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CHUYEN BE LOP 11
CHU PE: GIOI HAN CUA DAY SO
A. KIEN THUC CO BAN
Dinh nghia:
a) Pinh nghia 1: Ta noi rang diy s6 (un) c6 gidi han 1a 0 khi n dan t6i v6 cuc, néu \un\ c6 thé

=

nho hon mot s6 duong bé tuy ¥, ké tir sé hang nao do6 trg di. Ki
higu: _lim (up)=0hay up — 0 khin — +o,
N—+00

b) Pinh nghia 2:Tanoéi diy s (un) c6 gidi han la a hay (un) dan téi a khi n dan t6i vo cuc
(n—+00),néu lim (u, —a)=0. Ki hiéu: lim (u,)=a hayu, —a khin — +o.

N—+o0 N—-+00

% Chay: lim(u,)=lim(u,).

N—+00
2. Mot vai giéi han dac biét.
1 .1 .
a) lim==0,lim—=0,nell,
n n
b) lim(q")=0 vei |q<1.
¢) Lim(un)=c (c Ia hing s6) => Lim(un)=limc=c.
3. Mot s0 dinh ly vé gidi han cua day so.
a) Binh Iy 1: Cho diy s (un),(Vn) V& (Wn) CO : V,<u <w, Vnell " va
lim(v,)=lim(w,)=a =lim(u,)=a.
b) Pinh Iy 2: Néu lim(un)=a , lim(va)=b thi:
lim(u, +v,)=lim(u,)xlim(v,)=a+b
lim(u,.v,)=limu,.limv, =a.b
u lim(u,) a

“mv_:W:E ,(Vn;tO‘v’neD ,b-‘/—'O)

n

limfu, = flim(u,) =+ ,(u,>0 ,a>0)

4. Tong ciia cap s6 nhan lui vo han cé cong bdi q ,véi |q| <1

limS, = lim—2_
1-q

5. Diy sb dan téi vo cue:

a) Tanoi diy sd (un) dan téi vo cuc (un - +oo) khi n dan t&i vo cuc (n — +oo) néu un 16n
hon mot s6 duong bat ky, ké tir s6 hang nao dé tré di. Ki hiéu: lim(un)=+400 hay un — +oo
khi n— +o0.

b) Ta néi diy sé (un) c6 gi6i han 1a —oo khi N—> +o0 néu lim(—U, ) =-+00.Ky hiéu:
lim(un)=—c0 hay un— —oo khi N — +x.

c) Pinh ly:
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o Néu:lim(u,)=0 (un;to ,VneD*) thi lim-L = oo
u

n

- s 1
o Néu:lim(u,)=c0 thi lim—==0
u

n

B. PHUONG PHAP GIAI TOAN.

P(n)
Q(n)
o Néu bac P =bac Q=k, hé¢ s6 cao nhat cua P 1a ao, hé sd cao nhit cua Q 1a bo thi chia tor sb

&

va mu s6 cho n* dé di dén két qua : lim(u,)=-—2.
0
o Néu bac P nhé hon bac Q =k, thi chia tr vd mau cho n* dé di dén két qua :lim(un)=0.
o Néuk =bac P > bac Q, chia tir vd mau cho nk dé di dén két qua :lim(un)=00.
. f(n ]
2. Gio6i han cia day so dang: U = ﬁ , fva g la cac bién thirc chira can.

g(n)

o Chia ttr va mau cho n* v&i k chon thich hop.

