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CAC DANG TOAN 12 VA PHUONG PHAP GIAI

PHAN I. TOM TAT LY THUYET
|.Dinh nghia: Cho ham s6 y = f (x) xac dinh trén D, v4i D 1a mdt khoang, mdt doan hodc nira

khoang.
1.Ham s6 y = f (x) dugc goi 1a dong bién trén D néu Vx,, X, € D,x <X, = f(x) < f(x,)
2Ham s6 y=f(X)dugc goi 1a  nghich bién tén D  néu
VX, X, € D, X <X, = F(x)> f(x,)
I1.Diéu kién can dé ham sé don diéu: Gia sir ham sé y = f (x) c6 dao ham trén khoang D
1.Néu ham sé y = f(x) dong bién trén D thi f'(x)>0,V¥xe D
2.Néu ham sé y = f(x) nghich bién trén D thi f'(x)<0,vxeD
I1.Diéu kién du d€ ham sé don diu:
1.Dinh Iy 1. Néuham s y = f (x) lién tuc trén doan [a,b]va c6 dao ham trén khoang (a,b)
thi ton tai it nhat mot diém c e (a,b)sao cho: f(b)— f (a) = f '(c)(b—a)
2.Dinh Iy 2. Gia sir ham s6 y = () c6 dao ham trén khoang D
1.Néu f'(x)>0,vxeD va f'(x)=0 chi tai mot s6 hiru han diém thudc D thi ham s6
dong bién trén D ’ 7 ’
2Néu f'(x)<0,vxeD vaf'(x)=0chi tai mot so httu han diém thudc D thi ham so
nghich bié'n’ trén D ’ 7
3.Néu f'(x)=0,Vx e D thi ham s0 khong doi trén D
PHAN II. MOT SO DANG TOAN

Dang 1.Xét chiéu bién thién ciia ham s6 y = f(x)

*Phwong phap : Xet chieu bien thien cua ham so Y = T (X)
1.Tim tdp xdc dinh ciia ham s6 y = f (X)
2.Tinh y'= f'(X) va xét ddu y’ ( Gidi phieong trinhy’ = 0)
3.Ldp bang bién thién
4.K,ét luan ’
Vi du : Xét tinh bién thién cta cic ham so sau:

Ly = -x*+3x2-3x+1 Y= —x+2
2x-1
2
2. y= 2x* +5x2 -2 5y X F2X+2
X+1
2_2x-3
3. y= (x+2)%(x-2)? 6y —X79o
y= (x+2)°(x-2) Y=""1o
2_
7.y =x*—6x+10 8.y=—‘X2Xj1Jr3

9.y=+/2x+1++/3-X 10.y=2x ++/x* —1

Dang 2. Tim diéu kién cua tham so dé ham so don diéu trén mot khoang cho trudc .

Vi du:
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1.Tim m dé ham s6 y= 2x3-3mx?>+2(m+5)x-1 dong bién trén R
X2+ X+m
mx +1

3.Tim m dé ham sb y= 3mx++/x? + 2 dong bién trén R
4.Tim m dé ham s6 y = f (x) = mx* —3x? + (m—2)x+3 nghich bién trén R

2.Tim m dé ham sb y= dong bién trén timg khoang xéc dinh ctia n6

5. Tim m dé ham s6 y = f (X) = —x* +(M+1)x* —(m? + 2)x+m nghich bién trén R

6. Tim m dé ham s6 y = f (x) :(1_7"‘) X* =2(2-m)x +2(2—m)x+5 nghich bién trén

7. Timm dé ham sd y = f(x):é(m—l)x3+mx2+(3m—2)x tang trén R

8.Tim m dé ham S(A:) y= 3x3-2x2+mx-4 ting trén (-1; +o0)
9.Tim m dé ham s6 y= 4mx3-6x2+(2m-1)x+1 ting trén (0;2)
2
10.Tim m dé ham s6 y= mx+—6;2 giam trén (1; +0)
X+
11.Tim m d¢ ham s y=mx* -4x*+2m-1 giam trén (0;3)
12.Tim m dé ham s6 y= x>+3x?*+(m+1)x+4m giam trén (-1;1)

— 2 —
13.Tim m dé ham sé y= Z2x —3x+m giam trén (—1 ;+00)
2x+1 2
2
14.Cho ham sd y= X" —mx+2m-1
X+2

Tim m dé ham s6 ting trén timg khoang xac dinh
15.Tim gi4 tri ciia tham s6 m d€ ham s6 sau nghich bién trén mot doan c6 do dai bang 1
y=f(X)=x>+3x* +mx+m

16. Tim m dé ham sd y = f(x):—%x3+(m—1)x2+(m+3)x—4 tang trén (0,3)
17. Tim m dé ham s6 y = f(x) =x° +3x* +(m+1)x+4m giam trén (-11)

18. Tim m dé ham s y = f (x) = X2
X+m

giam trén khoang (—o0,1)

19. Tim m dé ham sd y = f(x):%mXS—(m—l)x2+3(m—2)x+%téng trén (2,+x)

2+ (m+1)x+4m?* —4m -2

N , X
20. Tim m d¢ ham s6 y= f(x) =
x—(m-1)

ddng bién trén (0,+0)

Dang 3. Sir dung tinh don diéu dé giai PT,BPT,BPT

Vi du:

1.Giai phuong trinh vx® +3x = —x* —4x+7 (DK x3+3x>0< x>0)
2.Giai phuong trinh x>+x3-\/1-3x +4=0

3.Giai phuong trinh 22X — 2 = (x—1)?

