49. P& 1221 Khio sat va vé dd thi ham s y= x4+%
X?+1
Bai 50. DHNN 1999
1,Khao sat va v& do thi ciia ham s6 y= % X4 -2x? -%

2.Viét pt tiép tuyén ctia d6 thi ham s tai cac giao diém
cua no voi truc OX.

Bai5l.  DH Hué 2000 ,
1,Khao sat va v& do thi ciia ham s6 y= x*-5x%+4

2.Tim m dé duong thang y = m cat d6 thi 3 doan thiang
bang nhau.

3.Tim m dé y = m cat d6 thi ham s tai bén diém phan
biét,
Bai 52. DHY TPHCM 1998

2(m+1) x% +2m+1
A,Khao sat va v€ do thi cia ham s6 véi m = -2

Cho ham sb y = x* -

B,Tim m dé dd thi ham sd cét ox tai 4 diém c6 hoanh do
1ap thanh cép sb cong.

Bai 53. DPHNT 1994 Cho ham s6 y = x*-4mx3+(3-
3m)x3+3 ‘
A khao sat va v€ do thi véi m =1

B,Tim m dé ham s6 c6 cuc tiéu ma khong co6 cuc dai.
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Bai 54. PHSP II 1997. Cho ham s6 y= (1-m) x*-mx?
+2m-1 \
A,Khao sat va vé do thi voi m = -2

B,Tim m dé ham s6 cét ox tai 4 diém phan biét.

C,Tim m dé ham s6 c6 ding mot cuc tri.

D,Tim m dé ham sb ¢6 cuc dai va cuc tiéu ma téng binh
phuong cac hoanh do bang 27.

Bai 55. DHCP B 2002 cho ham s6 y= mx* + (m?-9) x?
+10
1, Ksvdt voi m=1

2,Tim m dé ham so co6 3 cuc tri.

Bai 56. DHCD dy bi.2002 Cho ham s6 y=x* -mx?+ m -1
1, Khao sat va v€ do thi ham s6 khi m=8.

2.Tim m dé do thi ham s6 cit truc ox tai 4 diém phan
biét.
Bai57.  Pé tham khio 2005 ,
1,Khao sat va vé& do thi ciia ham s6 y= x*-6 x?+5
2.Tim m dé pt sau c6 4 nghiém x* -6 x> —log,m =0

Bai 58. Cho ham s y= x*-2 m?x?+1
1,Khao sat va v€ do thi voi m=1

2.Tim m dé dd thi ham sd ¢6 3 diém cuc tri 1a 3 dinh caa

mdt tam gidc vudng can.

CAC BAI TOAN VE HAM PHAN THUC BAC 1/ BAC 1
Bai 59. Dai hoc thwong mai 1999 cho ham s6 (C):
_ —2x—-4
X+1 . )
1,Khao sat va v€ do thi ham so

2,Giai va bién luan sb giao diém cua (1) 2x-y +m=0 véi (C). Khi
chung c6 hai giao diém M va N. Hay tim quy tich trung diém I
cua MN.

Bai 60. Dai hoc an ninh 1997

I, Kho st va v& dd thi ham s6 y = X2

X—3

2, Tim Me(C) dé tong khoang cach tir M dén 2 duong tiém can
12 nho nhat.
Bai 61. Dai hoc ngoai thwong tp. HCM 1997

x+1

1, Khao sat va v& d6 thi ham sb y =
X_

2, Tim Me(C) dé tong khoang cach tir M dén 2 truc toa d6 1a
nho nhat.
Bai 62. [38 111]

1,Khio sat va v& dd thi (C) y = 22

X+2
2,CMR duong thang y=-x+m luén cat (C) tai 2 diém phan biét

A,B.Tim m dé AB dat gia tri nho nhéat.
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3,Tim m dé phuong trinh ZSsr:n X +21 =m c¢06 dang 2 nghiém
in X +

Xe [0;1T]

Bai63.  [401] Cho (Cy) y = M*+hx+m

X+ m
1,Khéo sat va v& do thi ham s6 trng véi m=1

2.Tim M e (C) dé téng khoang cach dén 2 dudng tiém can nhod
nhat.
3.CMR vm#0 d6 thi ham s6 ludn tiép xtic voi mot duong thang

cO dinh.

Bai 64. [PHQG.TP.HCM1997]
1,Khdao sat va v& do thi ham sb y = 2x _11
X -

2,Tim Me (C) véi xy=m.Tiép tuyén cua (C) tai M cit cac
duong tiém can tai A va B .Goi I 1a giao diém cua 2 duong tiém
can .CMR M Ia trung diém ctia AB va dién tich tam giac (IAB)
khong d6i vm.

Bai 65. Dai hoc quéc gia 1997 D

1, Khao sat va v& dd thi ham s y = =X ‘31
X —_

2,TimMaxyvaMiny =7

Bai 66. Dai hoc Thai Nguyén 1997 D
1,Khao sat va v& db thi (C)ham s6 y = 3: *12

2,Tim trén (C) cac diém c6 toa do nguyén.

3.CMR khong ton tai tiép tuyén cua do thi di qua giao diém cua
2 duong ti¢m can.
Bai 67. Dai hoc cdanh sat 1997

1,Khao sat,vé y = 3x+2
X+2

2,Viét pt tiép tuyén véi hé sb goc =4.Tim tiép diém.
Bai 68. Dai hoc quéc gia 1998.
X+1

1. Khdo sat va v& d6 thi ham sb y = i
X —

2.Tim trén oy cac diém ké dugc ding mot tiép tuyén dén do thi

Bai 69. [CDSP-TP.HCM 1998]
Xx+1

1,Khao sat va v& dd thi cia ham sé y = =

X —_
2,CMR duong thang 2x-y+m=0 ludn cit do thi ham sb tai hai
diém A,B nam vé 2nhanh cua dd thi.

3,Tim m sao cho AB nho nhét.
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