1. Gi6i han caa diy sb (un) véi u,=

voi P,Q la cac da thirc:

o Nhan tir va mau véi biéu thire lién hop.
C. CAC Vi DU.
3n°+2n+5 3 2 5
3 +2n+5 . 2 . ot T e 3
1L lim——m——0=li 5 lim =—
7n*+n-8 m+n-8 o, 1 8 7
n? n n
n”+1+4n 1
P+ican o ATt 144 5
2. lIIm—————=Iim =lim = ==
3n-2 3n-2 3 2 3 3
n n

(\/nz+2n+3—n)(\/n2+2n+3+n) M4 2n43—n’
3. Iim(\/n2+2n+3—n):lim =lim
Jn2+2n+3+n Jn2+2n+3+n
3

| 2n+3 | 2n+3 . 2+ 2
=lim =lim =lim

= = =1
2 2 3 1+1
Jn?+2n+3+n n[ /1+2+32+1j \/1++2+1
n n n n

N +2n+ 34N g biéu thire lién hop ciia NW +2n+3 —n
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(n-2)
4. 1+(—E]+%+(—1j + +(—%j + .= _ = E.Téng ctia cap s nhan 1ui vo

1 . .
han c6 cong boi = —E va s0 hang dau u1=1.

n’—2n+1 . 2.1
3 _ B — 2t 3
5, im0’ iyt
2n* —n+3 2n° —n+3 1.1 .3
n3 n n n

(723 i) + 2 37
\3/(n+2)2 +M%+W
(2] (4] ne2-n

=lim

3/(n+2)2 v¥nr2dne Y %/(n+2)2 +¥n+28n+3n

6. |im(m—%/ﬁ):|im

=lim

=1lim = 2 =0
J(n+2) +3¥n+2n+¥n?
D. BAI TAP
1. Tim cac gioi han:
. 7P +n 2
a) lim—; f) |imn—+2
. 2n+1
b) Iim 3[an3
) ImTs g lim¥Sn+1
3n*+1 2n-5

0 lim=—>— h) |im(m—n)
g limdn+3n-1 ) lim(vn+1-+vn)

7n® +2n
. nN*+2n-4
e) limo—eu———
n°-2n+9
2. Tim cac gidi han sau:
. 14+2+3+4+...+n 59n(n)+7cos(n
a) lim 2 b) lim ( ) ( )
n“+3 2n+1

3. Tim céc gi¢i han sau:

3 +1-m? -1 b) Iim(\3/n3—2n2—n)
n

a) lim
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c) Iim(\/n2+1—\/n2—2) n*+31-n°

i l+a+a*+a’+a* +..+a" o<1 n*+1-n’
P Im1+b+b2+b‘°’+b4+...+bn <1, Jol< (Zn\/ﬁ+1)(\/ﬁ+3)
n

h) lim

.
3 ) ) (ne2)
2n
lim——— L 1 1 1 1
e) Imn4+3n2+2 J) ||m 1—?](1—?j(1—g](1—?j
_ n+(-1)"
f) “m2n2+2—1))(n+1) . ) )
k) lim \/n2+1+\/n2+2+m+ﬁ]

9) Iim(1+ n° — n4+3n+1)

4. Tim tong cac cap so nhan lui vo han sau:

2) jim 20" —11n+1 c) Iim[n(%/n%nz—n)]
n®—2
1

I +2 - + 4

, ] GIOI HAN CUA HAM SO
A. KIEN THUC CO BAN . )
Pinh nghia:Cho ham s6 f(x) xac dinh trén khodang K.Ta no61 rang ham s6 f(x) c6 gidi han 1a
L khi x dan t6i a néu véi moi day s6 (xn), Xn €K VA Xxn #a,Vnell  ma lim(xn)=a déu co
lim[f(xn)]=L.Ki hiéu: Iim[f )]=L.