4. Giai phuong trinh sinx =x
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5.Tim m dé phuong trinh ¢6 nghiém /X ++/X+1=m
6.Tim dé phuong trinh c6 nghiém m~/x? +1-x =0

2 2
7.Chtng minh rang VX>0:1—X?<COSX (HD xét ham sb y = f(X) :1—%—cosx)

2 2
8.Chtrng minh rang Vx >0:e* >X?+x+1 (HD xét ham s6 y = f(x) =¢* —X?—x—l)

3
9.Ching minh rang Vx € (0; %) ‘tan X > x+ %
10.Chirmg minh rang : Néu x+y =1 thi x*+y* 2% ( HD xét ham s
y="f(x)=x"+@1-x)")
2X+1=y +y*+y
11.Giai hé phuong trinh < 2y +1=2°+2° +2
22+1=x>+ x>+ X
HD. Xét ham dic trung y = f(x) =t*+t? +t,t €0 . Chirng minh ham s6 tang trén R .DS
Y o
X=-=—+SINn
5 y

3
12.Giai hé phuong trinh 4 y = %+sin 7

3.
Z="—+sinx
6

‘ , Chii dé 2. CUC TRI CUA HAM SO
PHAN I, TOM TAT LY THUYET
LDinh nghia: Cho ham s6 y = f (x) xac dinh trén Dc R va x, e D
1. X, dugc goi 1a mot diém cuc dai cuia ham s6 y = f(x) néu ton tai mot (a,b) chua diém
X, sao cho (a,b) = D va f(x)< f(x,), Vxe(a,b)\ {XO} .Khido f(x,) duoc goi la gia tri cyc dai

ctia ham s6 va M (x,; T (X,)) duoc goi 1a diém cuc dai cia ham s6 .

2. %, dugc goi 1a mot diém cuc tiéu ctia ham s6 y = f(x) néu ton tai mot (a,b) chira diém
X, sa0 cho (a,b) = D va f(x) > f(x,), VX e (a,b)\{x,}.Khidé f(x,) dugc goila gia tri cuc tiéu
ctia ham s va M (X5 T(X,)) duoc goi la diém cuc tiéu ctia ham sd .
3:Gié tri cuc dg}i va gié,trj cuc tiéu duogc goi chung la cuc tri cia ham $6 ’
[1.Dicu kién can d¢ ham s6 c6 cuc tri : Gia st ham s0 y = f(x) 0 cuec tri tai x,.Khi d6, néu
y = f(X) c6 dao ham tai diém x, thi f'(x,)=0.
IL.Diéu kién du dé ham sb co cuc tri :
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1.Dinhly 1. (l?cfu hiéu 1 dé tim cuc tri ciia ham sé) 7
Gia st ham s6 y = f(X) lién tuc trén khoang (a,b) chtra diem X,va c6 dao ham trén céc
khoang (a, X,) va (x,,b). Khido:
+ Néu f'(x) d6i dau tir sm sang dwong khi x qua diém X, thi ham s6 dat cuc tiéu tai X,
+ Néu f'(x) d6i du tir duong sang am khi x qua diém X, thi ham s6 dat cuc dai tai X,
2.Dinh ly 2. (Pcfu hiéu 2 dé tim cuc tri ciia ham s6 ) ﬁ
Gia sir ham s0 y = f(x) c6 dao ham trén khoang (a,b) chtra diém x,, f '(x,) =0va f(x) co
dao ham cap hai khac 0 tai diém x,. Khi dé:
+Néu f "(X,) <0 thi ham s6 dat cuc dai tai diém X,
+Néu f "(X,) >0 thi ham s6 dat cuc tiéu tai diém X,
PHAN II. MOT SO DANG TOAN

Dang 1. Tim cuc tri cua ham so

*Phwong phdpl. (Quy tic 1)Tim cwc tri ciia ham sé y = f (X)
1.Tim tdp xdc dinh cua ham $6
2.Tinh f'(X) va giai phwong trinh f'(X) =0 tim nghiém thudc tdp xdac dinh
3.Ldp bdng bién thién
4.Két lugn
Vi dul: Ding quy tic 1 tim cyc tri cia ham s6

1.y= %x3+x2-3x+2 2.y = x*+2x%-3
y_3x—1 4y_x2—3x+3
2x+4 ' x—1
3.y= \2x° —4x+5 6. y=(2x+1) V9 - X?
2X+3
7.y =3+ X++1-X 8. y= ———
X2+ x+1
_ 2
g y=_2X FX+2 10, y = x* — 6% +8x+ 25
2X+1
11.y = (x+2)*(x—2)? 12.y =15x°> —15x° + 2

*Phwong phdp 2. (Quy tic 2)Tim cwe tri ciia ham sé y = f (X)
1.Tim tap xac dinh cua ham 56
2.Tinh f'(X) va giai phwong trinh f'(X) =0 tim nghiém x,(i=1,2,3...) thudc tip

xdc dinh
3.Tinh f"(x) vaf "(x)
4.Két ludn ’ ’ o
+Neéu f"(x;) <0 thi ham so dat cuc dai tai diém X,
+Néu f "(x.) >0 thi ham 6 dat cuc tiéu tai diém X
Vi du 2: DUNg quy tic II tim cuc tri caa ham sb
1.y=3x>-20x3+1 2.y =5Xx—6yx*+4
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3.y = c0s?3x 4.y= sing—cosg
5.y = -2sin3x+3sin2x-12sinx 6. y=sin®x + cos®x (
0<x<2r)
3
7.y =xy9—-x° 8.y= X
x* -9
9.y :‘x3 —3x‘ 10.