=

2. Mbt s6 dinh ly vé gioi han cia ham s0:
a) Pinh ly 1:Néu ham sb c6 gi6i han bang L thi gii han d6 1a duy nhat.

b) Pinh Iy 2:Néu cac gidi han: |Im[ ] L, Ilm[g ] M thi:

X—a X—a

lim| f(x)£g(x)|=lim| f(x)]xlim[ g(x)|=L+M

X—a X—a X—a

';ﬂ;[f(x)g( )J=tim[ £(x) JHim[ a(x) =L
Iimf( _leir;[ ]ZL,M?&O

909 " limfa(x)] M

X—a

lim.f(x) = flim[ £ (x)] =L £ (%)

Writtenby Lé vian chwong Trang 4


https://giasudaykem.com.vn/

Gia sw Tai Nang Viét https://giasudaykem.com.vn

) Cho ba ham sé f(x), h(x) va g(x) xac dinh trén khoang K chira diém a (c6 thé trir diém a),
g <f(x)<h(x) ¥xeK,x=ava lim| g(x) |=lim| h(x) |=L=lim| f(x)]=L.
x—>a X—a X—a
3. Mé rong khai niém gi¢i han ham sq. ) .
a) Trong dinh nghia gidi han ham s0 , néu vai moi day so (xn), lim(xn) =a, déu co
lim[f(xn)]=co thi ta noi f(x) dan t6i v6 cuc khi x dan t&i a, ki hiéu: |Im[ f } =00,

X—a

b) Néu v6i moi diy sb (xn) , lim(xn) = oo déu c¢6 lim[f(xn)] = L , thi ta noi f(x) c6 gidi han 1a L
khi x dan téi vo cuc, ki hiéu: IIm[f }zL.

X—>0

c) Trong dinh nghia g101 han ham sb chi doi hoi v6i moi ddy sb (xn), Ma X, >a Vnell , thita
noi f(x) c6 gidi han vé bén phai tai a, ki hiéu : lim [ f J . Néu chi doi hoi véi moi day sb

x—a"

(Xn), Xn<a VYNell~ thitanoi ham sb c6 gidi han bén tréi tai a , ki hidu: lim [f ]

X—a
B. PHUONG PHAP GIAI TOAN
Khi tim gioi han ham so ta thwong gap cdc dang sau:

e . f(x) (0
1. Gié6i han ciia ham so dang: lim——= | —
x—a g( ) 0
o Néu f(x), g(x) 1a cac ham da thirc thi c6 thé chia tir s6 mau s6 cho (x- a) hodc (x- -a)2.
o Néu f(x), g(x) 1a cac biéu thirc chira can thi nhan tir va mau cho cac biéu thirc lién hop.

‘s a1 £ . (X) 0
2. Gio6i han cia ham so6 dang: lim——= | —
X—>00 g(x) o0
o Chiatr va mau cho x¥ véi k chon thich hop. Cha ¥ rang néu X — +oo thi coi nhu x>0, néu
X — —o0 thi coi nhu x<0 khi dua x ra hodc vao khoi can bac chan.

3. Gi6i han cta ham sb dang: Iim[f (X).g(x)} (O.oo). Ta bién ddi vé dang: (Ej
X—>00 o0

4. Giéi han ciia ham s6 dang: |Im[\/f \/g(x)} (o0-00)

X—00

o Pua vé dang: lim f(X)—g(x)
< JH(x) +a(x)
C. CACVIiDU

xX-3x+2 (-2)°-3(-2)+2 12

1. lim = —_=__3
2 X—2 (-2)-2 4

2. lim X =X+2_ Iim(X 2)(x= 1)—Iim(x—l):2—1:1.Chia‘a”rve‘1m§ucho(x-2).
X—>2 X—2 X—>2 X—2 X—2
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x+1-2 (\/X_Jrl )(\/X_Jrl+2)(\/§+3) (x+1—4)(\/§+3)