y =Sinx+cosx, x € [-7, 7]

Dang 2.Tim diéu kién cua tham so6 dé ham so co cuec tri thoa man diéu kién cho trudc

VD1: Tim diéu kién ctia m sao cho :
1. y=x3-mx?+2(m+1)x-1 dat cuc dai tai x= -1
XZ +mx+1

2. y= == dat cuc tiéu tai x=2
X+m

3. y= —/2x* —mx? —2m? dat cuc dai tai x=+/2
VD2:Cho ham sb y= %x3-(7m+1)x2+16x-m .Tim m dé

a. Ham sd c6 cuc dai va cuc tiéu

b. Ham s0 c6 cac diém cuc dai va cuc ti€u tai x1,X2 € (1;+00)
VD3:Cho ham sb y= x3-mx?+(m+36)x-5 .Tim m d¢

a. Ham s6 khong c6 cuc tri

b. Ham sb dat cuc dai ,cuc tiéu tai cac diém x1,X2 va |X1 — X2| = 4x/§

L 22X +mx+2m-1 A, o 2
VD3:Cho ham s0 y= 1 .Tim m dé ham s0 c6 cuc dai va cuc ti€u
X+

VD4:Cho ham s6 y= 2x3-3(2m+1)x? +6m(m+1)x+1

Tim m dé cac diém cuc dai ,cuc tiéu ddi ximg nhau qua dudng thang y=x+2

Dang 3. Mot s6 bai toan lién quan dén diém cuc tri cia dd thi ham $6

b. Ham sb co cuc dai ,cu tiéu va cac diém cuc dai ,cuc tiéu cach déu duong thrflng y=x-1
x> —(Bm+1)x+4m
2x-1

qua duong thang A:x+y+1=0.
VD1: Cho ham s y= X3,+mX2-X 7
a. CMR ham so 5:6 cuc dai cuc tiéu voi moiqm i ’
b. Xac dinh m dé duong thang di qua hai diém cyec tri cua do thi ham s6 song song véi
duong thang (d) y=-2x
x> —(Bm+2)x+m+4
x—-1
a. Tim m dé ham so ¢6 CD,CT va CD,CT va diém M(-2; ;1) thang hang

b. Tim m dé ham s6 c¢6 CB,CT va trung diém ciia doan ndi 2 diém CD,CT cach gbc O
mot khoang bang 3

VD6:Cho ham so y = .Tim m dé€ ham s6 c6 cuc dai, cuc tiéu doi xing nhau

VD2:Cho ham sb y=
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VD3.Cho ham s6 y = x* —3x* +2 ¢ d thi (C). Tim gia tri ciia tham sé m dé diém cyc dai va
diém cyc tiéu cta (C) & vé hai phia khac nhau cta duong tron : x? + y® —2mx —4my +5m*> —1=0

VD4.Cho ham sb y =x* —2mx® + 2m+m*.Tim gia tri cia tham s6 m dé ham sd ¢6 cuc dai va
cuc tiéu, dé)ng thoi cac diém cuc dai, cuc tiéu 1ap thanh mdt tam giac déu .

X2+ mx + 2

VD5.Cho ham s6 y = .Tim dé diém cuyc tiéu cta dd thi ham sb ndm trén Parabol (P)

y=x+x-4
X* +(M+2)x+3m+2

X+1
a. Tim m dé ham s0 ¢o6 cuc dai va cuc ti€u
b. Gia stir ham s0 c6 gia tri cuc dai, cuc ti€u 1a ycp, Ycr . Chlirng minh rang :

VD6.Cho ham sb y =

1
yéD+y(2:T >E-

VD7.Cho ham s y = x* —(2m+1)x* + (m? —3m+2)x + 4

a. Tim m dé ham sb c6 hai diém cyc dai va cuc tiéu nam vé hai phia khac nhau cia truc

tung ’ o .

b. Tim m d€ ham s0 c6 cuc dai cuc ti€u dong thoi hai gia tri cyuc tri cung dau
VD8.Cho ham s6 y =2x* —3(2m+1)x* +6m(m+1)x+1

a.Ching minh réng v6oi moi gid tri cua tham s6 m ham s ludn dat cuc dai va cuc tiéu tai
X, X, VA& X, —X,_khong phu thudc vao tham sé m.

b.Timm & y, >1

VD9.Cho ham s6 y = f(X) = % x® —mx® — x+m+1.Ching minh rang v6i moi m ham s dé cho

ludn ¢ cuc dai cyc tiéu .Hay xac dinh m dé khoang céch giita hai diém cyc tri 1a nho nhat .