=lim

s T gt g(Beg) PR
(x~3)(V3x +3) (Vax+3)  (V33+3) 6 1

=lim =lim =—==
3 3(x-3)(Vx+1+2) H33(Jx_+1+2) 3(@+2) 12 2
x*—3x+1
x?—3x+1 L L : lLT X—3 -t
4., lim———— = =00 (vitlrdan vé 1 con mau dan vé 0).Cu thé:
-3 X-3 . X*-3x+1
[iMm—mm—=—w
x—3" X—3
3_ g2 _ x—-1)(2x* + x+1 2X° +X+1
5. lim_2C X "1 i )(2 ) _im | ) e
-1 X2 —4X? +5x—2 ol (x=1)"(x-2) oL (x—-1)(x—2)
2x° —X+3 , 1.3
, X = X+o .2
6. lim2X X3 _jim X _jjm—x ¥ _2_,
X—>00 X +1 X—>00 X +1 X—>0 1 1 1
_}_7
X? X2

7. limyJx=1=0

x—1"

X 1+—1

2

) \/x +1 NG 1
8. lim =lim _Ilm‘/1+—:

2 x|‘/1+— —x‘/1+—
9. Iim =lim———=|im——~—— —Ilm( ‘/1+ J -1.

X—>—00 X—>—00 X—>—00 X—>—00

X —X+3 (xsl)
10.Cho ham sb : f(X): x+a . Tim a dé ham s6 c6 gi6i han khi x dan t6i 1 va
. (x>1)
tim gidi han do.
Giai
Taco: lim[ f(x)]=lim(x*—x+3)=3.

X—1" X—1"

Ilm[ J_Iimﬂzewl

x—1* x—=1" X

Vay lim| f(x)|=3<a+1=3<a=2

X—1
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3_g (x—2)(x2+2x+4)

12 im X =2 |im =1im(x* +2x+4)=12. Dang 9)
Xx>2 X—2  x>2 X—2 X—2 0
X2 +2x-1 1+2 1
3 _ 3 27
12 imX 2 i X i X XL e (2,
x>0 2%X7 4+ 1 x>0 2X° +1 X—>00 2 1 2 o0
T3
x° X
2(3x2—x+1)
2(3x* —x+1 2
13.Iim£¢](3x2—x+l):lim ( ):Iim X
e\ x3Ix3+1 oo w3341 ooy 341
2
X
2[3_1 1j .
—lim Xlx ==6
31+ —
X

(\/x2+x+3—x)(\/x2+x+3+x) 2 4+ x4 3 32

14. lim (\/x2 +x+3—x)= lim

X Xk U+ X+3+X H+°°\/x +X+3+X
X+3 1+§
= lim X+3 = lim = lim X 1 Dang
X X+3+ X X +x+3+x o 1+1+i+1 2
X X
(c0—o0).
D. BAI TAP.
1. Tim cac giéi han sau:
a) Iirrg(x3+4x2+10) H Iimx3—x2+x—1
X—>
. 9 x—1 X—1
b) lim(5x* ~7x) L xa
2 g) Im
C) |ImX +5 x»a X—a
O X+ X2 —3x—3
2 _ h) lim
d) ||mLX15 ) x—7 X4+ 2
x—3 X—3
. 2X7+3x+1
x—>-1 X =1
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2. Tim cac gioi han :

Iim\/x+1— X2+ X+1

X—0 X

lim X—/X+2
-2 \J4x+1-3
3
limi=¥*=1
x—0 3Xx
Xx——-1 2
X +3-2
. X2=3x+2
9) ||m—2
xX—2 (X—Z)
3. Tim cac gi6i han sau:
. 3x*-5x+1
a) lim——s—
xom X" —2
2 2
b) Iim(x—l) (7x+2)
e (2x+2)°
2x* +1)(5x +3
0 Iim( x3+ )( X+ 3)
X0 (2x —1)(x+1)

4. Tim giéi han bén phai, bén trai ciia ham s6 f(x) tai x=xo va xét xem lim [ f (X)] c6 ton

tai khong trong cac trwong hop sau:

2x% —3x+1
S _x?-x+1
0 Iimx2—4x+3
x—3 X—3

6 5
h) Iim4x 5x2+x
x—1 (1—)()
 38x+11—+Ix+7
l[im
x>2  X*—3X+2

f) lim

x=1 ¥

d) Iim(\/x2 —4x—x)