X +2(Mm+1)x+m? +4m
1 9 \ X +r2 14

dong thoi cac diém cuc tri cua do thi ham so cung véi goc toa d§ O tao thanh tam gidc vudng tai

O. (A-2007)

VD10.Cho ham s6 y = f (X) = .Tim m dé ham sb ¢6 cuc dai cuc tiéu,

. 1 : . . 2
VD11.Cho ham s0 y = f(X) = mx+—.Tim m d€ ham so0 c6 cuc dai cuc ti€u va khoang cach tir
X

+ R + R 5 A 1N A IA [N A ‘A M 1
diém cyec ti€u ctiia do thi ham so dén tiém can xién bang E .(A —2005)

VD12.Cho ham s6 y = f(x) =—x® +3x* +3(m? —1)x —3m? —1.Tim m dé ham s6 c6 cuc dai cuc

tiéu va cac diém cuc tri cach déu gde toa do O. ( B — 2007)

X+ (M+D)x+m+1
X+1

dai cyc tiéu va khoang cach gitra hai diém cuc tri bang J20 . (B —2005)

VD14.Choham s6 y = f(x) = x* —(2m—-1)x* + (2—m)x+2 .Tim m dé ham s6 c6 cuc dai cuc

tiéu va cac diém cuc tri ¢6 hoanh do duong . (CP — D — 2009)

VD13.Cho ham sé y = f(x) = (Cm) . CMR v6i moi m (Cm) [udn cé cuc
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VD15. Cho ham s6 y = x* —2(m+1)x* +m(1) m 1a tham s
a.Khao sat sy bién thién va v& d6 thi ham s6 khim = 1
b. Tim m dé d6 thi ham sd (1)co ba diém cuc trj A,B,C sao cho OA=BC:; trong do O 1a
géc toa do , A 1a diém cuc tri thudc truc tung, B,C 1a hai diém cuc tri con lai .
(B —2011) ' ) )
Chii d¢ 3. GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA HAM SO
PHAN I. TOM TAT LY THUYET
|.Dinh nghia: Cho ham s6 y = f (x) xac dinh tréen D c R
1.Néu ton tai mot diém X, € D sao cho f(x)< f(X,),vxeD thi s6 M = f (x,) duoc goi
1a gi4 tri 16n nhat cta ham sé f(x) trén D, ky hiéu M = Max f (x)

vxeD, f(x)<M
Ix, eD, f(x,)=M

2. Néu t6n tai mot diém x, € D sao cho f(x)> f(x,),¥xe D thisé m= f(x,)duoc goi
1a gia trj nho nhat cta ham sb f(x) trén D, ky hiéu m = Min f (x)

Nhu vay M = Man f(x) @{

vxeD, f(x)>m
x, €D, f(x,)=m
|l.Phuong phép tim GTLN,GTNN ciia ham s6 : Cho ham s6 y = f (x) xac dinh tréen D c R
Bai toan 1.Néu D =(a,b) thi ta tim GTLN,GTNN ciia ham s6 nhu sau:
1.Tim tdp xdc dinh cua ham $6
2.Tinh f'(X) va giai phwong trinh f'(X) =0 tim nghiém thudc tdp xdc dinh
3.Ldp bang bién thién
4.Ket luan
Bai toan 2. Néu D =[a,b] thi ta tim GTLN,GTNN ciia ham s nhu sau:
1.Tim tdp xdc dinh cua ham 56
2.Tinh f'(X) va giai phuwong trinh f'(X) =0 tim nghiém X, X, ... thugc tdp xdc

Nhu vay m = MiDn f(x) <:>{

dinh
3.Tinh f(a), f(x), f(x,)....f(b)
A.Két lugn: S6 1om nhatla M = I\/Eazf] f(X) va s6 nhé nhdt la m = I\/[Iirk]] f(x)
Bai toan 3.5u dung cac bdt ddng thirc théng dung nhie : Cauchy, Bunhiacdpxki,
~ Bai toan 4.8u dung diéu kién coé nghiém ciia phwong trinh, tap gid tri ciia ham so
PHAN 1. MOT SO DANG TOAN

Dang 1. Tim GTLN, GTNN cua ham o)

vidu: I'mm GILN,G1ININ (nceu co ) cua cac ham SO sau:

1.y=f(x)=x*-2x 2.y=f(x)= 3X_31 trén [0;2]
X_
2
3.y=f(X)=x+4—x* (B-2003) 4.y=f(x)= '”XX trén [Le*] (B-

2004)
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2
5.y = £ (x) ==L trén [-1,2] (D-2003) 6.y = f(x)=-X t10x+20
\/m X“+2Xx+3
(SPTPHCM2000)
T 3sin x
7.y = f(x)=5c0s x—cosbx trén | ——,— 8.y=f(X)=1+—
y=109 { 44} y="109 2+COS X
9.y = f(x) =+1+sinx ++/1+cosx 10.y = f (X) =—2c0S 2X + COSX-3
1Ly =v2—X+1+ X =-X* +x+2 12. y = 2sin X.C0OS X 4 Sin X —COS X
2x5+x+1 2 .
13.y =222 trén (—1,+0) 14.y =|x* ~4x+3+3x~1 trén doan
o2
4
15.y :%‘x3 —3x2‘ trén [-2,4] 16. y =|sin® x+cos*x| +3sin 2x

Dang 2.Tim GTLN,GTNN cua ham $6 ¢6 chira tham sé

VD1 .Cho ham s y = ‘XZ +2X+a-— 4‘ Tim a d€ gi4 tri 16n nhat cua ham s trén [-2,1] dat
GTLN.
VD2. Cho ham s6 y = f (x) =sin* x+cos*x +msin x.cos x .Tim m sao cho gié tri 16n nhit cua
ham sb bang 2.

kcosx+1

VD3. Cho ham s6 y = ———— _Tim k dé gi tri nhé nhat ctia ham s6 nho hon -1.
COS X+ 2

X L e, £ R £ ax+ f s 1a A, 1%
VD4. Tim cic gid tri cua tham s0 a,b sao cho ham s0 y = f(X) =—; 1 c6 gid tri 1on nhat bang 4
X"+

va gia tri nho nhit bang -1.
VD5.Cho ham sb y = f (x) =[2x” +4x—2a+1| véi -3 < x <4 Xac dinh a dé gid tri 16n nhét ciia

1.4 A Aot oild 4ol ol wlAs

Dang 3.Ung dung ciia bai todn tim gid tri I6n nhat, gid tri nhé nhat ciia ham so

VD1 M(f)t7t€'1m t6n hinh vudng canh bang a. Nguoi ta phai cé‘g b6 bon hinh vudng bﬁng nhau 6
bon goc d€ go thanh mot bé chira hinh hop chir nhat khong nap, canh hinh vuodng cat di bang bao
nhiéu thi bé c6 thé tich 16n nhat . DS. Canh hinh vuong

< . N a
cat di bang ry
VD2. Tim céc kich thude cua hinh chit nhat c6 dién tich 1én nhat noi tiép duong tron ban kinh R

cho trudec.

DS.Cdc kich thuée ciia hinh chit nhdt la R\2 (hinh
vuong) : : : , q :
VD3. Trong céc khoi tru ndi ti€p hinh cau ban kinh R, hay xé4c dinh khdi tru c6 thé tich 16n nhat .
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DS.Hinh tru ¢é chiéu caoh = 2R ban kinh day

NG
. _h°
4
VD4. Cho dudng (C) c¢6 phuong trinh x? + y? = R? Hay tim cac diém H trén (C) sao cho tiép
tuyén tai d6 cét hai truc toa do tai A va B ¢co d,cf) dai doaq AB nho nhit .
VD5. Tim hinh thang can c6 dién tich nhé nhat ngoai tiép duong tron ban kinh R cho trude .

r=,/R

2
VD6. Cho % +y? =1. Tim Max, Min cia biéu thic P = —20Y Y1)
2Xy +2Xx° +1
DS. MaxP = 2+J€,MinP:ﬂ
2 2
VD7.Cho X,y >0 V& x+y =1.Tim Min cta biéu thirc P = 1X + 1y

VD8.Cho hai s6 thuc thay doi x, y thda man x? + y> =2 .Tim GTLN, GTNN cua biéu thirc
P=2(x*+y% —3xy
(CP Khéi A
—2008)
VD9. Cho hai s6 thyc thay d6i x,y thda man x* + y*> =1.Tim GTLN, GTNN cua biéu thic
b 2(x* +6xy)
1+2xy +2y°
( PH Khéi B —
2008) , q ‘ ,
VD10.Cho hai s6 thuc khong am x, y thay doi va thda di€u kién x +y =1 .Tim gia tri nhé nhat
va gia tri 16n nhat cta biéu thae P = (4x% +3y)(4y? +3X) + 25xy
( PH Khéi D —
2009) ‘ '
‘ _ Chii dé 4. PUONG TIEM CAN CUA PO THI HAM SO
PHAN I. TOM TAT LY THUYET
1.Pudng tiém can dung .
Pudng thang (d): X = X, dwoc goi la duong tiém can ding ctia d6 thi (C) ctia ham s6 y = f(x)

néu
lim f (X) =400 hodc lim f(Xx) =+
X=Xy X—>Xg
Hodc lim f(x) =—0 hodc lim f(x)=—o
X=Xy X—Xg

2.PBudng tiém can ngang .
Puong thang (d): y = y, duoc goi 1a duong tiém can ngang ciia do thi (C) ctia ham sd y = f (x)

14
A

ncu
lim f(x) =y, hodc lim f(x) =y,

X—>+00

3.Dudng tiém céan xién .
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Puong thang (d) y =ax+b(a=0) duoc goi 1a tiém can xién cia do thi (C) ciia d thi ham sb
y = f(x) néu
lim [ f (X)—(ax+b)]=0 hodc lim [ f(x)—(ax+b)]=
Ch y: Cach tim tiém can xién ctia d0 thi ham s6 y = f(x)
DPudng thing (d) y =ax+b(a = 0) 14 tiém cén xién cta d6 thi ham sé y = f (x) khi va chi khi

a= lim — f(x) b= lim [ f(x)-ax] hoge a=lim —~* PO — tim [ (x)—ax]

X—>+00 x>0 X X—>—00

PHAN II. MOT SO DANG TOAN

Danq 1. Tim cdc tiém cdn cua do thi ham so

Vidu 1. Tim céc ti€ém cén ngang va ti€ém can ding cua do thi ham so sau:

2X+3 X* +2x+3
Ly=1(x)= 2.y=f(x)="———
X+1 X —4
3X 2
y=t0=a% y=10=7%=
Vi du 2. Tim céc tiém cén cua dd thi ham s sau:
2 —3x* +5x—-2
lLy=f(X)=2x+1+—— 2.y=f(x)=————=
X+1 3x+1
2x3+5x% -1 —2x* +5x -1
y=f(x)=——— 4.y=f(x)=22 122 =
y="10) X* —x+1 y="109 2x—3