N IimSIn(Z)Z)-i- 2cos( x) |
X0 X“+X+1

X—Xg

2x-1
>1
a) f(X): X (X ) tai xo=1
5x+3 (x<1)
X*+X—2
_ 1
b) f(x)=1 x-1 (1) tai Xo =
x>+ x+1 (x<1)
4—x°
2
C) f(x): X—2 (X<) tai xo= 2
1-2x (x>2)
x}-3x+2 .
d) f(X)— @ Exq tai xo=1
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5. Tim cac gi6i han:

a) Iim[x(\/x27+5—x)} b) Iim(m+x)

X—>+00 X—>o0

HAM SO LIEN TUC

A. KIEN THUC CAN NHO

1.

o

Ham sb lién tuc tai mot diém trén mot khoéng: ) 7
Cho ham s0 f(x) xac dinh trén khoang (a;b). Ham so dugc goi 1a lién tuc tai diém xo € (a;b)
néu: lim| f(X) | = f(x,) Diém xo tai 6 f(x) khong lién tyc goi I diém gian doan cta ham

X—>Xg
5.
f(x) xac dinh trén khoang (a;b)
lién tuc tai diém xo € (a;b) < )I(Lr)g[f (X)] = lLano[f (X)] = )I(I_Q(’lo[ f (X)] =f (Xo)-
f(x) xac dinh trén khoang (a;b) duoc goi 1a lién tyc trén khoang (a;b) néu né lién tuc tai moi
diém thudc khoang ay.
f(x) xac dinh trén khoang [a;b] dugc goi 13 lién tuc trén khoang [a;b] néu no lién tyc trén

R L CIRO
oang () va lim[ £(x)]=f(b)

Mét s6 dinh 1y vé ham sé lién tuc:
Dinh 1y 1: f(x) va g(x) lién tuc tai xo thi: f (x) £ g(x) , f (x).9(x) , 9 (9(x)=0)

9(x)

cling lién tuc tai Xo .
Pinh ly 2: Cac ham da thirc, ham hiru ty, ham luong gidc lién tuc trén tip xac dinh ctia
chung.
Pinh ly 3: f(x) lién tuc trén doan [a;b] thi n6 dat GTLN, GTNN va moi gia tri trung gitra
GTLN va GTNN trén doan do.

e Hé qua: Néu f(x) lién tuc trén doan [a;b] va f(a).f(b)<O0 thi ton tai it nhat mot diém

ce(a;b) sao cho f(c) =0 . Tuc la c6 it nhat mdt nghiém thudc khoang (a;b).

PHUONG PHAP GIAI TOAN.
X X #X
Xét tinh lién tuc ciia ham so dang: f (x) = {g( ) ( 0)
a (x=x,)

Tim lim|{ g(x) |.Ham s6 lién tuc tai xo <> lim[ g(x) |=a.

X—Xg X—>Xg
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2. Xét tinh lién tuc ciia ham s6 dang: f (X)

Il
QO
—_~
X
Ui
X

o
~

tim['f (x)] = lim g(x)]
o Tim: X|Lr2[f (x)]= lLrQ[g(x)J.Hém 56 lién tyc tai x = xo
f(%)
< lim| £(x)]=lim[ £(x)]=f(x)=a.

3. Chirng minh phwong trinh f(x) = 0 ¢6 nghiém trong khoang (a;b).

Chting to f(x) lién tuc trén doan [a;b].

o Chung t6 f(a).f(b)<0
Khi d6 f(x) = 0 ¢6 it nhat mot nghiém thudc (a;b).
Néu chua c6 (a;b) thi ta can tinh céc gia trj f(x) dé tim a va b. Mudn chirg minh f(x)=0 ¢
hai , ba nghiém thi ta tim hai , ba khoang roi nhau va trén mdi khoang f(x)=0 déu c6
nghiém.

C. CAC Vi DU.

(@)

x> -1
X (X '_'él) N X oA X
1. Cho ham so: f (X) =4 X-1 a la hang so. Xét tinh lién tuc cua ham so
a (x=1)
tai xo = 1.
) Giai
Ham s6 xac dinh vé1 moi x thude R.
Taco f(l) =a.
2
.o xc=1 . (X=-1)(x+1) .
lim :Ilm( ) ):Ilm(x+1):2
x>l X—1 x—1 X—1 x—1

Néu a=2 thi ham sb lién tuc tai xo = 1.
Néu a# 2 thi ham so6 gian doan tai xo = 1.

x*+1 (x>0
X (x<0)

Giai

2. Cho ham so: f (X) = { . Xét tinh lién tuc ciia ham s tai xo = 0.

Ham s xéac dinh v&i moi x thudc R.
Tacof(0)=0

Writtenby L& vin chwong Trang 10


https://giasudaykem.com.vn/

Gia sw Tai Nang Viét https://giasudaykem.com.vn

lim[ f(x)]=limx=0

X—0" x—0"
lim[ f(x)]=lim(x*+1)=1 = 0=lim[ f(x)]=limx
x—0" ( );' xao*( ) x»0’|: ( ):| x—0"
Vay ham s6 khong lién tuc tai xo = 0.
) ax+2 (x>1) ]
3. Cho ham so: f (X) =1, . Xét tinh lién tuc ciia ham so trén toan
X2 +x-1 (x<1
truc s0.
Giai

x >1 ta ¢6 f(x) = ax +2 ham s6 lién tuc.
x <1 taco f(x) = x?+x-1 ham so lién tyc.
Khi x = 1:

Taco f(1) = a+2

lim[ f(x)]=lim(ax+2)=a+2

x—1" x—1*
lim[ f(x)]=lim(x*+x-1)=1

Ham sb lién tuc tai xo = 1 néu a = -1.
Ham s6 gian doan tai xo=1néua # -1.
Vay ham sb lién tuc trén toan truc sd néu a = -1.Ham sd lién tuc trén (—oo;l) U (ZL' +oo) néu
a = -1.
D. BAITAP
1. Xét xem cac ham so sau c0 lién tuc tai moi x khong, neéu ching khong lién tuc thi chi ra
cac diem gian doan.

a) f(x)=x*-2x2+3x+1 x2_16 A
X #
D) f(x)= Gt d) f(x)={ x-4 (x=4)
X*—3X+2 3 -
2 (X_4)
X* — 2X
ax*  (x<2

2. Cho ham so: f (X) = a 13 hing s6 . Tim a dé f(x) lién tuc tai moi X,

3 (x>2)
khi d6 hiy vé dé thi ctia ham so.
3. Chirng minh ring phwong trinh:
a) 3x%+2x-2=0 co it nhat mot nghiém
b) 4x*+2x%-x-3=0 c6 it nhat hai nghiém phan biét thudc (-1;1).
c) x3-3x+1=0 c6 ba nghiém phan biét.
d) x*-x-3=0 c6 mot nghiém thudc (1;2).
e) 2x3-6x+1=0 c6 ba nghiém thudc doan [-2;2].
4. Xac dinh a dé cac ham so sau lién tuc trén R:
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33x+2 > e 1 (x<0)
a) f(x)= X—2 (>2) ) f(x) {x+a (x>0)
aX+Z (x<2)

5. Xét tinh lién tuc tai xo ciia ciAc ham s f(x) trong cac truong hop sau:

1-42x-3 (x¢2)
a) f(X): 2—X tai xo = 2
1 (x=2)
X3 -X?+2x-2 (x#1)
b) f(x)= x—1 tai xo = 1.
4 (x=1)
x%-X-6
(x=3) (x2—3x¢0)
c) f(x)=1a (x=0) tai ai Xo =0 va tai xo = 3.
b (x=3)
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