Vi du 3.Tim cac tiém cén cua cac dd thi ham sd sau:
'\/2X2+1 -2x—-1
lLy=f(X)=—— 2.y=1f(X) =——
2x-1 X2+ x+2
Qvu—Ff(NN_—92v_JAv?2 v 2 Av— f(vY—0Av?2_2v A

Dang 2. Tim céac tiém can cua do thi ham so6 c6 chtra tham s6

AT LZITT—1

1.D6 thi ham sé y = f (X) = =—=——————= ¢6 tiém can dung qua diém M(-3,1)
X+mMm
. . 2x* +3mx—m+2 . . .
2.D6 thi ham sd y= f(x) = 1 ¢0 tiém can xién tao v&i hai truc toa do
X —

mot tam gidc c6 dién tich bz‘ing 4,

va dudng thang (dm)

Vi du 2. Cho duong cong (Cm): y= f(x)= —%x+3+

y =mx—m+2. Xac dinh m biét rang (Cm) ¢ cuc dai cuc tiéu va tiém cén xién ciia né tao véi
. 2 L . 1
duong thang (dm)mot goc o €O Cosa = E :

2X+m

Vidu 3. Chohamsd y= f(x) = .Tim m sao cho d thi ham sb c6 tiém cén dtng, tiém

can ngang va cac ti€ém cén cung voi hai truc toa do tao thanh mot hinh chit nhat c¢6 dién tich béng
8.
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Vidu4. Chohamsd y= f(x)= 3= 25 ¢6 db thi (C). Tim M e (C) dé téng khoang cach tir M

dén hai tiém can cua (C) 1a nhd nhét ?
Vidu 5. Chohamsé y = f(x) = X—_i ¢6 d6 thi (C). Tim M e (C) dé khoang cach tir M dén giao
X+

diém hai tiém can la nho nhét ? ’ ’ _ ’
_ Chii d¢ 5. PHUONG TRINH TIEP TUYEN CUA PO THI HAM SO

PHAN I. TOM TATLY’ THUYET . ) i i

1.Bai toan 1. Tiép tuyén cua d6 thi ham so y = f (x) c6 do thi (C) tai mot diém .

Phuong trinh tiép tuyén ctia d6 thi ham s6 tai M (x,, ,) € (C) c¢6 dang :
Y=Y = (%) (x=%).

Trong d6 f'(x,) duoc goi 1a hé s6 goc cua tiép tuyén tai tiép diém M (x,,Y,).

2.Bai toan 2. Tiép tuyén ctia do thi ham sé y = f(x) ¢6 dd thi (C) c6 hé s6 goc k cho
trudce.

1.Goi M (x,,Y,)1a tiép diém cua tiép tuyén, taco M e (C) =y, = f(X,)
Phuong trinh tiép tuyén co dang y— f (X,) = (%, )(X—X,)
2.Vi hé s6 goc cua tiép tuyén bang k nén f'(x,) =k, giai PT f'(x,) =k tim dugc
Xo = Yo
3.Két ludn .
Ch Y: Néu hai dwong thang song song thi hai hé s6 goc bang nhau. Néu hai dwong
thang vuéng goc thi tich hai hé so goc bang -1
3.Bai toan 3. Tiép tuyén ctia d6 thi ham s6 y = f(x) c6 do thi (C) di qua mot diém
AXar Ya)
1.Lap phuong trinh duong thiang d di qua diém A v&i hé s6 goc k.
d: y=k(x- XA)+ Ya )
2.d 1a tiép tuyén ctia d6 thi ham sd khi va chi khi hé phuong tinh sao c6 nghiém
f)=k(-x) 4
f'(x)=k
‘ 3.Giai hé (I) tim k. Thay k vao (1) dé viét phuong tinh tiép tuyén .
PHAN II. MOT SO DANG TOAN

Dang 1. Viét phirong trinh tiép tuyén ciia do thi ham sé

Vidul.Chohamsd y=f (x) = 4% —6x% +4x—1 cb db thi (C).

a.Viét phuong trinh tlep tuyen cua (C) tai A c6 hoanh d¢ 1a 2.

b.Viét phuong trinh tiép tuyén cua (C) biét tiép tuyén song song véi duong thang (d)
4x—-y-1=0.

¢.Chimg minh rang trén (C) khong ton tai hai tiép tuyén vudng goc véi nhau.

Vi du 2.Cho ham sé y = f (x) = X_i ¢6 db thi (C).

a.Viét phuong trinh tlep tuyen cua (C) tai M c6 tung do bang 3.
b.Viét phuong trinh tiép tuyén cua (C) biét tiép tuyén vudng goc v6i goc phan tu thir hai.
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c.Viét phuong trinh tiép tuyén cua (C) biét tiép tuyén di qua diém A(0, -2)
Vidu 3.Cho ham s6 y = f (x) =—x* — x* + 6.Viét phuong trinh tiép tuyén cua dd thi ham sb biét

tiép tuyén vudng goc voi dudng thing y = % x-1 ( Khéi D —
2010)

Vidu4. Cho ham s§ y = f(x)=4x>—6x>+1 cd dd thi (C). Viét phuong trinh tiép tuyén cua dd
thi ham s di qua diém M(-1, -9). ( Khoi
B — 2008)

Vi du 5.Viét phuong trinh tiép tuyén cua do thi ham sb y = f(x) = % biét :

b. Tung do tiép diém bang g

c. Tiép tuyén song song v6i duong thang A:x+y—3=0
Tiép tuyén vudng goc voi duong thing A:4x—y+10=0
Tiép tuyén di qua diém M(2,0)

Vi du 1 Goi (C,)la dd thi ham s6 y = f(x) =%x3—%x2 +% ( m 12 tham s6 ). Goi M 1a diém

thudc (C, ) co hoanh d¢ bang -1.Tim m dé tiép tuyén cua (C, ) tai M song song v6i duong thang
5x—-y=0.
( Khéi D — 2005)
Vidu2.Chohamsé y= f(x)=x3+3x*+mx+1 (C,).
a.Tim m dé (Cm) cat duong thang y = 1 tai ba diém phan biét A(0,1), B, C
b.Tim m dé céc tiép tuyen tai B va C vuong goc vdi nhau .

Vi du 3.Cho ham s6 y = f(x) = x* +3x* —9x+5 (C). Hiy viét phuong trinh tiép tuyén cua do thi
ham s biét tiép tuyén c6 hé s6 goc nho nhit .

Vidu4.Chohamsb y= f(x) = X—f (C). Xéac dinh m dé duong thang d: y = 2x + m cit (C) tai
X —
hai diém phén biét A, B sao cho tiép tuyén cua (C) tai A va B song song véi nhau.

Vidu 5.Chohamso y= f(x) = _Xl ¢6 do thi (C). Tim toa do diem M thudc (C) bigt ti€p tuyén
X+

ctia (C) tai M cét hai tryc Ox, Oy tai A,B va tam, gisc OAB c6 dién tich bing % , ( Khéi
D — 2007)

. s X+
Vidu 6.Chohamso y= f(x)= ;

tuyén ct truc hoanh, truc tung 1an luot tai A va B va tam giac OAB can tai O. ( Khoi
A —2009)
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2
4 _1 )Y . e e ’
Vi du 7. Cho ham s y = f (x) = % ¢6 b thi (C). Viét phuong trinh tiép tuyén cta (C)
X+

biét tiép tuyén vudng goc voi tiém can xién ctia do thi ham sd. ( Khoi
B —2006)

, \ £ X+ X+2 s . N f  2:R Y £
Vidu 8.Chohamso y= f(x) = 1 ¢6 d6 thi (C). Tim trén (C) cac diem A dé tiep tuyen

ctia d6 thi ham sé tai A vudng goc voi duong thing di qua A va tim dbi xtimg cta dd thi ham sd.
( Dai hoc An Ninh —
2001)

Vidu9.Chohamsb y= f (x) = X—*i ¢6 d6 thi (C). Xéac dinh m dé duong thang d:y =2x+m
X_

cit dd thi (C) tai hai diém phan biét A,B sao cho tiép tuyén cta (C) tai A va B song song voi
nhau.
(CD-SPTPHCM -

2005)
Vi du 10.Cho ham sé y = f (x) = x* —=3x® +4 ¢6 db thi (C). Viét phuong trinh Parabol di qua cac
diém cuc tri ciia d6 thi (C) va tiép xtic voi duong thang y =—2x+2 ( Dai

hoc An Ninh — 1999)
Vidu 11. Cho hamso y= f(x) = 3 x>+ x* +3x—1. Viét phuong trinh tiép tuyén ctia do thi
ham s6 biét tiép tuyén co hé s goc 16n nhat.

Vidu 12. Chohamsé y = f(x) = ax _13 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén cua do thi

(C) biét tiép tuyén tao véi truc Ox mot goc 45°.
Vi du 13.Cho ham 6 y = f (x) = X

75 ¢6 dd thi (C). Viét phuong trinh tiép tuyén cta (C) biét

a. Tiép tuyén song song v6i duong thang x—2y+2=0
b. Tiép tuyén tao v6i A:y=-2x mot goc 45°
c. Tiép tuyén tao v6i A: y =—Xx mot goc 60°

Vidu 14. Cho ham s6 y = f(x) = 11 c¢6 d6 thi (C) va diém M bat ky thudc (C). Goi I 1a giao

diém hai tiém cén cta d6 thi (O). Tlep tuyen tai M cit hai tiém can tai A va B.
a. Chung minh rang M la trung diém cta doan AB
b. Chimg minh rang dién tich tam giac IAB khong doi
c. Tim toa d6 diém M dé chu vi tam giac IAB nho nhat.
Vidu 15. Cho ham s6 y = —x+1
2x-1
a. Khao sat va v& d6 thi (C) ctia ham s
b. Chtrng minh rang véi moi m dudng thing y = X+ mludn cét d6 thi (C) tai hai diém

phéan biét A va B . Goi k, k, 1an luot 12 hé s goc cua tiép tuyén vai ( C) tai A va B .Tim m dé
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tong k, +K, dat gid tri 1on nhét .
( Khoi A —2011)

Dang 3.Bién ludn s6 tié}) tuyén ctia do thi ham sé di qua mot diém

Phwong phdp: Gia st ta can bién luan sd tiép tuyén ctia dd thi ham sé y = f(x) di qua

A Y,) | | |

1.Lap phuwong trinh dwong thang d di qua diém A voi hé so goc k.

d: y=k(x=x,)+y, (1)
2.d la tiép tuyén cia do thi ham sé khi va chi khi hé phwong tinh sao ¢6 nghiém
{ f)=kx-x) 4,
f'(x)=k

3.86 nghiém ciia hé phirong trinh nay chinh la sé tiép tuyén di qua diém A .
Vidu 1.Cho ham s6 y = f (x) = x* =3x (C).Tim trén duong thang x = 2 nhiing diém ma tir d6 c6
thé ké ding ba tiép tuyén dén do thi (C) ctia ham sb .
Vidu 2. Cho ham s y = f(x) = x> —3x (C).Tim trén duong thang y= 2 nhing diém ma tir d6 c6
thé ké dung ba tiép tuyén dén dd thi (C) ctia ham s .
Vi du 3.Cho duong thang (d):x =2 va ham s6 y = f(x) = x> —6x? +9x—1 c6 db thi (C). Tir mot
diém bat ky trén (d) c6 thé duoc bao nhiéu tiép tuyén véi do thi (C).
Vidu4.Cho ham s6 y = f (x) = x* —3x% +2 ¢6 d0 thi (C). Tim trén dudng thang y = -2 cac diém
ma tr d6 ké dugc dén dd thi (C) ctia ham s6 hai tiép tuyén vudng goc v6i nhau.
Vidu 5.Cho ham s6 y = f (x) = x* —2x? ¢6 db thi (C)

a) Viét phuong trinh tiép cua (C) di qua gbc toa do O. ) i

b) Tim di€ém M thudc (C) d€ tiep tuyen vé6i (C) tai M con cat (C) tai hai diem A

va B sao cho A la trung diém cua MB. i ) .
c) Tim di€m M trén truc tung sao cho qua M ¢6 thé ké dugc 4 tiép tuyén dén do
thi (C)

Vi du 6.Cho ham s6 y = f(x) = x> —3x? +4 ¢6 d6 thi (C). Tim nhiing diém trén truc Ox sao cho
tir d6 c6 thé ké duogc ba tiép tuyén dén dd thi (C).
Vidu 7.Cho ham s6 y = f(x) =—x® +3x% + 2x—1 ¢6 d0 thi (C). Tim trén dudng thing y =2x—1
cac diém ké dugc hai tiép tuyén dén do thi (C).
Vi du 8.Cho ham s6 y = f (X) = x* —3x% +2 ¢6 d0 thi (C). Tim trén dudng thang y =—3x+ 2 c4c
diém ké duoc hai tiép tuyén vudng goc dén do thi (C).

Vidu9. Chohamsd y=f(x)= X—f ¢6 db thi (C).Viét phuong trinh tiép tuyén cua (C) biét
X —

khoang cach tir diém I(1,1) dén tiép tuyén nay 1a 16n nhat.
Vidu 10.Cho ham sé y = f (x) = x* +3x® ¢6 db thi (C).Tim cac diém thudc truc hoanh ma tir 46
c6 thé ké duogc ba tiép tuyén dén do thi (C), trong d6 c6 hai tiép tuyén vudng goc véi nhau.

Vidu 11. Cho ham sé y = f (x) = % . Tim m dé tr didm A(1,2) ké duoc hai tiép tuyén
X —

AB,AC dén d6 thi ham s6 sao cho AABC déu ( Vi B, C 12 hai tiép diém ).
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Vidu 12.Cho ham sé y = f (x) =x* +1—-m(x+1) c6 dd thi (C).
a.Viét phuong trinh tiép tuyén A tai giao diém cua (C) va truc Oy. ‘
b.Tim m d€ A chan trén hai truc Ox, Oy mdt tam giac c6 dién tich bang 8.

‘ Chii dé 6. SU TUONG GIAO CUA HAI PO THI
PHANI, TOM TAT LY THUYET
1.Giao diém cua hai d6 thi. Cho ham s6 y = f(x) c6 d6 thi (C,) va ham sé y =g(x) c6 do thi

(C.)

+ Hai d6 thi (C,) va (C,) cit nhau tai diém M (X,;Y,) < (X,; Y,)1a nghiém ctia h¢
phuong trinh
{y = f(x)
y=9(x)
+Hoanh d6 giao diém cua hai d6 thi (C,) va (C,)1a nghiém ciia phuong trinh
f(x)=9(x) (1) 9
+Phuong trinh (1) dugc goi 1a phuong trinh hoanh d¢ giao diém cua (C,) va (C,)
+S6 nghiém ciia phuong trinh (1) bang s6 giao diém ciia (C,) va (C,)
2.Sy tiép xtc cta hai dudng cong. Cho hai ham sé y = f(x) va y=g(x) co6 do thi lan
luot 1a (C,) va (C,) va c6 dao ham tai diém x,.
+Hai d6 thi (C,) va (C,)tiép xuc véi nhau tai mot diém chung M (X,,Y,) néu tai

diém d6 ching c6 chupg cling mot tiép tuyén . Khi d6 diém M duoc goi 1a tiép diém.
+Hai do thi (C,) va (C,) tiép xuc véi nhau khi va chi khi hé¢ phuong trinh sau c6
nghiém
{ f(x)=9(x)
f'(x)=9'(x)

Nghiém ctia hé phuong trinh trén 14 hoanh d6 cua tiép diém.
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